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Preface 
 
 
 
 
 
Arithmetic is where numbers run across your mind looking for the answer. 
Arithmetic is like numbers spinning in your head faster and faster until you blow up with the 
answer. 
KABOOM!!  
Then you sit back down and begin the next problem. 
(Alexander Nathanson) 
 
 
Number theory is an ancient subject, but we still cannot answer many simplest and most natural 
questions about the integers.  Some old problems have been solved, but more arise. All the research 
for these ancient or new problems implicated and are still promoting the development of number 
theory and mathematics. 
 
American-Romanian number theorist Florentin Smarandache introduced hundreds of interest 
sequences and arithmetical functions, and presented many problems and conjectures in his life. In 
1991, he published a book named Only problems, Not solutions!.  He presented 105 unsolved 
arithmetical problems and conjectures about these functions and sequences in it.  Already many 
researchers studied these sequences and functions from his book, and obtained important results. 
 
This book, Research on Smarandache Problems in Number Theory (Collected papers), contains 41 
research papers involving the Smarandache sequences, functions, or problems and conjectures on 
them. 
All these papers are original. Some of them treat the mean value or hybrid mean value of 
Smarandache type functions, like the famous Smarandache function, Smarandache ceil function, or 
Smarandache primitive function.  Others treat the mean value of some famous number theoretic 
functions acting on the Smarandache sequences, like k-th root sequence, k-th complement sequence,  
or factorial part sequence, etc.  There are papers that study the convergent property of some infinite 
series involving the Smarandache type sequences.  Some of these sequences have been first 
investigated too.  In addition, new sequences as additive complement sequences are first studied in 
several papers of this book. 
 
Most authors of these papers are my students.  After this chance, I hope they will be more interested 
in the mysterious integer and number theory! 
 
All the papers are supported by the N. S. F. of P. R. China (10271093).  So I would like to thank the 
Department of Mathematical and Physical Sciences of N. S. F. C. 



 
I would also like to thank my students Xu Zhefeng and Zhang Xiaobeng for their careful typeset 
and design works. My special gratitude is due to all contributors of this book for their great help to 
the publication of their papers and their detailed comments and corrections. 
 
More future papers by my students will focus on the Smarandache notions, such as sequences, 
functions, constants, numbers, continued fractions, infinite products, series, etc. in number theory! 
 
August 10, 2004 
 
Zhang Wenpeng 
 
 
 



AN ARITHMETIC FUNCTION AND THE PRIMITIVE
NUMBER OF POWER

�
Zhang Wenpeng
Research Center for Basic Science, Xi’an Jiaotong University, Xi’an, Shaanxi, P.R.China
wpzhang@nwu.edu.cn

Abstract For any fixed prime � , we define���	��

����������� ����� ������
! ���#" ���%$'&(�)�*��+�,��

����������� ��-.� 
/��
0 ��-21435" 
46
The main purpose of this paper is to study the mean value properties of

� � �7� � ��

�8�
,

and give an interesting asymptotic formula for it.

Keywords: Primitive number; Mean value; Asymptotic formula.9 1. Introduction
Let � be a prime, : be any positive integer, we define two arithmetic func-

tions as following:;=<4> :@?BADC.E F)G �IH�J C.KML0:ON �IHQP > CSR�TU?VK�EL <�> :@?#ADC.E F)G �XWYJ : L
:ON �IW[Z@\]P :#^
In problem 49 and 68 of reference [1], Professor F.Smarandache asked us to
study the properties of these two arithmetic functions. About these problems,
many scholars showed great interests in them (See references [2], [3]). But it
seems that no one knows the relationship between these two arithmetic func-
tions before. In this paper, we shall use the elementary methods to study the
mean value properties of L <�>_;=<�> :@?`? , and give an interesting asymptotic for-
mula for it. That is , we shall prove the following conclusion:

Theorem. For any fixed prime � and any real number acbdT , we have the
asymptotic formula eH
f�g L <�>_;4<�> :@?`?BA �ih T> � R�TU?kj a hmlonqp7r4s aut�^

Taking � Awv , x in the theorem, we may immediately obtain the following
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Corollary. For any real number ayboT , we have the asymptotic formulaeH0f�g L j >_; j > :@?`?BAwx,a hml n pzr=s a t EeH0f�g L s >_; s > :@?`?BADa hml n pzr s a t ^9
2. One simple lemma

To complete the proof of the theorem, we need the following simple lemma:
Lemma. For any fixed prime � and real number a{boT , we havee| f�g } j� | A � j h{�> � R�TU? s hml�~ a j� g�� ^
Proof. First we come to calculate� A e| f�H } jU� � | ^

Note that the identities��� T�R T�B� A He|!� \ } j� | R He|!� \ } j� | Z@\A T� R : j� H Z@\ h H
� \e|!� \ > }�h TU? j R } j� | Z@\A T� R : j� H Z@\ h H
� \e|!� \ v }yh T� | Z@\ E
and�{� T�R T� � j A ~ T� R : j� H Z@\ h H0� \e|!� \ v }�h T� | Z@\ � � T�R T� �

A T� R T� j h : j Rc: j �� H Z j h H
� \e|!� \ v }�h T� | Z@\ R He|!� j v } R�T� | Z@\A T� h v� j h : j Rc: j �� H Z j h H
� \e|!� j v� | Z@\ h : j Rc: j � R > v,:�R�TU? �� H Z jA T� h v > � H0� \ R�TU?� H Z@\ R � H h : j R > : j h v,:�R�TU? �� H Z j ^
So we have� A ~ T� h v > � H0� \ R�TU?� H Z@\ R � H h : j R > : j h v,:�R�TU? �� H Z j � Tn T�R \< t j



An arithmetic function and the primitive number of power � 3A �> � R�TU?kj h v > � H0� \ R�TU?� H0� j > � RmTU? s h : j R > : j h v,:�RmTU? �� H > � R�TU?kj ^
Then we can immediately obtaine| f�g } j� | A �> � RmTU? j h v �> � R�TU? s h�l ~ a j� gu�A � j h��> � RmTU? s hml�~ a j� g�� ^
This completes the proof of the Lemma.9
3. Proof of the Theorem

In this section, we shall use the above Lemma to complete the proof of the
Theorem. From the definition of

; < > :@? and L < > :@? , we may immediately geteH
f�g L <4>_;=<�> :@?`?A eW f�g<��=� W } j A e< � W f�g� <�� W[� � \ } j A e< � f�g } j eW f�gU� < �� <�� W�� � \ TA e< � f�g } j eW f�gU� < � e��� � W � < ��� > N5?A e< � f�g } j e ��� < � > N5? e� f�gU� < � TA e< � f�g } j��� e� f�gU� < � T[R e� f�gU� <�� 1=3 T+��A e< � f�g } j � a� | R a� | Z@\ hml > TU? �
A a �� e| f��¡ �gU���¡  < } j� | R e| f��¡ 4gU���¡  < } j� | Z@\ �� hml �� e| f��¡ �gU�!�¡  < } j ��A � T¢R T� � a e| f��¡ �gU���¡  < } j� | hml£n¤p7r s autA � T¢R T� � ~ � j h��> � R�TU? s hml�~ pzr j aa �¢� a h¥l n pzr s a tA �ih T> � R�TU?kj a h¥l n pzr s a t ^

This completes the proof of the Theorem.
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ON THE PRIMITIVE NUMBERS OF POWER
�

AND¦
-POWER ROOTS

Yi Yuan
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Liang Fangchi
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Abstract Let � be a prime,



be any positive integer,
���	��
5�

denotes the smallest integer�M§%¨ 1 , where � � � ��� . In this paper, we study the mean value properties
of
� � ��� � � , where

� � is the superior integer part of © -power roots, and give an
interesting asymptotic formula for it.

Keywords: Primitive numbers of power � ; © -power roots; Asymptotic formula.9 1. Introduction and results
Let � be a prime, : be any positive integer,

;I<4> :@? denotes the smallest
integer such that

;�<=> :@?VK is divisible by � H . For example,
; s > TU?¢Aªx , ; s > v!?�A«

,
; s > x!?�AM¬ , ; s >®­ ?�AM¬ , ¯�¯�¯U¯�¯�¯ . In problem 49 of book [1], Professor F.

Smarandache ask us to study the properties of the sequence ° ;�<=> :@?¤± . About
this problem, Professor Zhang and Liu in [2] have studied it and obtained an
interesting asymptotic formula. That is, for any fixed prime � and any positive
integer : , ;=<�> :@?#A > � R�TU?): hml � �p7r]� ¯ pzr : � ^
For any fixed positive intger � , let L H denotes the superior integer part of � -
power roots, that is, L \ AªT , ¯�¯�¯ , L j(² � \ AYT , L j(² A³v , ¯�¯�¯ . In problem 80 of book
[1], Professor F. Smarandache ask us to study the properties of the sequenceL H . About this problem, the author of [3] have studied it and obtained an
interesting asymptotic formula. That is, for any real number ayboT ,eH0f�gO´ > L H ?BA T� a pzr�pzr a h T� >¶µ R pzr ��?@¯�a hml � apzr a � E
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where ´ > :@? denotes the numbers of all prime divisor of : ,
µ

be a computable
constant.

In this paper, we will use the elementary method to study the asymptotic
properties of

;�<4> L H ? in the following form:eH0f�g T� J ; < > L H Z@\ ?]R ; < > L H ? J E
where a be a positive real number, and give an interesting asymptotic formula
for it. In fact, we shall prove the following result:

Theorem. For any real number a·bMv , let � be a prime and : be any
positive integer. Then we have the asymptotic formulaeH
f�g T� J ; < > L H Z@\ ?]R ; < > L H ? J ADa 3² ¯ � T[R T� � hml¹¸ � pzr apzr]� � E
where lº¸ denotes the l -constant depending only on parameter � .9 2. Proof of the Theorem

In this section, we shall complete the proof of the theorem. First we need
following one simple Lemma. That is,

Lemma. Let � be a prime and : be any positive integer, then we haveJ ;=<�> : h TU?]R ;4<=> :@? J A�» � E if � H J�J C.K�¼½ E otherwise E
where

;4<�> :@?#ADC , � H�¾ C.K denotes that � H J C.K and � H Z@\ P C.K .
Proof. Now we will discuss it in two cases.> Fk? Let

;4<�> :@?#ADC , if � H�¾ C.K , then we have � H J C.K and � H Z@\ P C.K . From the
definition of

; < > :@? we have � H Z@\ P > C h TU?VK , � H Z@\ P > C h v!?VK , ¯�¯�¯ , � H Z@\ P > C h� R�TU?VK and � H Z@\ J > C h{� ?VK , so
;4<�> : h TU?BADC h{� , then we getJ ; < > : h TU?]R ; < > :@? J A � ^ (1)> F_Fk? Let

;=<�> :@?[AoC , if � H J C.K and � H Z@\ J C.K , then we have
;�<=> : h TU?[A£C ,

so J ;4<�> : h TU?]R ;=<4> :@? J A ½ ^ (2)

Combining (1) and (2), we can easily getJ ;=<4> : h TU?]R ;=<�> :@? J A¿» � E if � H�¾ C.K�¼½ E otherwise ^
This completes the proof of Lemma.
Now we use above Lemma to complete the proof of Theorem. For any real

number a�b�v , let À be a fixed positive integer such that À ¸�Á ayÂ > À h TU? ¸ ,
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then from the definition of
;�<4> :@? and the Lemma we haveeH
f�g T� J ;=<4> L H Z@\ ?@R ;=<�> L H ? J (3)

A Ã � \e� � \ �� e� ² f�H0f � � Z@\)� ² � \ T� J ;=<4> L H Z@\ ?ÄR ;=<4> L H ? J ��h e
Ã ² f�H
f�g

T� J ; < > L H Z@\ ?]R ; < > L H ? J
A Ã � \e� � \ T� J ;=<�>®Å h TU?]R ;=<4>®Å ? J�h e

Ã ² f�H0f�g
T� J ;4<=> L H Z@\ ?@R ;=<�> L H ? J

A Ã � \e� � \ T� J ;=<�>®Å h TU?]R ;=<4>®Å ? JA e� f�g 3²<UÆ_� W¢Ç T h¥l
> TU?V^ (4)

where
;4<4>®Å ?yAÈC . Note that if � � ¾ C.K , then we have (see reference [4],

Theorem 1.7.2) Å A ÉeÊ � \�Ë C� Ê�Ì A eÊ f��¡Í`Î � W Ë C� Ê+ÌA C�¯ eÊ f��¡Í`Î � W T� Ê hmlonVp�Ï�Ð < C�tA C� R�T hml � pzr Cpzr]� � ^ (5)

From (4), we can deduce thatCÑA > � R�TU? Å hml � �ºpzr Åpzr]� � ^ (6)

So that T Á C Á > � R�TU?]¯�a 3² hml¹¸ � �¹pzr ap7r]� � E if T Á Å Á a 3² ^
Note that for any fixed positive integer

Å
, if there has one C such that � � ¾ C.K ,

then � � ¾ > C h TU?VK , � � ¾ > C h v!?VK , ¯�¯�¯ , � � ¾ > C h{� R�TU?VK . Hence there have �
times of C such that

Å A ÉÒÊ � \ÔÓ W<�Õ`Ö in the interval

T Á C Á > � R�TU?Ä¯�a 3² h¥l¹¸ � �¹pzr apzr]� � ^
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Then from this and (3), we haveeH0f�g T� J ;4<�> L H Z@\ ?]R ;=<4> L H ? JA e� f�g 3²< Æ � W×Ç T hml
> TU?

A T� � > � R�TU?]¯�a 3² hml¹¸ � �¹pzr ap7r]� �Ô� h¥l > TU?A a 3² ¯ � T�R T� � hml¹¸ � pzr apzr]� � ^
This completes the proof of Theorem.
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Abstract For any positive integer



, the pseudo-Smarandache squarefree function ØÚÙ ��

�
is defined as the least positive integer

�
such that

� � is divisible by



. In this
paper, we study the mean value of ØÚÙ ��

� , and give a few asymptotic formulae.

Keywords: Pseudo-Smarandache squarefree function; Mean value; Asymptotic formula.9 1. Introduction
According to [1], the pseudo-Smarandache squarefree function Û�Ü > :@? is

defined as the least positive integer C such that C H is divisible by : . It is
obvious that Û�Ü > TU?BAªT . For :ÞÝoT , Maohua Le [1] obtained thatÛ�Ü > :@?#A � \ � j ¯�¯�¯ �X¸ E (1)

where � \ , � j , ¯�¯�¯ , �X¸ are distinct prime divisors of : . Also he showed that

ÉeH � \ T> ÛºÜ > :@?`?kß E L'à{áiE L'Ý ½
is divergence.

In this paper, we study the mean value of Û�Ü > :@? , and give a few asymptotic
formulae. That is, we shall prove the following:

Theorem 1. For any real numbers } E¤â with â@R } ÝoT and } Ý ½ , we have

ÉeH � \ Û�Ü | > :@?:Úã Aåä > â�? ä > â×R } ?ä > v�â×Ræv } ?oç < Ë T�R T� ã h�� | Ì E
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where ä > â�? is the Riemann zeta function, ç < denotes the product over all prime

numbers.
Theorem 2. For any real numbers } Ý ½ and ayboT , we haveeH
f�g Û�Ü | > :@?#A ä > }�h TU?)a | Z@\ä > v!? > }yh TU?Yç < Ë T�R T� | > �ih TU? Ì hml n a | Z 3è Z�é t ^
Noting that

eH
f�g ÛºÜ£ê > :@?[Aëa h�l > TU? and pzìzí| �Uî ê 1 } ä > }{h TU?[A�T , so from

Theorem 2 we immediately have the limitpzì7í| î ê 1 T} ç < � T[R T� | > �ïh TU? � A ä > v!?V^9
2. Proof of the theorems

Now we prove the theorems. For any real numbers } , â with â#R } ÝoT and} Ý ½ , let G > â�?#A ÉeH � \ ÛºÜ | > :@?:Úã ^
From (1) and the Euler product formula [2] we haveG > â,?ðA ç < Ë T h � |� ã h � |� j(ã h ¯�¯�¯ Ì A ç <òñ T h \<Uóõô �T¢R \< ó�ö

A ç <òñ ~ T h \<�ó)ô �T[R \<�ó � � T�R T� ã h{� | � öA ä > â�? ä > â×R } ?ä > v�â×Ræv } ?oç < Ë T[R T� ã h�� | Ì ^
This proves Theorem 1.

For any real numbers } Ý ½ and ayboT , it is obvious thatJ Û�Ü | > :@? J Á : | and ÷÷÷÷÷ É
eH � \ ÛºÜ | > :@?:Oø ÷÷÷÷÷ Â Tù R } E

where ù is the real part of â . So by Perron formula [3] we can geteH
f�g ÛºÜ | > :@?: ã)ú A Tv�û�F#ü�ý Z Êÿþý � Êÿþ G > â h â ê ? a ãâ d â h�l ~ a ý�� >�� h ù ê ?� �h l � a \ � ø ú�� > v,a2? í�ìzr � T�E p�Ï�Ð a� �B�h l � a � ø�ú � >�� ? í�ìzr � T�E aJ�J a J�J �B� E
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where
�

is the nearest integer to a , and J�J a J�J A J a.R � J . Taking â ê A ½
,� A }�h sj and

� Ý�v in the above, then we haveeH0f�g Û�Ü | > :@?BA Tv�û�F ü | Z
	 è Z Êÿþ| Z
	 è � Êÿþ G > â�? a ãâ d â hml ~ a | Z
	 è� � ^
Now we move the integral line from }�h sj � F � to }�h \j R.F � . This time,

the function G > â,? a ãâ
have a simple pole point at â�A }�h T with residueä > }�h TU?)a | Z@\ä > v!? > }�h TU? ç < Ë T�R T� | > �ïh TU? Ì ^
Now taking

� ADa , then we haveeH
f�g ÛºÜ | > :@?BA ä > }�h TU?)a | Z@\ä > v!? > }yh TU? ç < Ë T[R T� | > ��h TU? Ìh Tv�û�F ü | Z 3è Z Ê g| Z 3è � Ê g G > â,? a ãâ d â hml£n a | Z 3è Z�é tA ä > }�h TU?)a | Z@\ä > v!? > }�h TU? ç < Ë T�R T� | > �ïh TU? Ìh l ~ ü g��g ÷÷÷÷ G
� }�h Tv h
�@h Fõa � ÷÷÷÷ a

| Z 3è Z�é> T hëJ Å J ? d Å � hml n a | Z 3è Z�é tA�ä > }�h TU?)a | Z@\ä > v!? > }�h TU?ªç < Ë T�R T� | > �ïh TU? Ì hmlon a | Z 3è Z�é t�^
This completes the proof of Theorem 2.
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Abstract In this paper, similar to the Smarandache © -th power complements, we defined
the additive © -th power complements. Using the elementary method, we study
the mean value properties of the additive square complements, and give some
interesting asymptotic formulae.

Keywords: Additive © -th power complements; Mean value; Asymptotic formula.9 1. Introduction
For any positive integer : , the Smarandache � -th power complements

� ¸ > :@?
is the smallest positive integer such that : � ¸ > :@? is a complete � -th power, see
problem 29 of [1]. Similar to the Smarandache � -th power complements, we
define the additive � -th power complements L ¸ > :@? as follows: L ¸ > :@? is the
smallest nonnegative integer such that L ¸ > :@? h : is a complete � -th power.
For example, if �DA v , we have the additive square complements sequence°UL j > :@?¤± > :{AªT�E¤v5E�¯�¯�¯z? as follows:

½ E¤v5E�T�E ½ E ­ E¤x5E¤v5E�T�E ½ E « E¤�5E ­ E!x5E¤v5E�T�E ½ E��
E�¯�¯�¯ .
In this paper, we stdudy the mean value properties of L ¸ > :@? and N > L ¸ > :@?`? ,
where N > :@? is the Dirichlet divisor function, and give several interesting asymp-
totic formulae. That is, we shall prove the following conclusion:

Theorem 1. For any real number a{b�x , we have the asymptotic formulaeH
f�g L ¸ > :@?#A � j­ �ïRæv a j � 3² hml n a j � è² t ^
Theorem 2. For any real number a{b�x , we have the asymptotic formulaeH0f�g N > L ¸ > :@?`?BA � T[R T� � a p7r a h � v�� h p7r �iRæv h T� � a h.lën a \ � 3² pzr aXt�E

where � is the Euler constant.9
2. Some lemmas

Before the proof of the theorems, some lemmas will be usefull.
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Lemma 1. For any real number ayb�x , we have the asymptotic formula:eH
f�g N > a�? A�a pzr a h > v���R�TU?)a h¥l£n a 3è tºE
where � is the Euler constant.

Proof. See reference [2].
Lemma 2. For any real number a b·x and any nonnegative arithmetical

function G > :@? with G > ½ ?BA ½ , we have the asymptotic formula:

eH
f�g G > L ¸ > :@?`?BA Ó g 3² Ö � \e� � \ eH0f�� � � � G > :@? h¥l ����� eH
f�� n Ó g 3² Ö t G
> :@? ������ E

where � a�� denotes the greatest integer less than or equal to a and � >®Å ? A¸ � \e Ê � \ � F � � Å Ê .
Proof. For any real number amb T , let À be a fixed positive integer such

that À ¸ Á a�Â > À h TU? ¸ ^
Noting that if : pass through the integers in the interval Ó Å ¸ E >®Å h TU? ¸ t , thenL ¸ > :@? pass through the integers in the inteval Ó ½ E >®Å h TU? ¸ R Å ¸ R�T Ö and G > ½ ?#A½
, we can writeeH
f�g G > L ¸ > :@?`? A Ã � \e� � \ e� ² f�H�� � � Z@\)� ² G > L ¸ > :@?`? h e

Ã ² f�H
f�g G
> L ¸ > :@?`?

A Ã � \e� � \ eH
f�� � � � G > :@? h e� � Ã �7Z Ã ² ��g�f�H���� � Ã � G > :@?VE
where � >®Å ?BA ¸ � \eÊ � \ � F � � Å Ê . Since À A Ó a 3² Ö , so we have

eH
f�g G > L ¸ > :@?`?BA Ó g 3² Ö � \e� � \ eH0f�� � � � G > :@? h¥l ����� eH
f�� n Ó g 3² Ö t G
> :@? ������ ^

This proves Lemma 2.
Note: This Lemma is very usefull. Because if we have the mean value for-

mula of G > :@? , then from this lemma, we can easily get the mean value formula
of
eH
f�g G > L ¸ > :@?`? .
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3. Proof of the theorems

In this section, we will complete the proof of the theorems. First we prove
Theorem 1. From Lemma 1 and the Euler summation formula (See [3]), letG > :@?#AD: , we haveeH0f�g L ¸ > :@?ðA Ó g 3² Ö � \e� � \ eH
f�� � � � : hml ����� eH
f�� n Ó g 3² Ö t :

� ����
A Tv Ó g 3² Ö � \e� � \ � j Å j ¸ � j h�l n a j � è² tA � j­ �iRæv a j � 3² hml£n a j � è² t�^

This proves Theorem 1.
Now we prove Theorem 2. From Lemma 1 and Lemma 2, we haveeH
f�g N > L ¸ > :@?`?

A Ó g 3² Ö � \e� � \ eH0f�� � � � N > :@? h¥l ����� eH
f�� n Ó g 3² Ö t N
> :@? � ����

A Ó g 3² Ö � \e� � \ � � Å ¸ � \ � pzr � Å ¸ � \ h pzr � T hml � TÅ �B�Ô�h > v�� R�TU? � Å ¸ � \ t hmlon a \ � 3² p7r aXt
A Ó g 3² Ö � \e� � \ n � > �ïR�TU? Å ¸ � \ pzr Å h > v�� h%pzr �iR�TU? � Å ¸ � \h l >®Å ¸ � j ?kt h¥l£n a \ � 3² pzr aXt
A � > �iR�TU? Ó g 3² Ö � \e� � \ Å ¸ � \�pzr Å h > v�� h pzr � R�TU? � Ó g 3² Ö � \e� � \ Å ¸ � \h lën a \ � 3² p7r aXt�^

Then from the Euler summation formula, we can easily geteH0f�g N > L ¸ > :@?`?BA � T[R T� � a p7r a h � v�� h p7r �iRæv h T� � a h.lën a \ � 3² pzr aXt�^
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This completes the proof of the theorems.
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Abstract The main purpose of this paper is to study the mean value properties of the
Smarandache pseudo-multiples of � number sequence, and give an interesting
asymptotic formula for it.
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1. Introduction

A number is a pseudo-multiple of � if some permutation of its digits is a
multiple of � , including the identity permutation. For example:

½ E¤�5E�T ½ E�T��5Ev ½ E¤v��5E¤x ½ E¤x��5E ­ ½ E¤� ½ EV�=T�E¤��v=E�¯U¯�¯ are pseudo-multiple of � numbers. Let
µ

de-
notes the set of all the pseudo-multiple of � numbers. In reference [1], Profes-
sor F. Smarandache asked us to study the properties of the pseudo-multiple of� sequence. About this problems, it seems that none had studied it, at least we
have not seen such a paper before. In this paper, we use the elementary method
to study the mean value properties of this sequence, and obtain an interesting
asymptotic formula for it. That is, we shall prove the following:

Theorem. For any real number ayboT , we have the asymptotic formulaeH�� �H
f�g G > :@?]A eH0f�g G > :@? hml£n Àoa"! # $! # 3 ú t�E
where À A í&% '\ f�H0f�g ° J G > :@? J ± . Taking G > :@? A N > :@? , ´ > :@? as the Dirichlet

divisor function and the function of the number of prime factors respectively,
then we have the following:

Corollary 1. For any real number a{boT , we have the asymptotic formulaeH(�)�H
f�g N > :@?#ADa pzr a h > v���R�TU?)a h¥lon a*! #)$! # 3 ú Z�é t�E
where � is the Euler constant, � is any fixed positive number.
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Corollary 2. For any real number a{boT , we have the asymptotic formulaeH�� �H
f�g ´ > :@?#ADa pzr�pzr a h � a hml � apzr a � E
where � is a computable constant.9 2. Proof of the Theorem

Now we completes the proof of the Theorem. First let T ½ ¸�Á a�Â T ½ ¸ Z@\> � bÑTU? , then � Á p�Ï�Ð aDÂ¿� h T . According to the definition of set
µ

, we
know that the largest number of digits (

Á a ) not attribute set
µ

is + ¸ Z@\ . In
fact, in these numbers, there are + one digit, they are T�E¤v5E¤x5E ­ E « E��
E�+5E¤¬ ; There
are + j two digits; The number of the � digits are + ¸ . So the largest number of
digits (

Á a ) not attribute set
µ

is + h + j h ¯�¯�¯ h + ¸ A-,. > + ¸ RÞTU? Á + ¸ Z@\ . Since+ ¸ Á + �¡Í`Î
g A n + �¡Í`Î $ g t 3! /�0 $ 3 ú A > a�? 3! /�0 $ 3 ú ADa ! #)$! # 3 ú ^
So we have, + ¸ A l n a1! #)$! # 3 ú t ^
Next, let À denotes the upper bounds of J G > :@? J > : Á a�? , theneHu����H0f�g G > :@?#A lon À£a ! #)$! # 3 ú tº^
Finally, we have eH�� �H
f�g G > :@?ðA eH
f�g G > :@?@R eHX�� �H
f�g G > :@?A eH
f�g G > :@? hml n À£a ! #)$! # 3 ú t ^
This proves the Theorem.

Now the Corollary 1 follows from the Theorem, the asymptotic formulaeH0f�g N > :@?BADa p7r a h > v���R�TU?)a hmlon a 3è t
(see [2]), and the estimate N > :@?*2 a é (for all T Á : Á a ). And then, the
Corollary 2 follows from the Theorem, the asymptotic formulaeH0f�g ´ > :@?#ADa pzr�p7r a h � a h¥l � ap�Ï�Ð a �
(See [3]), and the estimate ´ > :@?32Èa é (for all T Á : Á a ).
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Abstract Let



be any positive integer, 465 ��

� denotes the product of all positive divisors
of



. Let � be a prime,
���	��
5�

denotes the largest exponent (of power � ) such
that divisible by



. In this paper, we study the asymptotic properties of the mean

value of
� � � 465 ��

�8� , and give an interesting asymptotic formula for it.

Keywords: Divisor product sequences; Mean value; Asymptotic formula.9
1. Introduction

Let : be any positive integer, 7 � > :@? denotes the product of all positive
divisors of : . That is, 7 � > :@?yA ç < N . For example, 7 � > TU?�A T�E87 � > v!?�Av5E87 � > x!?¹Adx5E87 � >®­ ?×A9+5E�¯�¯�¯U^ Let � be a prime, L <4> :@? denotes the largest ex-
ponent (of power � ) such that � ß � � H � J : . In problem 25 and 68 of reference [1],
Professor F.Smarandache asked us to study the properties of these two arith-
metic functions. About these problems, many scholars showed great interests
in them (see references [2],[3]). But it seems that no one knows the relation-
ship between these two arithmetic functions before. In this paper, we shall
use the elementary methods to study the mean value properties of L < >_; < > :@?`? ,
and give an interesting asymptotic formula for it. That is , we shall prove the
following conclusion:

Theorem. Let � be a prime, then for any real number a b·T , we have the
asymptotic formulaeH
f�g L <�> 7 � > :@?`?ÔA a pzr a� > � R�TU?h > � R�TU? s > v���RmTU?]R;:¶v �=< h ­ � s h{� j Ræv �ïh T?> pzr]�� > � R�TU? < a hml > a 3è Z�é ?VE
where � is the Euler constant, and � denotes any fixed positive number.

Taking � Awv , x in the theorem, we may immediately obtain the following
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Corollary. For any real number ayboT , we have the asymptotic formulaeH
f�g L j > 7 � > :@?`?ÔA Tv a pzr a h v���R « � pzr vºR�Tv a hml > a 3è Z�é ?V¼eH
f�g L s > 7 � > :@?`?ÔA T« a pzr a h +���R�T�x@� pzr x�R ­v ­ a hml > a 3è Z�é ?V^
9 2. Some lemmas

To complete the proof of the theorem, we need the following simple lem-
mas:

Lemma 1. For any positive integer : , we have the identity7 � > :@?#AD: 58A ��Bè E
where N > :@? is the divisor function.

Proof. This formula can be immediately got from Lemma 1 of [2].

Lemma 2. For any real number ayboT , we have the asymptotic formulaeH0f�g� H � W�� � \ N > :@?BADa �� p7r a h v���RmT h v e< � W pzr]�� RmT �� ç< � W � T�R T� � j hml > a 3è Z�é ?VE
where ç < denotes the product over all primes, � is the Euler constant, and �
denotes any fixed positive number.

Proof. Let
� A£a \ � j E µi> â�?�A ç < � T[R T� ã � j ^ Then by the Perron formula

(See Theorem 2 of reference [4]), we may obtaineH
f�g� H � W�� � \ N > :@?BA Tv,Fõû{ü 	 è Z Êÿþ	 è � Êÿþ ä j > â,? µi> â�? a ãâ N5â h�l > a 3è Z�é ?VE
where ä > â�? is the Riemann-zeta function.

Moving the integral line from sj � F � to \j � F � . This time, the functionG > â,?ÄA ä j > â,? µi> â,? a ãâ
has a second order pole point at âºAªT with residuea �� p7r a h v�� R�T h v e< � W pzr]�� R�T �� ç< � W � T�R T� � j ^
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So we have Tv,Fõû ~ ü 	 è Z Êÿþ	 è � Êÿþ h ü 3è Z Êÿþ	 è Z Êÿþ h ü 3è � Êÿþ3è Z Êÿþ h ü 	 è � Êÿþ3è � Êÿþ � ä j > â�? µ > â�? a ãâ N
âADa �� pzr a h v�� R�T h v e< � W pzr]�� R�T �� ç< � W � T¢R T� � j ^
Note that Tv,F)û ~ ü 3è Z Ê þ	 è Z Êÿþ h ü 3è � Êÿþ3è Z Êÿþ h ü 	 è � Êÿþ3è � Ê þ � ä j > â�? µ > â�? a ãâ N
â2 a 3è Z�é ^

From the above we can immediately get the asymptotic formula:eH0f�g� H � W�� � \ N > :@?BADa �� p7r a h v�� R�T h v e< � W pzr]�� R�T �� ç< � W � T�R T� � j hml > a 3è Z�é ?V^
This completes the proof of Lemma 2.

Lemma 3. Let � be a prime, then for any real number a.b·T , we have the
following asymptotic formulaee| f�g }� | A �> � RmTU?kj hml � a� g � E (1)e| f�g } j� | A � j hy�> � R�TU? s hml ~ a j� g2� E (2)e| f�g } s� | A � s h ­ � j h��> � R�TU? < hml ~ a s� g � ^ (3)

Proof. We only prove formula
> v!? and

> x!? . First we come to calculateG�A e| f�H } j � � | ^
Note that the identitiesG � T�R T�Ô� A He|!� \ } j� | R He|!� \ } j� | Z@\A T� R : j� H Z@\ h H
� \e|!� \ > }�h TU? j R } j� | Z@\A T� R : j� H Z@\ h H
� \e|!� \ v }�h T� | Z@\
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and G � T�R T�B� jA ~ T� R : j� H Z@\ h H
� \e|!� \ v }�h T� | Z@\ � � T�R T�B�
A T� R T� j h : j Rc: j �� H Z j h H0� \e|!� \ v }�h T� | Z@\ R He|!� j v } R�T� | Z@\A T� h v� j h : j Rc: j �� H Z j h H0� \e|!� j v� | Z@\ h : j Rc: j � R > v,:�R�TU? �� H Z jA T� h v > � H
� \ R�TU?� H Z@\ R � H h : j R > : j h v,:�R�TU? �� H Z j ^

So we haveG A ~ T� h v > � H
� \ R�TU?� H Z@\ R � H h : j R > : j h v,:�R�TU? �� H Z j � Tn T�R \< t jA �> � RmTU?kj h v > � H
� \ R�TU?� H
� j > � R�TU? s h : j R > : j h v,:�R�TU? �� H > � R�TU?kj ^
Then we can immediately obtaine| f�g } j� | A �> � R�TU?kj h v �> � R�TU? s h¥l�~ a j� g2�A � j h��> � R�TU? s hml ~ a j� g�� ^
This proves formula

> v!? .
Now we come to prove formula

> x!? . Let�ïA e| f�H } s � � | ^
Note that the identities� � T[R T� �A He|!� \ } s� | R He|!� \ } s� | Z@\A T� R : s� H Z@\ h H
� \e|!� \ > }�h TU? s R } s� | Z@\



An arithmetic function and the divisor product sequences 25

A T� R : s� H Z@\ h He|!� j x } j Ræx }yh T� | Z@\A T� R : s� H Z@\ h � H
� \ R�T� H Z@\ R � H R ~ v� j R :� H Z@\ h � H0� j RmT� H Z@\ R � HO� xT�R \<h ~ ­� j R : j� H Z@\ h ~ �� s R v,:�R�T� H Z@\ h v > � H
� s R�TU?� H Z@\ R � H � TT¢R \< � xT�R \<A � j h ­ �ih T ½� > � R�TU?kj h x,:�Ræx,: j h{� H0� \ R�T h > xQR « :@? �� H > � R�TU?R : s� H Z@\ h « � > � H
� s R�TU?]Ræx > � H0� j RmTU? > � RmTU?� H0� \ > � R�TU? s ^
Then we havee| f�g } s� | A ~ � j h ­ �ih T ½� > � R�TU? j h T� > � R�TU? h ¬QR x �� > � R�TU? s � �� RmT hml�~ a s� g��A � s h ­ � j h{�> � RmTU? < h¥l ~ a s� g�� ^
This completes the proof of Lemma 3.9 3. Proof of the Theorem

In this section, we shall use the above lemmas to complete the proof of the
Theorem. From the definition of 7 � > :@? and L < > :@? , we may immediately geteH
f�g L < > 7 � > :@?`?A e< �DC f�g� <�� C � � \

> }yh TU? }v N >�E ?BA e< � f�g > }�h TU? }v eC f�gU� < �� <�� C � � \ N >�E ?A e| f��¡ �gU�!�¡  < > }�h TU? }v ~ a� | � pzr a� | h v�� RmT h v pzrÄ�� R�T � � T[R T� � j �h l n a 3è Z�é tA a v � T�R T� � j � pzr a h v�� R�T h v pzrÄ�� R�T � e| f��¡ �gU�!�¡  < > }�h TU? }� |
R a pzr]�v e| f��¡ �gU���¡  < > }�h TU? } j� | h¥lon a 3è Z�é t

A a v � T�R T� � j � pzr a h v�� R�T h v pzrÄ�� R�T �



26 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORYF ~ � j h{�> � R�TU? s h �> � R�TU?kj hml ~ p7r j aa �¢�R a pzr@�v ~ � s h ­ � j h{�> � R�TU? < h � j h{�> � R�TU? s hml�~ p7r s aa �¢� hml n a 3è Z�é tA a p7r a� > � RmTU? h > � RmTU? s > v�� R�TU?ÄR;:®v � < h ­ � s h{� j R v ��h T?> p7r]�� > � R�TU? < ah lon a 3è Z�é t¹^
This completes the proof of the Theorem.
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Abstract In this paper, we use the analytic method to study the mean value properties of
the irrational root sieve sequence, and give an interesting asymptotic formula for
it.
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1. Introduction

According to reference [1], the definition of Smarandache irrational root
sieve is: from the set of natural numbers (except

½
and T ):

-take off all powers of v ¸ , ��b�v ;
-take off all powers of x ¸ , ��b�v ;
-take off all powers of � ¸ , ��b�v ;
-take off all powers of

« ¸
, ��b�v ;

-take off all powers of � ¸ , ��b�v ;
-take off all powers of T ½ ¸ , � b�v ;¯�¯�¯ and so on (take off all � -powers, �ëb v ). For example: v5E¤x5E¤�5E « E��
E�T ½ ET�T�E�T�v5E�T�x5E�T ­ E�T��5E�T��
EUT?+=E�T�¬[¯�¯U¯ are all irrational root sieve sequence. Let

µ
denotes the set of all the irrational root sieve. In reference [1], Professor F.
Smarandache asked us to study the properties of the irrational root sieve se-
quence. About this problem, it seems that none had studied it, at least we have
not seen such a paper before. In this paper, we study the mean value of the
irrational root sieve sequence, and give an interesting asymptotic formula for
it. That is, we shall prove the following:
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Theorem. Let N > :@? denote the divisor function. Then for any real numberayboT , we have the asymptotic formulaeH(�)�H
f�g N > :@?A � a'R x­ û2j G a pzr a h µ \ a 3	 pzr j a h µ j a 3	 pzr a h µ s a 3	 h µ < G a � pzr ah > v�� R�TU?)a h µIH G a h µIJ a 3	 hml n a 3 	�KL è K Z�é t E
where � denotes any fixed positive number, � is the Euler constant,

µ \ E µ j E µ s Eµ < E µIH E µMJ
are the computable constants.9

2. Some Lemmas
To complete the proof of the theorem, we need the following lemmas:
Lemma 1. For any real number ayboT , we have the asymptotic formula:eH
f�g N > :@?BA³a pzr a h > v�� R�TU?)a hml£n a 3 	�KL è K Z�é t�E

where � denotes any fixed positive number and � is the Euler constant.
Proof. This result may be immediately got from [2].
Lemma 2. For any real number ayboT , we have two asymptotic formulaeeH
fON g N > : j ?BA x G a pzr j a­ û2j h � \v G a pzr a h � j G a hmlon a 3L Z�é t�¼eH0f�g 3	 N > : s ?#A «@P ê a 3	 pzr s av@�,û < h P \¬ a 3	 pzr j a h P jx a 3	 p7r a h P s a 3	 h{l£n a 3Q Z�é t�E

where � \ E � j E P ê E P \ E P j E P s are computable constants.
Proof. Let G > â�?ÄA ÉeH � \ N > : j ?:Úã E

Re
> â,?'Ý T . Then from the Euler product formula [3] and the multiplicative

property of N > :@? we haveG > â,? A ç < � T h x� ã h �� j(ã h �� s ã h ¯�¯�¯ �A ç < � T[R T� ã � � \ � T h v� ã h v� j(ã h v� s ã h ¯�¯�¯ �A ç < ~ � T�R T� ã � � \ h v� ã � T[R T� ã � � j �



The Smarandache irrational root sieve sequences 29A ç < � T�R T� ã � � j � T h T� ã �A ä s > â�?ä > v�â�? ^
where ä > â,? is the Riemann zeta-function. By Perron formula [2] with â ê A ½ ,� ADa 3è and

� A sj , we haveeH0f�g N > : j ?BA Tv�û�FÄü 	 è Z Êÿþ	 è � Ê þ ä s > â,?ä > v�â�? a ãâ N
â hml n a 3è Z�é t ^
To estimate the main term Tv�û�FÄü 	 è Z Êÿþ	 è � Êÿþ ä s > â�?ä > v�â�? a ãâ N5â!E
we move the integral line from âyA sj � F � to âyA \j � F � . This time, the
function G > â�?#A ä s > â,?ä > v�â�? a ãâ
has a three order pole point at â�AªT with residuepzìzíã î \ Tv5K ~ > â¢R�TU? s ä s > â�?ä > v�â,? a ãâ �

� j � A xû j a pzr j a h � \ a pzr a h � j aÚE
where � \ E � j are the computable constants.

Note that Tv,Fõû ~ ü 3è Z Ê þ	 è Z Êÿþ h ü 3è � Êÿþ3è Z Êÿþ h ü 	 è � Êÿþ3è � Êÿþ � ä s > â,?ä > v�â�? a ãâ N
âR2Èa 3è Z�é ^
From above we may immediately get the asymptotic formula:eH0f�g N > : j ?ÔA x,a pzr j aû2j h � \ a pzr a h � j a hml n a 3è Z�é t ^
That is,eH
fON g N > : j ?BA x G a pzr j a­ û2j h � \v G a p7r a h � j G a hmlon a 3L Z�é t�^

This proves the first formula of Lemma 2.
Similarly, we can deduce the second asymptotic formula of Lemma 2. In

fact let � > â�?BA ÉeH � \ N > : s ?:Úã E
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Re
> â,?'Ý T . Then from the Euler product formula [3] and the multiplicative

property of N > :@? we have� > â,? A ç < � T h ­� ã h �� j(ã h T ½� s ã h ¯�¯�¯ �A ç < � T[R T� ã � � \ � T h x� ã h x� j(ã h x� s ã h ¯�¯�¯ �A ç < ~ � T¢R T� ã � � \ h x� ã � T[R T� ã � � j �A ç < � T[R T� ã � � j � T h v� ã �A ä < > â,?ä j > v�â�? ç <
� T�R T> � ã h TU? j � ^

where ä > â,? is the Riemann zeta-function. Then by Perron formula [2] and the
method of proving the first asymptotic formula of Lemma 2 we may immedi-
ately geteH0f�g N > : s ?ÔA «û < P ê a pzr=s a h P \ a pzr j a h P j a pzr a h P s a hml£n a 3è Z�é t�^

That is,eH0f�g 3	 N > : s ?#A «@P ê a 3	 pzr s av@�,û < h P \¬ a 3	 pzr j a h P jx a 3	 p7r a h P s a 3	 h{l£n a 3Q Z�é t�E
This proves the Lemma 2.9 3. Proof of the Theorem
Now we completes the proof of the Theorem. According to the definition of

the set
µ

and the result of Lemma 1 and Lemma 2 , we haveeH�� �H0f�g N > :@?A eH
f�g N > :@?]R eH
f N g N > : j ?@R eH
f�g 3	 N > : s ? hml ��� e< f ¸ f ! #�S! # è
eH
f�g 3² N > : ¸ ? ����A eH
f�g N > :@?]R eH
fON g N > : j ?@R eH
f�g 3	 N > : s ? hml ��� e< f ¸ f ! #�S! # è a 3² Z�é ����
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A ~ a R x G a pzr a­ û2j h µ \ a 3	 pzr j a h µ j a 3	 pzr a h µ s a 3	 h µ < G a � pzr ah > v���R�TU?)a h µIH G a h µIJ a 3	 hml n a 3 	�KL è K Z�é t E
where

µ Ê ( F#AYT�E¤v5E�¯�¯�¯	E « ) are computable constants.
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Abstract Let � be a prime, T � ��

� denote the largest exponent of power � which divides

. In this paper, we study the properties of this sequence T � ��

� , and give an

interesting asymptotic formula for
e�VU S T -� ��

� .Keywords: Asymptotic formula; Largest exponent; Mean value.9 1. Introduction

Let � be a prime, W <�> :@? denote the largest exponent of power � which di-
vides : . In problem 68 of [1], Professor F.Smarandach asked us to study the
properties of the sequence W < > :@? . This problem is closely related to the factor-
ization of :#K . In this paper, we use elementary methods to study the asymptotic
properties of the mean value

eH
f�g W W< > :@? , and give an interesting asymptotic

formula for it. That is, we will prove the following:
Theorem. Let � be a prime, Còb ½ be an integer. Then for any real numberayboT , we have the asymptotic formulaeH
f�g W W< > :@?#A � R�T� L <�> C{?)a hml > p�Ï�Ð!W[Z@\ a�?VE

where L <�> C{? is a computable constant.
Taking CòA�T�E¤v5E¤x in the theorem, we may immediately obtain the follow-

ing
Corollary. For any real number ayboT , we have the asymptotic formulaeH
f�g W <�> :@?BA T� R�T a hml > p�Ï�Ð j a2?V¼eH
f�g W j< > :@?BA �ïh T> � R�TU? j a hml > p�Ï�Ð s a2?V¼eH
f�g W s< > :@?BA � j h ­ �ih T> � R�TU? s a hml > p�Ï�Ð < a�?V^
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9 2. Proof of the Theorem
In this section, we complete the proof of the theorem. In fact, from the

definition of W <�> :@? we haveeH0f�g W W< > :@?ðA e< � f�g e< �)X f�g� X � < � � \ } W A e| f ! /�0VS! /�0 � } W
eX f S� �� X � < � � \ TA e| f ! /�0�S! /�0 � } W

� � R�T� a� | h�l > TU? �
A � R�T� a e| f ! /�0VS! /�0 �

} W� | h�l ��� e| f ! /�0�S! /�0 � }ÚW � �� ^
Let L <4> C{?BA ÉeH � \ : W� H E

then L <�> C{? is a computable constant. Obviously we havee| f ! /�0�S! /�0 �
} W� | A ÉeH � \ : W� H R e|6Y ! /�0VS! /�0 �

} W� |
A³L <�> C{? hml �� T�[Z ! /�0�S! /�0 �)\ �� ÉeX � \ n �¡Í`Î5g�¡Í`Î < h � t W� H �� ��
A³L < > C{? hml ~ a � \¹~ � p�Ï�Ð ap�Ï�Ð2� � W ÉeX � \ T� Xh P \W � p�Ï�Ð ap�Ï�ÐO� � W � \ ÉeX � \

�� X h ¯�¯�¯ �¢�A³L <�> C{? hmlon a � \ pzÏ�Ð W�Z@\ aut (1)

and l ��� e| f ! /�0VS] ^`_ � }@W ���� A l n p�Ï�Ð
W�Z@\ a t ^ (2)

From (1) and (2) we haveeH
f�g W W< > :@?ðA � R�T� a n L <�> C{? h�lon a � \ p�Ï�Ð W aXt=t hml£nqp�Ï�Ð W[Z@\ aXt
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This completes the proof of the theorem. As to L <�> C{? , it is easy to show thatL < > ½ ?BA ÉeH � \ T� H A T� R�T E
and � ¯UL <4> C{?]R�T¹A ÉeH � \ > : h TU? W� HA ÉeH � \ : W� H h P \W ÉeH � \ : W � \� H h ¯�¯�¯ h P W � \W ÉeH � \ :� H h ÉeH � \ T� HAwL <�> C{? h P \W L <�> C�R�TU? h ¯�¯�¯ h P W � \W L <�> TU? h L <�> ½ ?VE
so we haveL <�> C{?BA T� R�T n P \W L <�> C�R�TU? h ¯�¯�¯ h P W � \W L <�> TU? h L <�> ½ ? h T�tQ^
From this formula, we can easily compute the first several L <4> C{? :L <�> TU?BA �> � R�TU?kj E(L <X> v!?BA � j h{�> � R�TU? s E(L <�> x!?ÔA � s h ­ � j h{�> � R�TU? < E�¯�¯�¯
Then use the Theorem, we can get the Corollary.
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Abstract The main purpose of this paper is using the elementary method to study the
properties of

���	��

�
, and give a triangle inequality for it.

Keywords: Primitive numbers; Arithmetical property; triangle inequality.9 1. Introduction
Let � be a prime, : be any fixed positive integer,

;X<�> :@? denote the smallest
positive integer such that

;I<4> :@?VK is divisible by � H . For example,
; s > TU?�A�x ,; s > v!?QA «

,
; s > x!? A¿¬ , ; s >®­ ?QAå¬ , ; s > �!?QA T�v , ¯�¯�¯ . In problem 49 of book

[1], Professor F. Smarandache asks us to study the properties of the sequence;=<4> :@? . About this problem, some asymptotic properties of this sequence have
been studied by many scholar. In this paper, we use the elementary methods to
study the arithmetical properties of

;I<�> :@? , and give a triangle inequality for it.
That is, we shall prove the following:

Theorem 1. Let � be an odd prime, C Ê be positive integer. Then we have
the triangle inequality ;4< ~ ¸eÊ � \ C Ê � Á ¸eÊ � \ ;=<�> C Ê ?V^

Theorem 2. There are infinite integers C Ê > FÄAªT�E¤v5E�¯�¯�¯,E¤�u^ ? satisfying;4< ~ ¸eÊ � \ C Ê � A ¸eÊ � \ ;=<�> C Ê ?V^9 2. Proof of the theorems
In this section, we complete the proof of the theorems. First we prove the-

orem 1. From the definition of
;I<�> :@? , we know that � W Õ J ;=<4> C Ê ?VK , � Wba J
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f ). From this we can easily obtain:� W Õ � Wba A � W Õ ZuWba J ;=<�> C Ê ?VK ;4<�> Cdc	?VK J >_;=<�> C Ê ? h ;4<=> Cdc,?`?VK�^ (1)

But from the definition of
;�<4> :@? , we know that

;�<=> :@?VK is the smallest positive
integer that is divisible by � H . That is�IW Õ ZuWga�J ; < > C Ê h C c ?VK�^ (2)

From (1), (2) we can immediately get;=<4> C Ê h CdcU? Á ;=<4> C Ê ? h ;=<4> Cdc	?V^
Now the theorem 1 follows from this inequality and the induction.
Next we complete the proof of theorem 2. For any positive integers C Ê withC Ê eADCdc ( T Á F¤Ehf Á � ), we let } A } > � E`:@? satisfy � | ¾ :#K . Then} A } > � E`:@?ÔA Éec � \�Ë :� c Ì ^

For convenient, we let � Ê A < - Õ � \< � \ . SinceÉei(� \ Ë � W Õ� i Ì A �IW Õ � \]hy�IW Õ � j h ¯�¯�¯ h T×A � W Õ R�T� RmT Aw� Ê ^
So we have ; < > � Ê ?BA � W Õ E F]AdT�E¤v5E�¯�¯�¯	E¤�u^ (3)

On the other hand,

Éei(� \
jkkkkkl
¸eÊ � \ � W Õ� i

monnnnnp A ¸eÊ � \ � W Õ R�T� R�T A ¸e Ê � \ � Ê ^
So ;=< ~ ¸eÊ � \ � Ê � A ¸e Ê � \ �XW Õ ^ (4)

Combining (3) and (4) we may immediately obtain;=< ~ ¸e Ê � \ � Ê � A ¸eÊ � \ ;=<4> � Ê ?V^
This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is to study the asymptotic properties of
� � �rq!�

,
and give two interesting asymptotic formulae for it.

Keywords: Smarandache-simple function; Additive Analogue; Asymptotic formula.9 1. Introduction and results
For any positive : , the Smarandache function

;�> :@? is defined as the smallestCMà � Z , where : J C.K . For a fixed prime � , the Smarandache-simple function;=<4> :@? is defined as the smallest C à � Z , where � H J C.K . In reference [2],
Jozsef Sandor introduced the additive analogue of the Smarandache-simple
function

;4<�> a�? as follows:; < > a�?BA í'ìzr °�Còà �ts � g Á C.K ±!E@a{à > T�E�u ?VE
and ;3v< > a2?BA í&% ' °�C à �ws C.K Á � g ±!EÄayàx� T�E�u ?VE
which is defined on a subset of real numbers. It is clear that

;�<4> a�?�AÑC ifayà >`> CwRyTU?VK�E`C.K � for CòbDv (for CÑAdT it is not defined, as 0!=1! ), therefore
this function is defined for a�bdT . About the properties of

;�> :@? , many people
had studied it before (See [2], [3]). But for the asymptotic formula of

;2<4> a�? , it
seems that no one have studied it before. The main purpose of this paper is to
study the asymptotic properties of

;X<=> a2? , and obtain an interesting asymptotic
formula for it. That is, we shall prove the following:

Theorem 1. For any real number a{b�v , we have the asymptotic formula;=<�> a2?#A a pzr]�pzr a hml � a pzr�pzr ap7r j a � ^
Obviously, we have;=<4> a�?BAzy ;{v< > a2? h T�E F)G a{à > C.K�E > C h TU?VK ? > C boTU?;{v< > a2?VE F)G a�A > C h TU?VK > Còb£TU?
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Therefore, we can easily get the following:
Theorem 2. For any real number a{b�v , we have the asymptotic formula; v< > a�?BA a pzr]�pzr a hml � a p7r�pzr apzr j a � ^

9 2. Proof of the theorem
In this section, we complete the proof of the theorem 1. In fact, from the

definition of
;�<�> a�? , we have

> CÈRªTU?VK Â � g Á C.K and taking the logistic
computation in the two sides of the inequality, we getW � \eÊ � \ pzr FBÂma pzr]� Á We Ê � \ pzr F¤^ (1)

Then using the Euler’s summation formula we haveWe Ê � \ p7r F A ü W\ pzr Å N Å h ü W\ >®Å R|� Å �®? > pzr Å ?~} pzr Å N ÅA C pzr C�R C hml > pzr C{? (2)

and W � \eÊ � \ pzr F A ü W � \\ pzr Å N Å h ü W � \\ >®Å R|� Å �®? > pzr Å ?~��N ÅA C pzr C�RcC hml > pzr C{?V^ (3)

Combining (1),(2) and (3), we can easily deduce thata pzr]� ADC pzr C�RcC hml > pzr C{?V^ (4)

So CÑA a pzr]�pzr C�R�T h�l > TU?V^ (5)

Similarly, we continue taking logistic computation in two sides of (5), then we
also have p7r CÑA pzr a h�l > pzr�pzr C{?V^ (6)

and p7r�pzr CÑA l > p7r�pzr a�?V^ (7)
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Hence, by (5), (6) and (7) we have;=<�> a2? A a pzr]�pzr a hml > pzr�p7r C{?]RmT hml > TU?A a p7r]�pzr a h a p7r]� � l > pzr�pzr C{?pzr a > pzr a hml > pzr�pzr C{?]RmT,? �A a p7r]�pzr a hml � a pzr�pzr ap7r j a � ^
This completes the proof of Theorem 1.
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Abstract The main purpose of this paper is using analytic method to study the asymp-
totic properties of © -power complement sequence, and give several interesting
asymptotic formulae.

Keywords: © -power complement sequence; asymptotic formula; mean value.9 1. Introdution
For any positive integer : b v , let

� ¸ > :@? denotes � -power complement
sequence. That is,

� ¸ > :@? denotes the smallest integer such that : � ¸ > :@? be a
perfect � -power. In problem 29 of reference [1], professor F.Smarandache
asked us to study the properties of this sequence. About this problem, some
people had studied it before, see references [4]and [5]. The main purpose
of this paper is using the analytic method to study the asymptotic properties
of � -power complement sequence, and obtain several interesting asymptotic
formulae. That is, we shall prove the following :

Theorem. Let N > :@? denote the Dirichlet divisor function, then for any real
number ayb£T , we have the asymptotic formulaeH0f�g N > : � ¸ > :@?`?BA³a >¶µ ê pzr ¸ a h µ \ p7r ¸ � \ a h ¯�¯�¯ h µ ¸ ? hml > a 3è Z�� ?VE
where

µ ê , µ \ , ¯�¯�¯ , µ ¸ are computable constants, � is any fixed positive num-
ber.

From this theorem, we may immediately deduce the following
Corollary 1. Let L > :@? be the square complement sequence, then for any

real number ayboT , we haveeH0f�g N > :OL > :@?`?ÔADa >¶µ pzr j a h � p7r a h P ? hml > a 3è Z�� ?VE
where

µ
, � ,

P
are computable constants.
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Corollary 2. Let
��> :@? be the cubic complement sequence, then for any real

number a�boT , we haveeH0f�g N > : ��> :@?`?BADa > � \ pzr4s a h P \ pzr j a h�� \ p7r a h�� \ ? hml > a 3è Z�� ?VE
where � \ , P \ , � \ and � \ are computable constants.9 2. Proof of the Theorem

In this section, we shall complete the proof of the Theorem. LetG > â�?#A ÉeH � \ N > : � ¸ > :@?`?:Úã ^
From the definition of

� ¸ > :@? , the properties of the divisor function and the
Euler product formula [2], we have

G > â�? A ç < ~ T h N > � � ¸ > � ?`?� ã h N > � j � ¸ > � j ?`?� j(ã h ¯�¯�¯ �A ç < ~ T h N > � ¸ ?� ã h ¯�¯�¯ h N > � ¸ ?� ¸ ã h N > � j ¸ ?� � ¸ Z@\)� ã h ¯�¯�¯ h N > � j ¸ ?� j ¸ ã h ¯�¯�¯ �A ç < � T h � h T� ã h ¯�¯�¯ h � h T� ¸ ã h v�� h T� � ¸ Z@\)� ã h ¯�¯�¯ h v�� h T� j ¸ ã h ¯�¯�¯ �
A ç < �� T h TT�R \< ² ó F T� ã F T�R \< ² óT�R \<Uó F �� T h �T[R \< ² ó �� ��A ä > â�? ç < � T h �� ã h �� ã > � ¸ ã#R�TU? �A ä ¸ Z@\ > â,?ä ¸ > v�â�?{ç < �� T h � � ¸ ã� ã > � ã h TU? ¸ > � ¸ ã R�TU? R ej f Ê f ¸ n ¸Ê t � ¸ ã� ã Ê > � ã h TU? ¸ ���E

where ä > â�? is the Riemann Zeta function. Obviously, we haveJ N > : � ¸ > :@?`? J Á :#E ÷÷÷÷÷ É
eH � \ N > : � ¸ > :@?`?:Oø ÷÷÷÷÷

Á Tù R�T E
where ù is the real part of â . Therefore by Perron formula [3]

ÉeH � \ N > : � ¸ > :@?`?:Úã)ú
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A Tv�û�F üyý Z Êÿþý � Ê þ G > â h â ê ? a ãâ N
â h¥l ~ a ý�� >�� h ù ê ?� �h l � a \ � ø�ú�� > v,a�? í�ìzr °0T�E p�Ï�Ð a� ± � hml � a � ø�ú�� >�� ? í�ì7r °0T�E a¾ a ¾ ± � E
where

�
be the nearest integer to a , ¾ a ¾ A J a�R � J . Taking â ê A ½

,
� A s j ,� ADa , � > a�?BA³a , � > ù ?BA \ø � \ , then we haveeH0f�g N > : � ¸ > :@?`?BA Tv�û�F ü 	 è Z Êÿþ	 è � Êÿþ ä ¸ Z@\ > â�?ä ¸ > v�â�? á > â,? a ãâ N
â hml > a 3è Z�� ?VE

where á > â�?#A ç < �� T h � � ¸ ã� ã > � ã h TU? ¸ > � ¸ ã#R�TU? R ej f Ê f ¸ n ¸Ê t � ¸ ã� ã Ê > � ã h TU? ¸ ��D^
To estimate the main termTv�û�FÄü 	 è Z Ê þ	 è � Êÿþ ä ¸ Z@\ > â�?ä ¸ > v�â,? á > â�? a ãâ N5â!E
we move the integer line from â�Awx � v � F � to â�AªT � v � F � , then the functionä ¸ Z@\ > â�?ä ¸ > v�â�? á > â,? a ãâ
have one � h T order pole point at â�AªT with residuep7ìzíã î \ T�uK � > â×R�TU? ¸ Z@\ ä ¸ Z@\ > â,? á > â�?)a ãä ¸ > v�â�? â �

� ¸ �
A p7ìzíã î \ T�uK � n ¸ê t n > â¢R�TU? ¸ Z@\ ä ¸ Z@\ > â�? t � ¸ � á > â�?)a ãä ¸ > v�â,? âhën ¸ \ t n > â×R�TU? ¸ Z@\ ä ¸ Z@\ > â�?kt � ¸ � \)� � á > â,?)a ãä ¸ > v�â,? â � � h ¯�¯�¯h n ¸¸ t > â¹RmTU? ¸ Z@\ ä ¸ Z@\ > â�? � á > â�?)a ãä ¸ > v�â�? â �

� ¸ � �A a >¶µ ê pzr ¸ a h µ \ pzr ¸ � \ a h ¯�¯�¯ h µ ¸ ?VE
where

µ ê E µ \ E�¯�¯�¯UE µ ¸ are computable constants. So we can obtain

Tv�û�F ~ ü 	 è Z Êÿþ	 è � Êÿþ h ü 3è Z Êÿþ	 è Z Ê þ h ü 3è � Ê þ3è Z Êÿþ h ü 	 è � Êÿþ3è � Êÿþ � ä ¸ Z@\ > â�?)a ãä ¸ > v�â�? â á > â,?kN5âA a >¶µ ê pzr ¸ a h µ \ pzr ¸ � \ a h ¯�¯�¯ h µ ¸ ?V^
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Note that the estimates÷÷÷÷÷ Tv�û�FÄü
3è Z Êÿþ	 è Z Êÿþ ä ¸ Z@\ > â,?)a ãä ¸ > v�â,? â á > â�?kN
â ÷÷÷÷÷ 2 a 3è Z�� E

÷÷÷÷÷ Tv�û�F ü
	 è � Êÿþ3è � Êÿþ ä ¸ Z@\ > â,?)a ãä ¸ > v�â,? â á > â�?kN
â ÷÷÷÷÷ 2 a 3è Z�� E

and ÷÷÷÷÷ Tv�û�F ü
3è � Êÿþ3è Z Êÿþ ä ¸ Z@\ > â,?)a ãä ¸ > v�â,? â á > â�?kN
â ÷÷÷÷÷ 2 a 3è Z�� ^

Therefore we geteH
f�g N > : � ¸ > :@?`?BA³a >¶µ ê pzr ¸ a h µ \ p7r ¸ � \ a h ¯�¯�¯ h µ ¸ ? hml > a 3è Z�� ?V^
This completes the proof of the Theorem .
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Abstract The main purpose of this paper is using the elementary method to study the con-
vergent property of an infinite series involving the inferior and superior factorial
part sequences, and give an sufficient condition of the convergent property of the
series.

Keywords: Inferior factorial part; Superior factorial part; Infinite series.9
1. Introduction
For any positive integer : , the inferior factorial part denoted by L > :@? is the

largest factorial less than or equal to : . It is the sequence: T�E¤v5E¤v5E¤v5E¤v5E « E « E « E« E « E « E « E « E « E « E « E « E « E « E « E « E « E « EVv ­ E¤v ­ E¤v ­ EVv ­ EVv ­ E¤v ­ Eqv ­ E�¯�¯�¯ . On the other
hand, the superior factorial part denoted by

��> :@? is the smallest factorial greater
than or equal to : . It is the sequence as follows: T�E¤v5E « E « E « E « E¤v ­ Eqv ­ E¤v ­ Ev ­ E¤v ­ E¤v ­ E¤v ­ E¤v ­ E¤v ­ EVv ­ E¤v ­ E¤v ­ EVv ­ EVv ­ E¤v ­ Eqv ­ EVv ­ E¤v ­ E�TUv ½ E�TUv ½ E�T�v ½ E�¯�¯U¯!^ In the
42th problem (see [1]) of his famous book l : E�� �=�D� ��E W�Cyâ!E � � Å â � E � Å F � :Úâ ,
Professor F.Smarandache asked us to study these sequences. About this prob-
lem, it seems no one had studied it before. In this paper, we studied two infinite
series involving L > :@? and

�,> :@? as follows:� A ÉeH � \ TL | > :@? E ; A ÉeH � \ T� | > :@? E
and given some sufficient conditions of the convergent property of them. That
is, we shall prove the following

Theorem. Let } be any positive real number. Then the infinite series
�

and;
are convergent if } ÝoT , divergent if } Á T .
Especially, when } Awv , we have the following
Corollary. We have the identityÉeH � \ TL j > :@? A�W�^



48 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY9
2. Proof of the theorem

In this section, we will complete the proof of the theorem. Let L > :@?#ADC.K . It
is easy to see that if C.K Á :.Â > C h TU?VK , then L > :@?BA³C.K . So the same numberC.K repeated

> C h TU?VK2R³C.K times in the sequence °UL > :@?¤± > :åA T�E¤v5E�¯�¯�¯z? .
Hence, we can write� A ÉeH � \ TL | > :@? A ÉeW � \ > C h TU?VK!RcC.K> C.K ? | A ÉeW � \ C�¯�C.K> C.K ? | A ÉeW � \ C> C.K ? | � \ ^
It is clear that if } Ý£T then

�
is convergent, if } Á T then

�
is divergent. Using

the same method, we can also get the sufficient condition of the convergent
property of

;
. Especially, when } A·v , from the knowledge of mathematical

analysis (see [2]), we haveÉeH � \ TL
j > :@? A ÉeW � \ T> C�R�TU?VK A ÉeW � ê TC.K A�W!^
This completes the proof of the theorem.
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Abstract Let � and � are primes, T8� ��

� denotes the largest exponent of power � which
divides



. In this paper, we study the properties of this sequence �@��� A ��B , and

give an interesting asymptotic formula for
Ò�VU S � ��� A ��B .

Keywords: Asymptotic formula; Largest exponent; Mean value.9 1. Introduction
Let � and � are two primes, W � > :@? denotes the largest exponent of power �

which divides : . It is obvious that W � AY� if � ¸ divides : but � � ¸ Z@\)� does not.
In problem 68 of [1], Professor F.Smarandache asked us to study the properties
of the sequence W � > :@? . In this paper, we use elementary methods to study the
asymptotic properties of the mean value

ÒH0f�g �O� � � H � , where � is a prime such

that � b � , and give an interesting asymptotic formula for it. That is, we will
prove the following :

Theorem. Let � and � are primes with �yb � . Then for any real numberayboT , we have the asymptotic formulaeH
f�g � � � � H �A �� � � � \� � < a hml£n a 3è Z�é tºE if � Ý � ¼< � \< �¡  < a pzr a h·n < � \< �¡  < > ��R�TU? h < Z@\j < t[a hml£n a 3è Z�é t¹E if � A � ¼
where � is any fixed positive number, � is the Euler constant.9 2. Proof of the Theorem

In this section, we will complete the proof of the theorem. Let

G > â,?#A ÉeH � \ �O� � � H �:Úã ^
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For any positive integer : , it is clear that W � > :@? is a addtive function. So ��� � � H �
is a multiplicative function. Then from the definition of WD� > :@? and the Euler
product formula (See Theorem 11.6 of [3]), we can write

G > â�?ðA ÉeH � \ �O� � � H �:Úã A ç < 3 ~ ÉeW � ê �O� � �
< - 3 �� W ã\ �A ç < 3 ~ T h � � � �

< 3 �� ã \ h � � � � < è 3 �� j(ã\ h ¯�¯�¯ �A ~ T h ���ã h � j��j(ã h ¯�¯�¯ � ç< 3��� �
� T h T� ã \ h T� j(ã\ h ¯�¯�¯ �A ä > â,? � ã R�T��ã#R � ^

By Perron formula (See reference [2]), let â ê A ½ , � AYv , � Awa s � j . Then we
have eH0f�g � � � � H � A Tv�û�F ü j Z Êÿþj � Êÿþ ä > â,?ká > â�? a ãâ N
â hml > a \ � j Z�é ?VE
where á > â�?#A � ó � \� ó � < and � is any fixed positive number.

Now we estimate the main termTv�û�F ü j Z Êÿþj � Êÿþ ä > â,?ká > â�? a ãâ N
â0E
we move the integral line from v � F � to T � v � F � .

If � Ý � , then function ä > â,?ká > â�? a ãâ
have a simple pole point at âºAYT , so we haveTv�û�F ~ ü j Z Êÿþj � Ê þ h ü \ � j Z Ê þj Z Êÿþ h ü \ � j � Êÿþ\ � j Z Êÿþ h ü j � Êÿþ\ � j � Êÿþ � ä > â�?ká > â�? a ãâ N5â�Awá > TU?)aÚ^
Taking

� ADa 	 è , we have÷÷÷÷÷ Tv�û�F ~ ü
3è Z Êÿþj Z Êÿþ h ü j � Êÿþ3è � Ê þ � ä > â�?ká > â,? a ãâ N5â ÷÷÷÷÷2 ü j3è ÷÷÷÷÷ ä > ù h F � ?ká > â,? a j�d÷÷÷÷÷ N ù2 a j Z�é� ADa 3è Z�é ¼
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And we can easy get the estimate÷÷÷÷÷ Tv�û�F ü
3è � Ê þ3è Z Êÿþ ä > â,?ká > â�? a ãâ N
â ÷÷÷÷÷ 2 ü þê ÷÷÷÷÷ ä > Tv h F Å ?ká > â�? a

3èÅ ÷÷÷÷÷ N Å 2Èa 3è Z�é ¼
Note that á > TU?BA �¹R�T�¹R � E
we may immediately obtain the asymptotic formulaeH
f�g � � � � H � A �ºR�T�ºR � a hml > a 3è Z�é ?VE
if � Ý � .

If � A � , then the function ä > â,?ká > â�? a ãâ
have a second order pole point at âÞAÈT . Let Res n ä > â,?ká > â�? g óã t denotes its
residue, so we have á�WUâ � ä > â�?ká > â�? a ãâ �A pzì7íã î \ � � ã R�T� ã R � ä > â�? > â�R�TU? j a ãâ � �A pzì7íã î \ ~ � � ã R�T� ãBR � > â¢R�TU? a ãâ � � ä > â,? > â×R�TU?h � � ã R�T� ãBR � > â×R�TU? a ãâ � > ä > â,? > â×R�TU?`? � �
Noting that pzìzíã î \ � � ã R�T� ãÄR � > â¢R�TU? � � A �ih Tv � Epzìzíã î \ ä > â,? > â×R�TU?BAªT
and pzìzíã î \ > ä > â,? > â×R�TU?`?~�IA|�@E
we may immediately getá�WUâ � ä > â�?ká > â�? a ãâ � A � R�T�¹pzr#� a pzr a h � � R�T�¹pzr]� > ��R�TU? h � h Tv � � aÚ^
So we have the asymptotic formulaeH
f�g � � � � H � A > � R�TU?�¹p7r]� a pzr a h � � R�T�¹pzr]� > ��R�TU? h �ih Tv � � a h�l > a 3è Z�é ?VE
if � A � . This completes the proof of Theorem.
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Abstract In this paper, we use the elementary methods to study the convergent properties
of the series 1(�e��� 3 &� � � �
where

� � is a generalized constructive number, and � is any positive number.

Keywords: Generalized constructive set; Series; Convergent properties.9 1. Introduction
The generalized constructive set

;
is defined as: numbers formed by digitsN \ E(N j E�¯�¯�¯UE(N W only, all N Ê being different each other, T Á C Á ¬ . That is to

say,
(1) N \ E(N j E�¯�¯�¯UE(N W belong to

;
;

(2) If LXE � belong to
;

, then L � belongs to
;

too;
(3) Only elements obtained by rules (1) and (2) applied a finite number of

times belong to
;

.
For example, the constructive set (of digits 1, 2) is : T�E¤v5E�T�T�E�T�v5E¤v=T�E¤v!v5E�T!T�T�ET�T�v5E�T�v=T�E�T�v�v5E¤v=T�T�EVv=TUv5EVv�v4T�E¤v0v�v=E�T!T�T�T�E�T!T�T	v5EUT�T�v4T�E�¯�¯�¯0^ And the constructive

set (of digits 1, 2, 3) is : T�E¤v5E¤x5E�T�T�E�T�v5E�T�x5E¤v�T�E¤v!v5EVv�x=E¤x=T�E¤x!v5Eqx�x=E�T�T!T�EUT�TUv5E�T0T�x=ET�v=T�E�T�v�v5E�T�v�x5E¤v=T�T�EVv=TUv5EVv=TUx5E¤v0v=T�E¤v!v�v5EVv�v!x5EU¯�¯�¯0^ In problem 6, 7 and 8 of ref-
erence [1], Professor F.Smarandache asked us to study the properties of this
sequence. About this problem, it seems that no one had studied it before. For
convenience, we denote this sequence by °UL H ± . In this paper, we shall use the
elementary methods to study the convergent properties of the seriesZ ÉeH � \ TL |H E
where } is any positive number. That is , we shall prove the following conclu-
sion:
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Theorem 1. The series
Z ÉeH � \ TL |H is convergent if } Ý p�Ï�Ð C , and divergent

if } Á p�Ï�Ð C .
Especially, let ; j AªT h Tv h TT�T h TT�v h Tv=T h Tv�v h ¯�¯�¯�E

and; s AªT h Tv h Tx h TT�T h TT�v h TT�x h Tv=T h Tv�v h Tv�x h Tx=T h Tx�v h Tx�x h ¯�¯�¯�^
Then we have the following

Theorem 2. The series
; j and

; s are convergent, and the estimateT ½ v « ­�@�D��� Â ; j Â + « v@�­ « v ½ L
:ON x=T ­ � « +�x�x@�T����@�5T�¬�v ½�½ Â ; s Â T ½ ��x�v=T ­ �­�­�­ ¬=T�v ½
hold.9 2. Proof of the Theorems

In this section, we shall complete the proof of the Theorems. First we prove
Theorem 1. Note that for � A�T�E¤v5E¤x5E�¯�¯�¯,E there are C ¸ numbers of � digits in
the generalized constructive sequence, so we haveZ ÉeH � \ TL |H Â Z Ée¸ � \ C ¸> T ½ ¸ � \ ? |A C Z Ée¸ � \ C ¸ � \T ½ � ¸ � \)� |A CT¢R W\ ê �A C�¯0T ½ |T ½ | RcC E
where we have used the fact that the seriesZ Ée¸ � \ C ¸ � \T ½ � ¸ � \)� |
is convergent only if its common proportion W\ ê � ÂYT�E that is } Ý p�Ï�Ð C . This
completes the proof of the Theorem 1.

Now we come to prove Theorem 2.; j A T h Tv h TT�T h TT�v h Tv=T h Tv�v h ¯�¯�¯



On the generalized constructive set 55

Â T h Tv h TT�T h TT�v h Tv=T h Tv�v h Z Ée¸ � s v ¸T ½ ¸ � \A T h Tv h TT�T h TT�v h Tv=T h Tv�v h v sT ½ j Z Ée¸ � s v ¸ � sT ½ ¸ � jA T h Tv h TT�T h TT�v h Tv=T h Tv�v h vv�� F TT�R \HA + « v@�­ « v ½ ^
On the other hand, we have; j Ý T h Tv h TT�T h TT�v h Tv=T h Tv�v h Z Ée¸ � s v ¸T ½ ¸A T h Tv h TT�T h TT�v h Tv=T h Tv�v h v sT ½ s Z Ée¸ � s v ¸ � sT ½ ¸ � sA T h Tv h TT�T h TT�v h Tv=T h Tv�v h TT�v�� F TT[R \HA T ½ v « ­�@�D��� ^
This proves the first part of Theorem 2.

Similarly, we can prove the second part of Theorem 2. This completes the
proof of the Theorems.
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Abstract For any positive integer



, inferior prime part function � � ��

� is defined as the
largest prime number less than or equal to



, and superior prime part function4 �,��

� is denoted as the smallest prime number greater than or equal to



. The

main purpose of this paper is using the important works of D.R.Heath Brown
to study the mean value of � � ��
5� and 4 � ��

� , and give two sharp asymptotic
formulae.

Keywords: Inferior prime part; Superior prime part; Mean value.9 1. Introduction
For any positive integer : , inferior prime part function � <4> :@? is defined as

the largest prime number less than or equal to : , and superior prime part func-
tion 7 <�> :@? is denoted as the smallest prime number greater than or equal to : .
In problem 39 of [1], F.Smarandache asked us to study these sequences.

For each integer : , the prime additive complement
��> :@? is defined as the

smallest nonnegative integer such that : h ��> :@? is a prime. In problem 44 of
[1], F.Smarandache also advised us to study this sequence.

It is interesting that there exist some relationships among � <=> :@? , 7 <�> :@? and�,> :@? . In this paper, we use the important works of D.R.Heath Brown to study
the mean value properties of � <=> :@? and 7 <�> :@? , and give two sharp asymptotic
formulae. That is, we shall prove the following:

Theorem 1. For any real number ayb£T , we haveeH
f�g � <�> :@?#A a jv h¥l£n a è 	3 $ Z�é t�E
where � is any fixed positive number.

Theorem 2. For any real number ayb£T , we haveeH0f�g 7 < > :@?#A a jv hml n a è 	3 $ Z�é t ^
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2. Proof of the theorems

To complete the proof of the theorems, we need the following:
Lemma 1. Let

��> :@? be the prime additive complement, then we have the
estimate: eH
f�g �,> :@?�2Èa è 	3 $ Z�é ^

Proof. Denote � H as the : -th prime, then from the definition of
��> :@? we

have eH0f�g ��> :@?ðA e\ f Ê f�� � g � e< Õ ��H
f < Õ 143 ��> :@?Á e\ f Ê f�� � g � e< Õ ��H
f < Õ 143 > � Ê Z@\ R � Ê ?Á e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? j ^ (1)

By [2] we can get e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? j 2 a è 	3 $ Z�é E (2)

so by (1) and (2) we immediately haveeH
f�g �,> :@?�2Èa è 	3 $ Z�é ^
This proves Lemma 1.

Now we prove the theorems. For any real number ayboT , from the definition
of � < > :@? we have eH
f�g � <�> :@?#A e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? � Ê ^ (3)

On the other hand,eH
f�g > : h ��> :@?`? A e\ f Ê f�� � g � e< Õ ��H
f < Õ 143 > : h ��> :@?`?A e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? � Ê Z@\A e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? j h e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? � Ê ^ (4)

Then from Lemma 1, (2), (3) and (4) we haveeH0f�g � < > :@?#A eH0f�g > : h ��> :@?`?]R e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? jA eH
f�g : h eH0f�g ��> :@?@R e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? j A a jv hml£n a è 	3 $ Z�é t¹^
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This proves Theorem 1.
Similarly, from the definition of 7 <�> :@? , (4) and Lemma 1 we can geteH0f�g 7 <�> :@? A « h e\ f Ê f�� � g � > � Ê Z@\ R � Ê ? � Ê Z@\A « h eH0f�g > : h ��> :@?`?BA a jv h¥l n a è 	3 $ Z�é t ^

This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is to calculate the value of the series1(�e ��� 3 &��
!� ² ��

�8� ó �
where

� ² ��

� is the © -power complement number of any positive integer



, and� is a complex number with Re
� � �� �& . Several interesting identities are given.

Keywords: © -power complement number; Identities; Riemann-zeta function.9 1. Introduction
For any given natural number �£b v and any positive integer : , we callL ¸ > :@? a � -power complement number, if L ¸ > :@? denotes the smallest integer

such that :×¯®L ¸ > :@? is a perfect � -power. Especially, we call L j > :@?VE(L s > :@?VE(L < > :@?
a square complement number, cubic complement number, and quartic comple-
ment number, respectively. In reference [1], Professor F. Smarandache asked
us to study the properties of the � -power complement number sequence. Yet
we still know very little about it. In this paper, we shall use the analytic method
to calculate the value of the seriesZ ÉeH � \ T> :OL ¸ > :@?`? ã E
where â is a complex number with Re

> â,? bST , and obtain several interesting
identities. That is, we shall prove the following several theorems:

Theorem 1. For any complex number â with á�W > â�?Þb T , we have the
identity Z ÉeH � \ T> :OL j > :@?`? ã A ä j > v�â�?ä >®­ â�? E
where ä > â,? is the Riemann-zeta function.

Theorem 2. For any complex number â with á�W > â,? b£T , we haveZ ÉeH � \ T> :OL s > :@?`? ã A�ä j > x�â,?ä > « â,?�ç <
� T h T� s ã h T � E
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where ç < denotes the product over all primes.

Theorem 3. For any complex number â with á�W > â,? b£T , we haveZ ÉeH � \ T> :OL < > :@?`? ã ASä j >®­ â,?ä > +�â�?�ç < � T h T� < ã h T � � T h T� < ã h v � ^
Taking â¹AªT�E¤v in the theorems, and note that the fact

ä > v!?BA û j« E ä >®­ ?BA û <¬ ½ E ä > « ?#A û J¬ ­ � E ä > +!?BA û ,¬ ­ � ½ Eä > T�v!?ÔA « ¬=T�û \ j« xD+��=T�vD+@��� E ä > T « ?ÔA x « TV�,û \ Jx�v�� « ­ T�� «�« v�� ½ ^
We may immediately obtain the following two corollaries

Corollary 1. Z ÉeH � \ T:OL j > :@? A �v ¼Z ÉeH � \ T:OL s > :@? A�ä j > x!?ä > « ? ç <
� T h T� s h T � ¼Z ÉeH � \ T:OL < > :@? A �« ç < � T h T� < h T � � T h T� < h v � ^

Corollary 2. Z ÉeH � \ T> :OL j > :@?`? j A �« ¼Z ÉeH � \ T> :OL s > :@?`? j A �5T��« ¬=T ç < � T h T� J h T � ¼Z ÉeH � \ T> :OL < > :@?`? j A ��v�¬�x��v�x ­ ç < � T h T� , h T � � T h T� , h v � ^9 2. Proof of the Theorems
In this section, we shall complete the proof of the Theorems. For any pos-

itive integer : , we can write it as :æA E j C , where C is a square-free number
(that is, �iP C implies � j P C ). Then from the definition of L j > :@? we haveZ ÉeH � \ T> :OL j > :@?`? ã A Z Ée C � \ Z ÉeW � \ J � > C{? J>�E j C�¯UC{? ã A Z Ée C � \ Z ÉeW � \ J � > C{? JE j(ã C j(ãA ä > v�â�? ç < � T h T� j(ã � Aåä j > v�â�?ä >®­ â�? E
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where � > :@? denotes the M ¡� bius function. This completes the proof of Theorem
1.

Now we come to prove Theorem 2. For any positive integer : , we can write
it as :³A E s C j � , where

> C.E � ? AMT�E and � C is a square-free number. Then
from the definition of L s > :@? , we haveZ ÉeH � \ T> :OL s > :@?`? ã A Z Ée C � \ Z ÉeW � \ Z Éei`� \� W � i � � \ J � > C{? J�J � > � ? J>�E s C�j � ¯�C � j�? ã

A ä > x�â�? Z ÉeW � \ J � > C{? JC s ã Z Éei(� \� W � i � � \ J �
> � ? J� s ã

A ä > x�â�? Z ÉeW � \ J � > C{? JC s ã ç<V¢ W � T h T� s ã �A ä j > x�â�?ä > « â�? Z ÉeW � \ J � > C{? JC s ã ç< � W Tn T h \< 	 ó tA ä j > x�â�?ä > « â�? ç < �� T h T� s ã n T h \< 	 ó t ��A ä j > x�â�?ä > « â�? ç <
� T h T� s ã h T � ^

This completes the proof of Theorem 2.
Now we come to prove Theorem 3. For any positive integer : , we can write

it as :�A E < C s � j Å , where
> C.E � ? AòT�E > C � E Å ?�A T and C � Å is a square-free

number. Then from the definition of L < > :@? , we haveZ ÉeH � \ T> :OL < > :@?`? ãA Z Ée C � \ Z ÉeW � \ Z Éei(� \ Z Ée� � \� W � i � � \� W i � � � � \
J � > C{? J�J � > � ? J�J � >®Å ? J>�E < C s � j Å ¯�C � j Å s ? ã

A ä >®­ â�? Z ÉeW � \ Z Éei(� \� W � i � � \ J �
> C{? J�J � > � ? JC < ã � < ã Z Ée� � \� W i � � � � \ J �

>®Å ? JÅ < ã
A ä j >®­ â�?ä > +�â�? Z ÉeW � \ Z Éei`� \� W � i � � \ J �

> C{? J�J � > � ? JC < ã � < ã ç< � W i Tn T h \< L ó t



64 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY

A ä j >®­ â�?ä > +�â�? Z ÉeW � \ Z Éei`� \� W � i � � \ J �
> C{? J�J � > � ? JC < ã � < ã ç< � W Tn T h \< L ó t ç < � i Tn T h \< L ó t

A ä j >®­ â�?ä > +�â�? Z ÉeW � \ J � > C{? JC < ã ç< � W Tn T h \< L ó t ç<V¢ W � T h T� < ã h T �
A ä j >®­ â�?ä > +�â�? Z ÉeW � \ J � > C{? JC < ã ç< � W Tn T h \< L ó t ç <

� T h T� < ã h T �ç< � W � T h T� < ã h T �A ä j >®­ â�?ä > +�â�? ç < � T h T� < ã h T � � T h T� < ã h v � ^
This completes the proof of Theorem 3.

Using our method, we can also obtain the identities for the seriesZ ÉeH � \ T> :OL ¸ > :@?`? ã E
where � b�� .
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Abstract For any positive integer



, let
�!��

�

is the additive square complements of



.
That is,

�!��

�
is the smallest non-negative integer such that


¤£ �!��

�
is a perfect

square number. In this paper, we study the mean value properties of
�!��

�

with
the divisor function

 ���

�
, and give an interesting mean value formula for

 ���
�£�!��

�8�
.

Keywords: Additive square complements; Divisor function; Asymptotic formula.9 1. Introduction and results
For any positive integer : , the square complements L j > :@? is defined as the

smallest positive integer � such that :Ú� is a perfect square. For example,L j > TU?cA T , L j > v!?.A v , L j > x!?.A x , L j >®­ ?cA T , L j > �!?.A � , L j > « ?.A «
,L j > ��?ÔA;� , L j > +!?BAwv , ¯�¯�¯ . In problem 27 of [1], Professor F. Smarandache ask

us to study the properties of °UL j > :@?¤± . About this problem, some authors had
studied it, and obtained some interesting results. For example, the authors [2]
used the elementary method to study the mean value properties of L j > :@? and\ß è � H � . Zhang H.L. and Wang Y. in [3] studied the mean value of ¥ > L j > :@?`? , and
obtained an asymptotic formula by the analytic method.

Similarly, we will define the additive square complements as follows: for
any positive integer : , the smallest non-negative integer � is called the additive
square complements of : if : h � is a perfect square number. LetL > :@?BA í�ìzr °	� J : h ��ADC j E¤��b ½ E`C à � Z ±!E
then L > TU?QA ½

, L > v!?QAåv , L > x!?QA T , L >®­ ? A ½
, L > �!? A ­

, ¯�¯�¯ . In this paper,
we will use the analytic methods to study the asymptotic properties of divisor
function for this sequence in the following form:

eH0f�g N > : h L > :@?`?VE where a�b�v
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be a real number, N > :@? be the divisor function, and give an sharper asymptotic
formula for it. That is, we shall prove the following:

Theorem. For any real number ayb�v , we have the asymptotic formulaeH0f�g N > : h L > :@?`?ÔA x­ û2j a pzr j a h µ \ a pzr a h µ j a hml > a 	L Z�é ?VE
where

µ \ and
µ j are computable constants, � is any fixed positive number.9 2. Proof of the theorem

In this section, we shall complete the proof of the theorem. First we need
following:

Lemma. For any real number a{ÝoT , we haveeH
f�g N > : j ?BA xû2j ¯�a pzr j a h � \ a pzr a h � j a h�lon a 3è Z�é tºE
where � \ and � j are computable constants, � is any fixed positive number.

Proof. Let â�A ù h F Å be a complex number and G > â�?ÞA ÉÒH � \ � � H è �H ó .

Note that N > : j ?¦2 : é , so it is clear that G > â�? is a Dirichlet series absolutely
convergent for Re( â ) ÝåT , by the Euler Product formula [4] and the definition
of N > :@? we getG > â,? A ç < ~ T h N > � j ?� ã h N > � < ?� j(ã h ¯�¯�¯ h N > � j H ?� H ã h ¯�¯�¯ �A ç < � T h x� ã h �� j(ã h ¯�¯�¯ h v,: h T� H ã h ¯�¯�¯ �A ä j > â,? ç < � T h T� ã �A ä s > â�?ä > v�â�? E (1)

where ä > â,? is the Riemann zeta-function and § < denotes the product over all

primes.
From (1) and Perron’s formula [5], we haveeH
f�g N > : j ?#A Tv�û�F#ü 	 è Z Êÿþ	 è � Êÿþ ä s > â�?ä > v�â,? ¯ a ãâ N
â hml�~ a 	 è Z�é� � ^ (2)

Now we move the integral line in (2) from âºA sj � F � to âºA \j � F � . This

time, the function ¨ 	 � ã �¨ � j(ã � ¯ g óã have a third order pole point at â�AªT with residuexû j ¯�a p7r j a h � \ a pzr a h � j aÚE (3)



On the asymptotic property of divisor function for additive complements 67

where � \ and � j are computable constants. Hence, we haveTv�û�F ~ ü 	 è � Êÿþ3è � Êÿþ h ü 	 è Z Êÿþ	 è � Êÿþ h ü 3è Z Êÿþ	 è Z Êÿþ h ü 3è � Êÿþ3è Z Êÿþ � ä s > â,?ä > v�â�? ¯ a ãâ N
âA xû2j ¯�a pzr j a h � \ a pzr a h � j a@^ (4)

We can easily get the estimate

÷÷÷÷÷ Tv�û�F ~ ü
3è Z Êÿþ	 è Z Êÿþ h ü 	 è � Êÿþ3è � Êÿþ � ä s > â�?ä > v�â,? ¯ a ãâ N5â ÷÷÷÷÷ 2 a 	 è Z�é� (5)

and ÷÷÷÷÷ Tv�û�F ü
3è � Êÿþ3è Z Ê þ ä s > â,?ä > v�â�? ¯ a ãâ N
â ÷÷÷÷÷ 2 a 3è Z�é ^ (6)

Taking
� ADa , combining (2), (4), (5) and (6) we deduce thateH
f�g N > : j ?#A xû2j ¯�a pzr j a h � \ a p7r a h � j a h�l n a 3è Z�é t ^

This completes the proof of Lemma.
Now we use above Lemma to complete the proof of Theorem. For any real

number aybDv , let À be a fixed positive number such thatÀ j Á ayÂ > À h TU? j ^ (7)

Then from the definition of L > :@? , we haveeH
f�g N > : h L > :@?`?A e\ f W f Ã � \ ��
eW è f�H�� � W[Z@\)� è N > : h L > :@?`? �� h e

Ã è f�H
f�g N
> : h L > :@?`?

A e\ f W f Ã �� eW è f�H�� � W[Z@\)� è N > : h L > :@?`?)�� h�l > a 3è Z�é ?A e\ f W f Ã �� eW è f�H�� � W[Z@\)� è N >`> C h TU? j ? �� hml > a 3è Z�é ?A e\ f W f Ã v,C�N >`> C h TU? j ? h�l > a 3è Z�é ?A v�¯ e\ f W f Ã C�N > C j ? hml > a 3è Z�é ?V^ (8)
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Let
µi> a�?�A ÒH
f�g N > : j ? , then by Able’s identity and Lemma, we can easily

deduce that e\ f W f Ã C�N > C j ?A À µi> Àª?#R ü Ã\ µi>®Å ?kN >®Å ? hml > À \)Z�é ?A À � xû2j ¯�À pzr j À h � \ À pzr À h � j À �R ü Ã\ � xû2j ¯ Å pzr j Å h � \ Å pzr Å h � j Å � N Å hmlon À 	 è Z�é tA Tv ¯ xû2j ¯UÀ j pzr j À h P \ À j pzr À h P j À j hmh l£n À 	 è Z�é tºE (9)

where
P \ and

P j are computable constants.
Note that

½ Á a R{À j 2 G a and pzr j a�A ­ pzr j À h l > a � 3è Z�é ? , then from
(8) and (9) we geteH0f�g N > : h L > :@?`?ÔA x­ û2j a pzr j a h µ \ a pzr a h µ j a hml > a 	L Z�é ?V^
This completes the proof of Theorem.
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Abstract In this paper, we study the mean value of two Smarandache-type multiplicative
functions, and give a few asymptotic formulae.

Keywords: Smarandache-type multiplicative functions; Mean value; Asymptotic formula.9 1. Introduction
In [1], Henry Bottomley considered eleven particular families of interrelated

multiplicative functions, which are listed in Smarandache’s problems.
In this paper we study the mean value of two Smarandache-type multiplica-

tive functions. One is
P W > :@? , which is defined as the C -th root of largestC -th power dividing : . The other function © W > :@? is denoted as C -th root of

smallest C -th power divisible by : . We will give a few asymptotic formulae
on these two functions. That is, we shall prove the following:

Theorem 1. For any integer Còb�x and real number a{boT , we haveeH
f�g P W > :@?#A ä > C�R�TU?ä > C{? a h�lon a 3è Z�é t�^
Theorem 2. For any integer CòboT and real number a{boT , we haveeH0f�g © W > :@?ÔA a jv ä > v!? ç <

jl T h \< è - h \< 	 R \< è -21=3 R \< è -�1 èn T h \< t n T�R \< è t n T¢R \< è - ô 3 t
mp h�l£n a 	 è Z�é t�^
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2. Proof of the theorems

Now we prove the theorems. LetG > â,?#A ÉeH � \ P W > :@?: ã ^
Noting that P W > � | ?ÔA � ¸ E if Cy� Á } ÂmC > � h TU?V^
Then from the Euler product formula [2] we haveG > â�? A ç < ñ Ée|!� ê P W > � | ?� | ã ö

A ç < jl Ée¸ � ê W � \eª � ê P W > � W ¸ Z ª ?� � W ¸ Z ª � ã mp
A ç < jl Ée¸ � ê W � \eª � ê � ¸� � W ¸ Z ª � ã mpA ç < jl T�R \< - ón T�R \<Uó t n T�R \< - ó)ô 3 t

mp A ä > â�? ä > Cyâ¢R�TU?ä > Cyâ,? ^
So by Perron formula [3] we can geteH0f�g P W > :@?:Úã)ú A Tv�û�F üyý Z Êÿþý � Ê þ G > â h â ê ? a ãâ d â hml ~ a ý � >�� h ù ê ?� �h l � a \ � ø�ú�� > v,a2? í�ìzr � T�E p�Ï�Ð a� �B� hml � a � ø�ú�� >�� ? í'ìzr � T�E aJ�J a J�J �B� E
where

�
is the nearest integer to a , and J�J a J�J A J a R � J . Taking â ê A ½ , � A sjand

� Ý�v in above, then we haveeH
f�g Û�Ü | > :@?#A Tv�û�F ü 	 è Z Êÿþ	 è � Êÿþ G > â�? a ãâ d â hml ~ a 	 è� � ^
Now we move the integral line from sj � F � to \j R�F � . This time, the functionG > â,? a ãâ

have a simple pole point at âºAYT with residueä > C�R�TU?ä > C{? a
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Now taking
� ADa , then we haveeH0f�g P W > :@?#A�ä > C�R�TU?ä > C{? a h Tv�û�F#ü 3è Z Ê g3è � Ê g G > â�? a ãâ d â hml n a 3è Z�é t

A�ä > C�R�TU?ä > C{? a hml�~ ü g��g ÷÷÷÷ G
� Tv h��]h Fõa � ÷÷÷÷ a 3è Z�é> T hëJ Å J ? d Å � hml n a 3è Z�é tA ä > C�R�TU?ä > C{? a hml£n a | Z 3è Z�é tº^

This proves Theorem 1.
For any integer C boT and real number ayb£T , let� > â�?BA ÉeH � \ © W > :@?: ã ^

Noting that © W > � | ?BA � ¸ Z@\ E if Cy� Â } Á C > � h TU?V^
Then from the Euler product formula [2] we have� > â�? A ç < ñ T h Ée|!� \ © W > � | ?� | ã ö

A ç < jl T h Ée¸ � ê Weª � \ © W > � W
¸ Z ª ?� � W ¸ Z ª � ã mp

A ç < jl T h Ée¸ � ê Weª � \ � ¸ Z@\� � W ¸ Z ª � ã mpA ç < jl T h T�R \< - ó� ã � \ n T�R \< ó t n T[R \< - ó)ô 3 t
mp

A ç < jl T h T� ã � \ h \< A -21=3 B ó)ô è h \< è óõô 3 R \< A -21=3 B ó)ô 3 R \< A -�1 è B óõô èn T�R \<Uó t n T�R \< - ó)ô 3 t
mp

A ä > â×R�TU?ä > v�â×Ræv!?#ç <
jl T h \< A -�143 B óõô è h \< è ó)ô 3 R \< A -21=3 B ó)ô 3 R \< A -21 è B ó)ô èn T h \<Uóõô 3 t n T�R \< ó t n T[R \< - ó)ô 3 t

mp ^
So by Perron formula [3] and the methods of proving Theorem 1 we can easily
get Theorem 2.

References
[1] Henry Bottomley. Some Smarandache-Type Multiplicative Functions.

Smarandache Notions Journal, 2002, 13: 134-135.



72 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY

[2] Apostol T M. Introduction to Analytic Number Theory. New York:
Springer-Verlag, 1976.

[3] Chengdong Pan and Chengbiao Pan. Foundation of Analytic Number
Theory. Beijing: Science Press, 1997.



ON THE SMARANDACHE CEIL FUNCTION AND
THE NUMBER OF PRIME FACTORS

Xu Zhefeng
Department of Mathematics, Northwest University, Xi’an, Shaanxi, P.R.China
zfxu@eyou.com

Abstract The main purpose of this paper is using the elementary method to study the
mean value properties of the compound function involving « and Smarandache
ceil function, and give an interesting asymptotic formula.

Keywords: Smarandache ceil function; Asymptotic formula; Mean value9 1. Introduction
For a fixed positive integer � and any positive integer : , the Smarandache

ceil function
; ¸ > :@? is defined as follows:; ¸ > :@?#A í�ìzr °�Còà �ts : J C ¸ ±!^

This was introduced by Professor F.Smarandache. About this function, many
scholar studied its properties, see [1] and [2]. In [1], Ibstedt presented the
following properties:>­¬ LIE � à � ? > LXE � ?ÔAªTI® ; ¸ > L ¯ � ?BA ; ¸ > L4?]¯ ; ¸ >�� ?VE
and

; ¸ > � | ?.A �¤¯ � ²D° , where � is a prime and ±�aO² denotes the least integer
greater than a . That is,

; ¸ > :@? is a multiplicative function. Therefore, if :mA� | 3\ � | èj ¯�¯�¯ � |D³i is the prime decomposition of : , then the following identity is
obviously: ; ¸ > :@?#A ; ¸ > � | 3\ � | èj ¯�¯�¯ � |D³i ?#A � ¯ � 3²�°\ � ¯ � è²�°j ¯�¯�¯ � ¯ � ³²�°i ^ (1)

The arithmetic function ´ is defined as follows:

´ > :@?#A ´ > � | 3\ � | èj ¯�¯�¯ � |D³i ?#A } \ h } j h ¯�¯�¯ h } i ^
In this paper, we use the elementary method to study the mean value proper-
ties of the compound function involving ´ and

; ¸ > :@? , and give an interesting
asymptotic formula. That is, we shall prove the following:
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Theorem. Let � be a given positive integer. Then for any real numberayb�x , we have the asymptotic formula:eH0f�gO´ >_; ¸ > :@?`?BADa pzr�pzr a h µ a hml � apzr a � E
where

µ A´� h e < � pzr � T�R T� � h T� � , � is the Euler constant and
e < de-

notes the sum over all the primes.9 2. Some simple lemma
Before the proof of the theorem, a simple lemma will be useful.
Lemma 1. Let µ > :@? A¶µ > � | 3\ � | èj ¯�¯�¯ � | ³i ?�A � . Then for any real numberayb�x , we have the asymptotic formula:eH
f�g µ > :@?#ADa pzr�p7r a h µ a h¥l � apzr a � E

where
µ A|� h e < � pzr � T�R T� � h T� � , � is the Euler constant.

Proof. See reference [3].
Lemma 2. For any real number ayb�x , we have the asymptotic formula:eH
f�gH(� · ´ > :@?32Èa 3² 1=3 Z�é E

where ¸ denotes the set of � h T -full numbers, � is any fixed positive integer.
Proof. First we define arithmetic function L > :@? as follows:L > :@?#A�» T�E if : is a � h T -full number ;½ E otherwise .

Now from Euler product formula, we haveÉeH � \ L > :@?:Úã A ç < � T h T� � ¸ Z@\)� ã h T� � ¸ Z j � ã h ¯�¯�¯ �A ç < ~ T h T� � ¸ Z@\)� ã TT�R \<�ó �A ç < � T h T� � ¸ Z@\)� ã � ~ � � ¸ Z@\)� ã� � ¸ Z@\)� ã h T h � ã> � � ¸ Z@\)� ã h TU? > � ã R�TU? �A ä >`> � h TU? â�?ä > v > � h TU? â,?Bç <
� T h T> � � ¸ Z@\)� ã h TU? > � ã RmTU? � E
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where ä > â�? is the Riemann-zeta function. By Perron formula (see [4]), we can
obtain eH
f�g L > :@?#A eH
f�gH���· TA « > � h TU?)a 3² 1=3û2j ç < ~ T h T> �ïh TU? > � 3² 1=3 R�TU? � hml

� a 3è A ² 1=3 B Z�é � ^
So we have eH
f�gH(� · ´ > :@?{2Èa 3² 143 Z�é ^
This proves Lemma 2.9
2. Proof of the theorem

In this section, we will complete the proof of the theorem. Let:{A � | 3\ � | èj ¯�¯�¯ � |D³i ^
From (1) and the completely additive property of function ´ , we can write

´ >_; ¸ > :@?`?BA ´ � � ¯ � 3² °\ � ¯ � è² °j ¯�¯�¯ � ¯ � ³² °i � A ie Ê � \º¹ } Ê�d» ^ (2)

It is clear that ¼ | Õ¸¾½ boT , so we getie Ê � \ ¹ } Ê� » b ie Ê � \ T¹A¿µ > :@?V^ (3)

On the other hand, if there have some prime � Ê such that � ¸ Z@\Ê J : , then ¼ | Õ¸¾½ bv . Let : A£: \ : j , where
> : \ E`: j ?�A¿T and : \ is a � h T -full number. That is,

if �ÞJ : \ then � ¸ Z@\ J : \ . Now we can easily get the following inequality:ie Ê � \À¹ } Ê� » Á µ > :@? h ´ > : \ ?V^ (4)

From (3) and (4), we can writeµ > :@? Á ie Ê � \ ¹ } Ê� » Á µ > :@? h ´ > : \ ?V^
So we haveeH0f�g µ > :@? Á eH0f�g ´ >_; ¸ > :@?`?BA eH
f�g ieÊ � \ ¹ } Ê� » Á eH0f�g µ > :@? h eH
f�gH���· ´ > :@?VE (5)
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where ¸ denotes the set of � h T -full numbers. Now combining Lemma 1,
Lemma 2 and (5), we haveeH0f�g ´ >_; ¸ > :@?`?BADa pzr�pzr a h µ a hml � apzr a � ^
This completes the proof of the theorem.
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Abstract Let � be a prime, T � ��

� denote the largest exponent of power � which divides



.

In this paper, we study the mean value of
e��ÁbU S �8��

£�&`� - $ 
 - � T � ��

� , and

give an asymptotic formula for it.

Keywords: Asymptotic formula; Mean Value; Largest exponent.9 1. Introduction
Let � be a prime, W <�> :@? denote the largest exponent of power � which divides: . In problem 68 of [1], Professor F.Smarandach asked us to study the proper-

ties of the sequence W <�> :@? . In this paper, we use elementary methods to study
the asymptotic properties of the mean value

eH - f�g >`> : h TU? W Rc: W ?ÂW <�> :@? , and

give an asymptotic formula for it. That is, we will prove the following:
Theorem. Let � be a prime, Còb£T be an integer, then for any real numberayÝoT , we have the asymptotic formulaeH - f�g >(> : h TU? W Rc: W ?ÂW < > :@?#A T� R�T CC h T a hml£n a \ � 3- t9 2. Proof of the theorem
In this section, we complete the proof of the theorem. In fact, from the

definition of W <�> :@? we haveeH - f�g >`> : h TU? W Rc: W ?ÃW <�> :@?A e< � f�g 3- e< ��X f�g 3-� X � < � � \
>`> � | � h TU? W h > � | � ? W ? }
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eX f S 3-� �� X � < � � \

n P \W � | � W � \)� � W � \ h P jW � | � W � j � � W � j h ¯�¯�¯ t
A e| f 3- ! /�0�S! /�0 � }

eX f S 3-� � n P \W � | � W � \)� � W � \ h P jW � | � W � j � � W � j h ¯�¯�¯ t Re| f 3- ! /�0�S! /�0 � }
eX f S 3-� � 1=3 n P \W �

| � W � \)� > � � ? W � \ h P jW � | � W � j � > � � ? W � j h ¯�¯�¯ÿt
A e| f 3- ! /�0�S! /�0 � } ���

C � | � W � \)� > g 3-< � ? W n T�R \< tC h T hml£n a - ô 3- �O� | t � ��
A e| f 3- ! /�0�S! /�0 � }

� C�aC h T T� | � T�R T� � hml£n a \ � 3- � � | t �
A C�aC h T � T¢R T� � e| f 3- ! /�0VS! /�0 �

}� | hml ��� a \ � 3- e| f 3- ! /�0VS! /�0 �
}� | � ��

and

e| f 3- ! /�0VS! /�0 �
}� | A ÉeH � \ :� H R e|6Y 3- ! /�0�S! /�0 �

}� |
A �> � R�TU?kj R T�[Z 3- ! /�0VS! /�0 �D\ �� ÉeH � \ \W �¡Í`Î0g�¡Í`Î < h :� H ��
A �> � R�TU? j R Ta l ~ � TC pzÏ�Ð ap�Ï�Ð2� � j �A �> � R�TU?kj hml£n a � \ p�Ï�Ð j aut�^

So we have eH - f�g >(> : h TU? W Rc: W ?ÂW <�> :@?A C�aC h T � T[R T� � � �> � R�TU?kj hml n a � \�p�Ï�Ð j a t �h lon a \ � 3- t � �> � R�TU?kj hml£n a � \ p�Ï�Ð j aut �
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This completes the proof of the theorem.
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Abstract In this paper, we study the asymptotic property of the divisor product sequences,
and obtain two interesting asymptotic formulae.

Keywords: Divisor products; Proper divisor products; Asymptotic formula.9 1. Introduction
A natural number : is called a divisor product of : if it is the product of all

positive divisors of : , we denote it by L > :@? . For example, L > TU?QAÑT�E(L > v!? Av5E(L > x!?ïA x5E(L >®­ ?�AÄ+5E(L > �!?ïA �5E�¯�¯�¯ ; Similarly, : is called a proper divisor
product of : if it is the product of all positive divisors of : except : , we de-
note it by

�,> :@? . For example,
��> TU? A ��> v!? A ��> x!?�A T�E ��>®­ ?�AMv5E ��> �!?�AT�E �,> « ?×A « E�¯�¯�¯ . In reference [1], Professor F. Smarandache asked us to study

the properties of these two sequences. About these problems, it seems that
none had studied them before. In this paper, we shall use the analytic methods
to study the asymptotic properties of these sequences, and give two interesting
asymptotic formulae. That is, we shall prove the following two theorems.

Theorem 1. For any real number a{boT , we have the asymptotic formulaeH0f�g pzr L > :@?#A Tv a pzr j a h > P R�TU?5a pzr a'R > P R�TU?5a hml > a 3è pzr a�?V^
where

P
is the Euler constant.

Theorem 2. For any real number a{boT , we have the asymptotic formulaeH
f�g pzr ��> :@?BADa p7r j a h > P R%v!?5a pzr a R > P R%v!?5a hml > a 3è pzr a2?V^
9 2. Some lemmas

To complete the proof of the theorems, we need the following simple lem-
mas.
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Lemma 1. For any natural number : , we have the following identitiesL > :@?#AD: 5�A ��Bè E ��> :@?BAD: 5�A ��B ô 3è E
where N > :@? is the divisor function.

Proof. From the definition of L > :@? we know thatL > :@?BA ç ��� H NiA ç ��� H : N ^
So from this formula we haveL j > :@?BA ç ��� H N F ç ��� H : N A ç ��� H :yAD: � � H � ^ (1)

where N > :@?ÔA e �U� H T . From (1) we may immediately obtain L > :@?#AD: 5�A ��Bè and

��> :@?#A ç��� H � � ��H N A ç ��� H N: AD: 5�A ��Bè � \ ^
This completes the proof of Lemma 1.

Lemma 2. For any real number ayboT , we have the asymptotic formulaeH0f�g N > :@?ÔADa pzr a h v > � R�TU?5a h�l > a 3è ?VE
where � is the Euler constant.

Proof. (See reference [2]).
Lemma 3. For any real number ayboT , we have the asymptotic formulaeH
f�g N > :@? pzr :{A�a pzr j a h v > � R�TU?=a pzr a Ræv > ��RmTU?5a h¥l > a 3è pzr a2?V^
Proof. Let

µi> a�?QA eH
f�g N > :@?VE then by Abel’s identity (see Theorem 4.2 of

[2]) and Lemma 2 we haveeH0f�g N > :@? pzr :A µ > a2? pzr a R µ > TU? p7r T�R ü g\ µ >®Å ?Å N ÅA pzr a n a pzr a h v > � R�TU?=a hml > a 3è ? tR ü g\ Å pzr Å h v > ��R�TU? Å hml >®Å 3è ?Å N ÅA a pzr j a h > v�� R�TU?5a pzr a R >¶Å pzr Å R Å h > v�� R�TU? Å ? J g \ hml > a 3è pzr a2?A a pzr j a h v > ��R�TU?
a pzr a'Ræv > � R�TU?5a hml > a 3è pzr a�?V^
This completes the proof of Lemma 3.
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3. Proof of the Theorems

In this section, we shall complete the proof of the Theorems. First we come
to prove Theorem 1. From Lemma 1 and Lemma 3, we haveeH
f�g pzr L > :@? A eH0f�g pzr : 5�A ��Bè A Tv eH
f�g N > :@? pzr :A Tv a pzr j a h > � R�TU?5a pzr a R > ��R�TU?5a h�l > a 3è pzr a2?V^
This completes the proof of Theorem 2.

Similarly, we can also prove Theorem 2. From Lemma 1, we haveeH
f�g pzr ��> :@?ðA eH
f�g pzr : 58A ��B ô 3è A Tv eH
f�g N > :@? p7r :�R Tv eH
f�g p7r :A Tv eH
f�g N > :@? p7r :�R Tv pzr � a=�_K�^
Note that p7r � a��_K5ADa pzr a'R a hml > pzr a�? (2)

(see reference [2]). Then by Lemma 3 and (2), we can easily obtaineH
f�g p7r �,> :@?ÔADa pzr j a h > � R%v!?5a pzr a R > ��Ræv!?5a h�l > a 3è pzr a2?V^
This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is to study the mean value properties of the
Smarandache pseudo-even number sequence and pseudo-odd sequence, and give
some interesting asymptotic formulae for them.

Keywords: Pseudo-odd numbers; Pseudo-even numbers; Asymptotic formula.9
1. Introduction

A number is called pseudo-even number if some permutation of its digits is
a even number, including the identity permutation. For example:

½ E¤v5E ­ E « E�+5ET ½ E�T�v5E�T ­ E�T « E�T?+5E¤v ½ EVv=T�E�¯�¯�¯ are pseudo-even numbers. Let
µ

denotes the set
of all the pseudo-even numbers. Similarly, we can define the pseudo-odd num-
ber. That is, a number is called pseudo-odd number if some permutation of its
digits is an odd number, such as T�E¤x5E¤�5E��
E¤¬5E�T ½ E�T�T�EUT�v5EUT�x=E�¯U¯�¯ are pseudo-odd
numbers. Let � denote the set of all the pseudo-odd numbers.

In reference [1], Professor F. Smarandache asked us to study the properties
of the pseudo-even number sequence and pseudo-odd number sequence. About
these problems, it seems that none had studied them before. In this paper, we
use the elementary method to study the mean value properties of these two
sequences, and obtain some asymptotic formulae for them. That is, we shall
prove the following:

Theorem 1. For any real number a{boT , we have the asymptotic formulaeH�� �H
f�g G > :@?]A eH0f�g G > :@? hml n Àoa ! #)Å! # 3 ú t E
where À A í&% '\ f�H0f�g ° J G > :@? J ± .
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Theorem 2. For any real number a{boT , we haveeH(�DÆH0f�g G > :@?ÄA eH
f�g G > :@? hmlon À£a ! # Å! # 3 ú t�^
Corollary. For any real number ayboT , let d(n) denote the divisor function,

then we have the asymptotic formulaeeH(�)�H
f�g N > :@?BADa p7r a h > v���R�TU?)a hml n a"! #)Å! # 3 ú Z�é t
and eH��)ÆH
f�g N > :@?#ADa pzr a h > v�� R�TU?)a h¥l n a1! #DÅ! # 3 ú Z�é t E
where � is the Euler constant.9 2. Proof of the Theorems

Now we completes the proof of the Theorems. First we prove Theorem 1.
Let T ½ ¸ Á a�Â T ½ ¸ Z@\ > �Yb TU? , then � Á pzÏ�Ð a·Â � h T . According to
the definition of set

µ
, we know that the largest number of digits (

Á a ) not
attribute set

µ
is � ¸ Z@\ . In fact, in these numbers, there are � one digit, they

are
½ E¤v5E ­ E « E�+ ; There are � j two digits; The number of the � digits are � ¸ . So

the largest number of digits (
Á a ) not attribute set

µ
is � h � j h ¯�¯�¯ h � ¸ AH< > � ¸ R�TU? Á � ¸ Z@\ . Since� ¸ Á � �¡Í`Î
g A n � �¡Í`Î Å g t 3! /�0 Å 3 ú A > a�? 3! /�0 Å 3 ú ADa1! #DÅ! # 3 ú ^

So we have, � ¸ A lon a1! #DÅ! # 3 ú t�^
Next, let À denotes the upper bounds of J G > :@? J > : Á a�? , theneHu����H0f�g G > :@?#A l n À£a*! #DÅ! # 3 ú t ^
Finally, we have eH�� �H
f�g G > :@?ðA eH
f�g G > :@?@R eHX�� �H
f�g G > :@?A eH
f�g G > :@? hmlon À£a ! #DÅ! # 3 ú t�^
This proves the Theorem 1.
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Use the same method, we may immediately get:eH(�DÆH
f�g G > :@?#A eH
f�g G > :@? hmlon À£a ! #)Å! # 3 ú t�^
This completes the proof of the Theorems.

Now the corollary follows from Theorem 1 and 2, the asymptotic formulaeH0f�g N > :@?BADa p7r a h > v���R�TU?)a hml n a 3è t
(see [2]), and the estimate N > :@?32 a é (for all T Á : Á a ).
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Abstract Let � be a prime, T � ��

� denote the largest exponent of power � which divides



.
In this paper, we use elementary and analytic methods to study the asymptotic
properties of

Ò �VU S T �	��
5��Ç4��

� , and give an interesting asymptotic formula for
it.

Keywords: Asymptotic formula; Largest exponent; Perron formula.9
1. Introduction

Let � be a prime, W <�> :@? denote the largest exponent of power � which di-
vides : . In problem 68 of [1], Professor F.Smarandache asked us to study the
properties of the sequence W <�> :@? . About this problem, it seems that none had
studied it, at least we have not seen related papers before. In this paper, we
use elementary and analytic methods to study the asymptotic properties of the
mean value

Ò H0f�g W <�> :@?�È > :@? ( È > :@? is the Euler totient function), and give an
interesting asymptotic formula for it. That is, we will prove the following:

Theorem. Let � be a prime, È > :@? is the Euler totient function. Then for
any real number a{boT , we have the asymptotic formulaeH0f�g W <�> :@?�È > :@?BA x �> � j�R�TU?kû2j a j hml n a 	 è Z�é t ^
9 2. Some lemmas

To complete the proof of the theorem, we need the following:
Lemma 1. Let � be a given prime. Then for any real number ambST , we

have the asymptotic formulaeH
f�g� H � < � � \ È > :@?BA x �> �ïh TU?kû2j a j hml£n a 	 è Z�é t�^
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Proof. Let G > â,?#A ÉeH � \� X � < � � \ È
> :@?:Úã E

á�W > â�?ïÝ T . Then from the Euler product formula [3] and the multiplicative
property of È > :@? , we haveÉeH � \� H � < � � \ È

> :@?:Úã A ç� �� < ÉeW � ê È > � W ?� W ã
A ç� �� < ~ T h �ºR�T� ã h � j Rx�� j(ã h � s RÉ� j� s ã h ¯�¯�¯ �
A ç� �� < ~ T h T¢R \�� ã � \ � T h T� ã � \ h T��j � ã � \)� h ¯�¯�¯ � �A ç� �� < ~ T h T¢R \�� ã � \ � ã � \� ã � \ R�T �A ä > â�R�TU?ä > â�? � ã R �� ã#R�T E

where ä > â,? is the Riemann zeta-function. By Perron formula [2] with â ê A ½ ,� ADa and
� A Hj , we haveeH
f�g� H � < � � \ È

> :@?:Úã A Tv�û�F ü Åè Z ÊÿþÅ è � Êÿþ ä > â¢R�TU?ä > â�? � ã R �� ã#RmT a ãâ N5â hml ~ a Åè� � ^
To estimate the main termTv�û�FÄü Åè Z ÊÿþÅè � Êÿþ ä > â�R�TU?ä > â,? � ã R �� ã R�T a ãâ N5â!E
we move the integral line from â{A Hj � F � to â{A sj � F � . This time, the
function G > â�?#A ä > â×RmTU?ä > â�? � ã R �� ãBR�T a ãâ
has a simple pole point at â�Awv , and the residue is s < g è� < Z@\)� � è . So we haveTv,Fõû ~ ü Åè Z ÊÿþÅè � Êÿþ h ü 	 è Z ÊÿþÅ è Z Êÿþ h ü 	 è � Êÿþ	 è Z Êÿþ h ü Åè � Êÿþ	 è � Êÿþ � ä > â¢R�TU?ä > â,? � ã R �� ã R�T a ãâ A x � a j> �ïh TU?kû j ^
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Note thatTv,Fõû ~ ü 	 è Z ÊÿþÅè Z Êÿþ h ü 	 è � Ê þ	 è Z Êÿþ h ü Åè � Êÿþ	 è � Êÿþ � ä > â�R�TU?ä > â�? � ã R �� ã#R�T a ãâ 2Èa 	 è Z�é ^
From above we may immediately get the asymptotic formula:eH0f�g� H � < � � \ È > :@?#A x � a j> �ïh TU?kû2j h�lon a 	 è Z�é t�^
This completes the proof of the Lemma 1.

Lemma 2. Let } is an any fixed integer, and � is a prime. Then for any real
number ayb£T , we have the asymptotic formulae| f ! /�0VS! /�0 �

}� | A �> � R�TU? j hml£n a � \�p�Ï�Ð autº¼e| f ! /�0VS! /�0 �
}� � è A � 3èn_� 3è R�T�t j hml£n a � 3è p�Ï�Ð aXt�^

Proof. From the properties of geometrical series, we havee| f ! /�0VS! /�0 �
}� | A Ée� � \ Å� � R e|6Y ! /�0VS! /�0 �

}� |
A Ée� � \ Å� � R T� Z ! /�0?S! /�0 �D\ Ée� � \ � �¡Í`Î5g�¡Í`Î < � h Å� �
A Ée� � \ Å� � hml �� a � \ �� � �¡Í`Î5g�¡Í`Î < �� R�T h Ée� � \ Å� � �� ��A �> � RmTU? j hml n a � \Ip�Ï�Ð a t E

and e| f ! /�0VS! /�0 �
}� � è A Ée� � \ Å� Æè R e|6Y ! /�0�S! /�0 �

}� � è
A Ée� � \ Å� Æè R T� 3è Z ! /�0VS! /�0 �D\ Ée� � \ � �¡Í`Î5g�¡Í`Î < � h Å� Æè
A Ée� � \ Å� 3è h�l �� a � 3è �� � �¡Í`Î
g�¡Í`Î < �� 3è R�T h Ée� � \ Å� Æè �� ��A � 3ènõ� 3è R�T�t j h�lon a � 3è p�Ï�Ð aXt�^
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This completes the proof of the Lemma 2.9 3. Proof of the Theorem
In this section, we complete the proof of the theorem.eH
f�g W < > :@?�È > :@?A e< � f�g e< ��X f�g� X � < � � \ } È > � |

� ?BA e< � f�g } È > � | ? eX f S� �� X � < � � \ È >
� ?

A � R�T� e| f ! /�0�S! /�0 � }I� | ~ x �> �ïh TU?kû2j � a� | � j hml ~ � a� | � 	 è Z�é �¢�
A x > � R�TU?> �ih TU?kû2j a j e| f ! /�0�S! /�0 �

}� | hml ��� a 	 è Z�é e| f ! /�0VS! /�0 �
}� � è ����

A x > � R�TU?> �ih TU?kû2j a j ~ �> � R�TU? j h�lon a � \�p�Ï�Ð aXt �h l ��� a 	è Z�é ��� � 3ènõ� 3è R�T�t j hml n a � 3è p�Ï�Ð a t ���� ����A x �> � j[R�TU?kû2j a j hmlon a 	 è Z�é t�^
This completes the proof of the Theorem.
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AN ARITHMETICAL FUNCTION AND ITS CUBIC
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Abstract The main purpose of this paper is using the elementary method to study the mean
value properties of the

� è ���0��

�8� , and give an interesting asymptotic formula.

Keywords: Cubic complements; Mean value; Asymptotic formula.9 1. Introduction
Let : be an positive integer, if L > :@? is the smallest integer such that :OL > :@?

is a cubic number, then we call L > :@? is the cubic complements of : . For any
positive integer : and any fixed positive integer � , we define the arithmetical
function

; ¸ > :@? as follows:; ¸ > :@?BA í&% ' °�a{à � J a ¸ J :Ä±!^
Obviously, that

; ¸ > :@? is a multiplicative function. In this paper, we use the
elementary method to study the mean value properties of

; j > L > :@?`? , and give
a sharp asymptotic formula for it. That is, we shall prove the following:

Theorem. For any real number aybDx5E we have the asymptotic formulaeH0f�g ; j > L > :@?`?ÔA a j û <x=T�� ç < � T h T� < h�� s � hmlon a 	 è Z�é tºE
where ä > â,? is the Riemann zeta-function, ç < denotes the product over all prime� , and � be any fixed positive integer.9 2. A Lemma

To complete the proof of the theorem, we need the following famous Perron
formula [1]:

Lemma. Suppose that the Dirichlet series G > â�?#A ÉeH � \ L > :@?): � ã , âºA ù h F Å ,
converge absolutely for ù ÝËÊ , and that there exist a positive Ì and a positive
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increasing function
µi> â�? such thatÉeH � \ J L > :@? J : � ø 2 > ù RÍÊ]? � \ E ùÏÎ Ê h ½

and L > :@?32 µi> :@?VE`:�AªT�E¤v5E�¯�¯�¯,^
Then for any

� Ý ½ , � h ù ÝÐÊ , and a not to be an integer, we haveeH
f�g L > :@?): � ã)ú A Tv�û�FÄü ý Z Êÿþý � Ê þ G > â ê h µ�? a=Ñµ d µ hml ~ a ý� >�� h ù RÉÊ]?ÓÒ �h l ~ µi> v,a�?)a \ � ø p�Ï�Ð a� J�J a J�J � E
where J�J a J�J is the nearest integer to a .9 3. Proof of the theorem

In this section, we complete the proof of the theorem. LetG > â,?#A ÉeH � \ ; j > L > :@?`?: ã E
Re
> â,? Ý/T . Then by the Euler product formula [2] and the multiplicative

property of
; j > :@? we haveG > â�? A ç < ~ T h ; j > L > � ?`?� ã h ; j > L > � j ?`?� j(ã h ; j > L > � s ?`?� s ã h ¯�¯�¯ �A ç < ~ T h ; j > � j ?� ã h ; j > � ?� j(ã h ; j > TU?� s ã h ; j > � j ?� < ã h ¯�¯�¯ �A ç < � T h �� ã h T� j(ã h T� s ã h �� < ã h ¯�¯�¯ �A ç < ~ T h{� \<�óT�R \< 	 ó h \< è óT�R \< 	 ó h \< 	 óT�R \< 	 ó �A ä > x�â�? ç < � T h T� ã � \ h T� j(ã �A ä > x�â�?ä > v�â×Ræv!? ä > â¢RmTU? ç <

� T h T� j(ã h{� ã Z@\ � E
where ä > â,? is the Riemann zeta-function. So by Perron formula, with â ê A ½ ,Å ADa 	 è , � Aëx , we haveeH0f�g ; j > :@?#A Tv,F)û ü s Z Êÿþs � Êÿþ ä > â¢R�TU? ä > x�â,?ä > v�â¢Ræv!? á > â,? a ãâ N
â hml > a 	 è Z�� ?VE
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where á > â,?ÔA ç < � T h T� j(ã h{� ã Z@\ � ^
To estimate the main termTv,Fõû ü s Z Êÿþs � Êÿþ ä > x�â�? ä > â×R�TU?ä > v�â×Ræv!? á > â�? a ãâ N5â
we move the integral line from âÞA x � F � to â�A sj � F � . This time, the
function G > â�?#A�ä > x�â�? ä > â×R�TU?)a ãä > v�â×Ræv!? â á > â�?
has a simple pole point at â�Awv with residue g è¨ � j � ä > « ?ká > v!? . So we haveTv,Fõû ~ ü s Z Êÿþs � Êÿþ h ü 	 è Z Êÿþs Z Ê þ h ü 	 è � Êÿþ	 è Z Êÿþ h ü s � Êÿþ	 è � Êÿþ � ä > x�â,? ä > â¢RmTU?)a ãä > v�â×Ræv!? â á > â�?kN
âA a jv ä > v!?�ä > « ? ç <

� T h T� < h�� s �
Noting thatTv,Fõû ~ ü 	 è Z Êÿþs Z Êÿþ h ü 	 è � Êÿþ	 è Z Êÿþ h ü s � Êÿþ	 è � Êÿþ � ä > x�â�? ä > â×R�TU?)a ãä > v�â¢R%v!? â á > â,?kN5âI2 a 	 è Z�é E
and ä > v!?BA û j« E ä > « ?ÔA û J¬ ­ � E
we may immediately get the asymptotic formula:eH0f�g ; j > L > :@?`?ÔA a j û <x=T��Yç < � T h T� < h�� s � hmlon a 	 è Z�é tº^
This completes the proof of the theorem.
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Abstract For any positive integer



, let Ô � �DÕ denotes the symmetric sequence. In this pa-
per, we study the asymptotic properties of Ô � � Õ , and give an interesting identity
for it.

Keywords: Symmetric sequence; Series ; Identity.9
1. Introduction

For any positive integer : , we define the symmetric sequence °UL H ± as fol-
lows: L \ AÈT�E(L j AÈT�T�E(L s AÈT�v=T�E(L < AÈT�v�v=T�E(L H AÈT�v�x�v=T�E(L J AÈT�v�x�x�v=T�E¯�¯�¯�E(L j ¸ � \ A T�v�x�¯�¯�¯ > � RëTU? � > ��RoTU?X¯�¯�¯qx�v=T�E(L j ¸ AòT�v�x�¯�¯�¯ > � RëTU? �4� > ��RTU?X¯�¯�¯qx�v=T�E�¯�¯�¯,^ In problem 17 of [1], Professor F.Smarandache asks us to study
the properties of the sequence °UL H ± . About this problem, Professor Zhang
Wenpeng [2] gave an interesting asymptotic formula for it. In this paper, we
define

µi> L H ? as follows:
µi> L \ ?BAªT�E µi> L j ?ÔAwv5E µ > L s ?BA ­ E�¯�¯�¯UE µi> L j ¸ � \ ?#AT h v h ¯�¯�¯ h �×R.T h � h �×R.T h ¯�¯�¯ h T�E µ > L j ¸ ?#A > T h ¯�¯�¯ h �×R.T h � h � h� R�T h ¯�¯�¯ h TU?VE�¯�¯�¯	^ We shall use elementary method to study the properties

of sequence
µ > L H ? , and obtain an interesting identity involving

µi> L H ? . That
is, we shall prove the following:

Theorem. Let
µi> L H ? as the definition of the above. Then we haveÉeH � \ Tµi> L H ? A û j« h T�^

9
2. Proof of the Theorem

In this section, we complete the proof of the theorem. From the definition
of
µi> L H ? , we know thatµ > L ¸ ?#A µ > L ¸ � \ ? h Ë � R�Tv Ì h T�^
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So by this formula we haveHe¸ � \ µi> L ¸ ?BA H0� \e¸ � \ µi> L ¸ � \ ? h He¸ � \ Ë � R�Tv Ì h :#^ (1)

From (1) we may immediately getµi> L H ?#A He¸ � \ Ë � R�Tv Ì h :{A ñ > :�R�TU? j­ ö h :#^ (2)

In the following, we separate the summation in the Theorem into two parts.
For the first part, if :yAwv�� h T , we haveµi> L H ?BA ñ � > v�� h TU?]R�T�� j­ ö h v�� h T×A > � h TU? j ^ (3)

For the second part, if :yAwv�� , we haveµi> L H ?BA ñ > v��iR�TU? j­ ö h v��'Aë� j h �u^ (4)

Combining (2), (3), (4) and note that ä > v!?BA � èJ we haveÉeH � \ Tµi> L H ? A Tµi> L \ ? h Ée¸ � \ T> � h TU? j h Ée¸ � \ T� > � h TU?A Ée¸ � \ T� j h Ée¸ � \ T� > � h TU?A ä > v!? h Ée¸ � \ � T� R T� h T �A û j« h T�^
This completes the proof of the Theorem.
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Abstract In this paper, we use the elementary method to study the mean value properties
of the additive analogue Smarandache function acting on the integral part of the© -th root sequence, and give two interesting asymptotic formulae.

Keywords: Smarandche function; Additive analogue; Divisor function; Mean value.9 1. Introduction
Let :ëb�v be a positive integer, L > :@? denotes the integral part of the � -th

root sequence, we can express it as L > :@? A Ó : 3² Ö . In paper [2], Jozsef Sandor
defined the following analogue of the Smarandache function:; \ > a�?ÔA í�ìzr °�C à �Ös a Á C.K ±!E`a�à > T�E�×�?VE
which is defined on a subset of real numbers. In this paper, we study the mean
value properties of the additive analogue Smarandache function acting on the
floor of the � -th root sequence, and obtain two interesting asymptotic formulae.
That is, we shall prove the following:

Theorem 1. For any real number amb�v and integer �%bdv , we have the
asymptotic formulaeH0f�g ; \ > L > :@?`?BA a pzÏ�Ð a� p�Ï�Ð�p�Ï�Ð a 3² h¥l ~ a > pzÏ�Ð a�? > pzÏ�Ð p�Ï�Ð�p�Ï�Ð a 3² ?> p�Ï�Ð�p�Ï�Ð a 3² ? j � ^

Theorem 2. For any real number a{b�v , we have the estimateeH0f�g N > :@? ; \ > :@?BA a p�Ï�Ð j ap�Ï�Ð p�Ï�Ð a � T hml � p�Ï�ÐÔp�Ï�Ð�p�Ï�Ð ap�Ï�Ð�p�Ï�Ð a �B� E
where N > :@? be the divisor function.9 2. Proof of the Theorems

In this section, we shall complete the proof of the Theorems. Firstly, we
need following:
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Lemma 1. For any real number a{b�v , we have the mean value formulaeH0f�g ; \ > :@?#A a pzÏ�Ð apzÏ�Ð p�Ï�Ð a hml � a > p�Ï�Ð a�? > p�Ï�Ð�p�Ï�Ð p�Ï�Ð a�?> p�Ï�Ð p�Ï�Ð a�?kj � ^
Proof. From the definition of

; \ , we know that if
> C�R%TU?VK�Â�: Á C.K , then; \ > :@?BADC . For

> C£R.TU?VKIÂ�: Á C.K , by taking the logistic computation in the
two sides, we have W � \e Ê � \ p�Ï�Ð FÔÂ p�Ï�Ð : Á We Ê � \ p�Ï�Ð F(^
Using the Euler’s summation formula, we getWe Ê � \ p�Ï�Ð FÄA�C p�Ï�Ð C�RcC hml > p�Ï�Ð C{?#A W � \eÊ � \ p�Ï�Ð F¤^
So p�Ï�Ð :{ADC pzÏ�Ð C�R.C hml > p�Ï�Ð C{?VE
then we can obtain C A pzÏ�Ð :p�Ï�Ð C�R�T h¥l > TU?VE
we continue taking the logistic computation in two sides, thenCÑA p�Ï�Ð :p�Ï�ÐÔp�Ï�Ð : h�l � > p�Ï�Ð :@? > p�Ï�Ð pzÏ�Ð p�Ï�Ð :@?> pzÏ�Ð p�Ï�Ð :@? j � ^
Using the Euler’s formula, we have the estimateeH
f�g ; \ > :@?ðA eH
f�g e� W � \)�¶Ç ��H
f W¢Ç CA eH
f�g � pzÏ�Ð :p�Ï�Ð p�Ï�Ð : hml � > p�Ï�Ð :@? > p�Ï�ÐÔp�Ï�Ð�p�Ï�Ð :@?> p�Ï�Ð�p�Ï�Ð :@?kj �B�A eH
f�g p�Ï�Ð :p�Ï�ÐÔpzÏ�Ð : h¥l � a > p�Ï�Ð a�? > p�Ï�Ð[p�Ï�ÐÔp�Ï�Ð a�?> p�Ï�Ð pzÏ�Ð a�?kj �A a pzÏ�Ð apzÏ�Ð p�Ï�Ð a hml � a > p�Ï�Ð a�? > p�Ï�Ð[p�Ï�ÐÔp�Ï�Ð a�?> p�Ï�ÐÔp�Ï�Ð a�?kj � ^
This proves Lemma 1.

Lemma 2. For any real number a{b�v , we have the estimateeH
f�g N > :@?BA³a p�Ï�Ð a h > v���RmTU?)a h�l > G a2?VE
where � is the Euler’s constant.
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Proof. See reference [3].
Now we use the above Lemmas to complete the proof of the Theorems. First

we prove Theorem 1, from the definition of L > :@? , we haveeH
f�g ; \ > L > :@?`?ÔA eH0f�g ; \ n Ó : 3² Ö tA e\ ² f Ê � j ² ; \ > TU? h ej ² f Ê � s ² ; \ > v!? h ¯�¯�¯ hh eØ ² f Ê f�g)� � Ø Z@\)� ² ; \ >�� ? h�l >�� ¸ � \)Z�� ?A e\ f c f Ø n > f h TU? ¸ RÏf ¸ t ;�> f5? hml >�� ¸ � \)Z�� ?
Let µi> a�?ÔA eH0f�g ; \ > :@?BA a p�Ï�Ð ap�Ï�ÐÔp�Ï�Ð a hml � a > p�Ï�Ð a�? > p�Ï�Ð�p�Ï�Ð pzÏ�Ð a�?> p�Ï�Ð pzÏ�Ð a�?kj � E

and G > f
?�A > f h TU? ¸ RÙf ¸ , suppose
� ¸cÁ a£Â >�� h TU? ¸ , then by Abel’s

identity we can geteH
f�g ; \ > L > :@?`?A µi>�� ? G >�� ?]R µi> v!? G > v!?ÄR ü Øj µ >®Å ? G�} >®Å ?kN Å hml >�� ¸ � \)Z�� ?A � � pzÏ�Ð �pzÏ�ÐÔp�Ï�Ð � hml � �%> pzÏ�Ð � ? > p�Ï�Ð p�Ï�Ð�p�Ï�Ð � ?> p�Ï�Ð�p�Ï�Ð � ?kj �B� n >�� h TU? ¸ R � ¸ tR ü Øj � Å p�Ï�Ð Åp�Ï�Ð p�Ï�Ð Å hml � Å�> p�Ï�Ð Å ? > p�Ï�Ð pzÏ�Ð p�Ï�Ð Å ?> p�Ï�Ð�p�Ï�Ð Å ?kj �B� n >®Å h TU? ¸ R Å ¸ t } N ÅA � ¸ p�Ï�Ð �p�Ï�ÐÔpzÏ�Ð � h�l ~ � ¸ > p�Ï�Ð � ? > pzÏ�Ð p�Ï�Ð�p�Ï�Ð � ?> p�Ï�Ð p�Ï�Ð � ?kj �A a pzÏ�Ð a� p�Ï�Ð p�Ï�Ð a 3² hml�~ a > pzÏ�Ð a�? > pzÏ�Ð p�Ï�Ð�p�Ï�Ð a 3² ?> p�Ï�Ð�p�Ï�Ð a 3² ? j � ^
This completes the proof of the Theorem 1.

Now we prove Theorem 2. From the process of proof Lemma 1 and apply-
ing Lemma 2 we haveeH0f�g N > :@? ; \ > :@?A eH0f�g e� W � \)�¶Ç ��H
f W¢Ç N > :@?)C



102 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORYA eH0f�g N > :@? � pzÏ�Ð :p�Ï�Ð�p�Ï�Ð : hml � > p�Ï�Ð :@? > pzÏ�Ð p�Ï�Ð�p�Ï�Ð :@?> p�Ï�Ð�p�Ï�Ð :@? j �B�
A eH0f�g N > :@? p�Ï�Ð :p�Ï�Ð pzÏ�Ð : hml �� eH
f�g N > :@? > p�Ï�Ð :@? > p�Ï�Ð p�Ï�Ð p�Ï�Ð :@?> p�Ï�Ð�p�Ï�Ð :@?kj ��

Let µi> a�?BA eH
f�g N > :@?ÔADa p�Ï�Ð a h > v���R�TU?)a hml > G a2?VE
and G \ >®Å ?#A pzÏ�Ð Åp�Ï�Ð�p�Ï�Ð Å E G j >®Å ?BA > p�Ï�Ð Å ? > pzÏ�Ð p�Ï�Ð�p�Ï�Ð Å ?> p�Ï�Ð�p�Ï�Ð Å ? j ^
From Abel’s identity, we can obtaineH
f�g N > :@? ; \ > :@?A µi> a�? G \ > a�?ÄR µ > v!? G \ > v!?]R ü gj µi>®Å ? G�}\ >®Å ?kN Å hh l � µi> a�? G j > a�?]R µ > v!? G j > v!?#R ü gj µi>®Å ? G�}j >®Å ?kN Å �A a p�Ï�Ð j ap�Ï�Ð p�Ï�Ð a hml ~ a p�Ï�Ð j a p�Ï�ÐÔp�Ï�Ð�p�Ï�Ð a> p�Ï�Ð�p�Ï�Ð a2?kj �A a p�Ï�Ð j ap�Ï�Ð p�Ï�Ð a � T hml � p�Ï�ÐÔp�Ï�Ð�p�Ï�Ð ap�Ï�Ð�p�Ï�Ð a �B� ^
This completes the proof of Theorem 2.
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Abstract The main purpose of this paper is using the elementary method to study the
asymptotic properties of the Smarandache ceil function acting on factorial num-
ber, and give an interesting asymptotic formula.

Keywords: Smarandache ceil function; Factorial number; Asymptotic formula.9 1. Introduction
For a fixed positive integer � and any positive integer : , the Smarandache

ceil function
; ¸ > :@? is defined as follows:; ¸ > :@?#A í�ìzr °�Còà �ts : J C ¸ ±!^

This was introduced by Professor F.Smarandache. In [1], Ibstedt presented that; ¸ > :@? is a multiplicative function. That is,>­¬ LIE � à � ? > LXE � ?ÔAªTI® ; ¸ > L ¯ � ?BA ; ¸ > L4?]¯ ; ¸ >�� ?V^
It is easily to show

; ¸ > � | ?#A ��¯ � ²@° , where � is a prime and ±�aO² denotes the least
integer greater than a . So, if :�A � | 3\ � | èj ¯�¯�¯ � | ³i is the prime decomposition
of : , then the followinig identity is obviously:; ¸ > :@?#A ; ¸ > � | 3\ � | èj ¯�¯�¯ � |D³i ?#A � ¯ � 3²�°\ � ¯ � è²�°j ¯�¯�¯ � ¯ � ³²�°i ^ (1)

In this paper, we used the elementary method to study the value distribution
properties of

; ¸ > :#K ? , and given an interesting asymptotic formula. That is, we
shall prove the following

Theorem. Let � be a given positive integer. Then for any integer :.b�x , we
have the asymptotic formula:

´ >_; ¸ > :#K ?`?ÔA : � > pzr�pzr : h P ? hml � :pzr : � E
where

P
is a computable constant.
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2. Some simple lemmas

Before the proof of the theorem, some simple lemmas will be useful.
Lemma 1. Let : be any positive integer, we have the asymptotic formula:e< f�H Tpzr]� A :pzr j : h¥l � :pzr s : � E (2)

where � denotes primes.
Proof. From Abel’s identity (see [2]), we havee< f�H Tpzr]� A³û > :@? Tp7r : h ü Hj û >®Å ? TÅ pzr j Å N Å E

where û > :@? denotes the number of the primes up to : . Noting thatû > :@?BA :pzr : h¥l � :pzr j : � E
we can get e< f�H Tpzr]� A :pzr j : h¥l � :pzr s : � ^
This proves Lemma 1.

Lemma 2. Let C be any positive integer, we have the asymptotic formula:e< f W T� A pzr�pzr : h µ hml � Tpzr : � E (3)

where
µ

is a computable constant.
Proof. See reference [3].9 3. Proof of the theorem
In this section, we will complete the proof of the theorem. Let:#K
A � | 3\ � | èj ¯�¯�¯ � |D³i ^

From (1) and the completely additive property of function ´ , we can write

´ >_; ¸ > :#K ?`?BA ´ � � ¯ � 3²�°\ � ¯ � è²�°j ¯�¯�¯ � ¯ � ³²�°i � A ieÊ � \ ¹ } Ê� » ^ (4)

It is clear that } Ê A Éec � \ ñ :� c Ê ö E FÄAªT�E¤v5E�¯�¯�¯,E � ^
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Noting that if � c Ým: then Ó H< a Ö A ½ , from Lemma 1 we can write

´ >_; ¸ > :#K ?`? A e< f�H
jkkkk T� ec f ! # �! # � ñ :� c Ê ö

m nnnn
A e< f�H

jkkkk T�xÚ ! # �! # �@Ûec � \ :� c hml � pzr :pzrÄ� � m nnnn
A e< f�H ��� T�ÙÚ ! # �! # � Ûec � \ :� c h¥l � p7r :pzr]� � ���� hml � :pzr : �
A : � �� e< f�H T� R�T R e< f�H T� Ú ! # �! # � Û > � R�TU? ��

h�l � :pzr : �A : � �� e< f�H T� R�T �� hml � :pzr : �A : � �� e< f�H T� h e< f�H T� > � R�TU? �� h�l � :pzr : � ^ (5)

Noting thate< f�H T� > � R�TU? A e < T� > � R�TU? R e< Y H T� > � R�TU? A � h�l � T: � E (6)

where � A e < T� > � R�TU? is a constant. Combining (5), (6) and Lemma 2, we

can get ´ >_; ¸ > :#K ?`?ÔA : � > pzr�pzr : h P ? hml � :pzr : � ^
This completes the proof of the theorem.
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Abstract Let � and � are two primes, T8� ��

� denotes the largest exponent of power � which
divides



. And Ü ��

� is the cubic complements. In this paper, we study the

properties of this sequence � � � AÞÝ�A ��BßB , and give an interesting asymptotic formula
for the mean value

Ò�?U S �)��� AÞÝ�A ��BßB .
Keywords: Asymptotic formula; Largest exponent; Cubic Complements.9 1. Introduction

Let � and � are two primes, W � > :@? denotes the largest exponent of power �
which divides : . It is obvious that W � > :@?×A�� if � ¸ divides : but � � ¸ Z@\)� does
not. For any positive integer : , the cubic complements

�,> :@? is the smallest
positive integer such that : ��> :@? is a perfect cubic. In problem 28 and 68 of
[1], Professor F.Smarandache let us to study the sequences W � > :@? and

��> :@? . In
this paper, we use the elementary methods to study the mean value properties
of
ÒH0f�g �O� � � ý � H ��� , and give an interesting asymptotic formula for it. That is, we

will prove the following :
Theorem. Let � and � are two primes, then for any real number a{boT , we

have the asymptotic formulaeH
f�g � � � � ý � H �7� A � j h�� j � h��� j h � h T a hml > a 3è Z�é ?VE
where � is any fixed positive number.

From this Theorem we may immediately deduce the following
Corollary. Let � be a prime, then for any real number acbdT , we have the

asymptotic formula eH0f�g � � � � ý � H �7� Aà�,a h�l > a 3è Z�é ?VE
where � is any fixed positive number.
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2. Proof of the Theorem

In this section, we will complete the proof of the theorem. Let positive
integer :�A � s�á j�â , where á E â are square free numbers and

> á E â ?ÔAdT . Then
from the definition of

�,> :@? , we can get
��> :@?[A á â j . For any prime � and any

nonnegative integer C , we have��> �IW ?#Aã�� � T�E F)G CÑAwx Å� j E F)G CÑAwx Å h T� E F)G CÑAwx Å h v (1)

For any complex â , we define the functionG > â�?#A ÉeH � \ � � � � ý � H �7�:Úã ^
It is clear that for any positive integer : , W � > :@? is an additive function and

��> :@?
is a multiplicative function. So we can prove that �[� � � ý � H ��� is also a multiplica-
tive function.

If Re
> â�? ÝoT , then from the definition of W � > :@? and the formula

> TU? , applying
the Euler product formula (See Theorem 11.6 of [3]), we can get:G > â�?#A ÉeH � \ �O� � � ý � H �7�:Úã A ç < 3 ~ ÉeW � ê �O� � � ý �

< - 3 ���� W ã\ �A ç < 3 ~ Ée� � ê �O� � � \)�� s � ã\ h Ée� � ê �O� � �
< è 3 �� � s � Z@\)� ã\ h Ée� � ê �O� � �

< 3 �� � s � Z j � ã\ �A ~ Ée� � ê T� s � ã h Ée� � ê � j� � s � Z@\)� ã h Ée� � ê �� � s � Z j � ã � ç< 3��� �
� T h T� ã \ h T� j(ã\ h ¯�¯�¯ �A � s ã h{� j � j(ã h{� � ã� s ã R�T ç< 3��� �

� T h T� ã \ h T� j(ã\ h ¯�¯�¯ �
A ä > â,? ~ � j(ã h{� j � ã h{�� j(ã h � ã h T � ^

By Perron formula (See [2]), takinig â ê A ½ , � Awv , � ADa s � j , then we haveeH
f�g � � � � ý � H �7� A Tv�û�F ü j Z Êÿþj � Êÿþ ä > â�?ká > â,? a ãâ N
â hml > a \ � j Z�é ?VE
where á > â�?#A � è ó Z < è � ó Z <� è ó Z � ó Z@\ and � is any fixed positive number.

Now we estimate the main termTv�û�F ü j Z Êÿþj � Êÿþ ä > â,?ká > â�? a ãâ N
â0E
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we move the integral line from v � F � to T � v � F � , this time, the function

ä > â,?ká > â�? a ãâ
have a simple pole point at â�AªT with the residue á > TU?)a , so we haveTv�û�F ~ ü j Z Êÿþj � Ê þ h ü \ � j Z Ê þj Z Êÿþ h ü \ � j � Êÿþ\ � j Z Êÿþ h ü j � Êÿþ\ � j � Êÿþ � ä > â�?ká > â�? a ãâ N5âºA³á > TU?)a@^
Taking

� ADa 	 è , we have÷÷÷÷÷ Tv�û�F ~ ü
3è Z Êÿþj Z Êÿþ h ü j � Êÿþ3è � Ê þ � ä > â�?ká > â,? a ãâ N5â ÷÷÷÷÷2 ü j3è ÷÷÷÷÷ ä > ù h F � ?ká > â,? a j� ÷÷÷÷÷ N ù2 a j Z�é� ADa 3è Z�é ¼

And we can easy get the estimate÷÷÷÷÷ Tv�û�F#ü
3è � Ê þ3è Z Êÿþ ä > â,?ká > â�? a ãâ N
â ÷÷÷÷÷ 2 ü þê ÷÷÷÷÷ ä > Tv h F Å ?ká > â�? a

3èÅ ÷÷÷÷÷ N Å 2Èa 3è Z�é ^
Noting that á > TU?BA � j h�� j � h��� j h � h T E
so we have the asymptotic formulaeH
f�g � � � � ý � H �7� A � j h�� j � h����j h � h T a hml > a 3è Z�é ?V^
This completes the proof of the Theorem.
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Abstract In this paper, we study the counting problems of the Smarandache pseudo-
number sequences, and give some interesting asymptotic formulae for them.

Keywords: Pseudo-odd numbers; Pseudo-even numbers; Pseudo-multiples of � Sequence;
Asymptotic formula.9 1. Introduction

According to reference [1], a number is called pseudo-even number if some
permutation of its digits is a even number, including the identity permutation.
For example:

½ E¤v5E ­ E « E�+5E�T ½ E�T�v5E�T ­ E�T « E�T?+5E¤v ½ E¤v=T�E�¯�¯�¯ are pseudo-even num-
bers. Similarly, a pseudo-odd number is defined that if some permutation of
its digits is an odd number, such as T�E¤x5E¤�5E��
E¤¬5E�T ½ E�T�T�EUT�v=E�TUx5E�¯�¯�¯ are pseudo-
odd numbers. Let

µ
and � denote the set of all the pseudo-even numbers and

the pseudo-odd numbers respectively. In addition, a number is called pseudo-
multiple of � if some permutation of the digits is a multiple of � , including the
identity permutation. For example:

½ E¤�5E�T ½ E�T��5E¤v ½ E¤v��5E¤x ½ Eqx��=E ­ ½ E¤� ½ EV�=T!E�¯�¯�¯
are pseudo-multiple of � numbers. Let

P
denotes the set of all the pseudo-

multiple of � numbers. For convenience, let
µi> a�? , � > a�? and

P > a2? denote the
number of pseudo-even numbers, pseudo-odd numbers, and pseudo-multiple
of � numbers that not exceeding a . That is,µ > a2?BA eH�� �H
f�g T�¼ � > a�?#A eH��)ÆH
f�g T�¼ P > a�?#A eH��)äH
f�g T�^
In reference [1], Professor F. Smarandache asked us to study the properties of
the pseudo-number sequence. In this paper, we use the elementary method to
study the counting problem of these three sequences, and obtain three interest-
ing asymptotic formulae for them. That is, we shall prove the following:

Theorem 1. For any real number a{boT , we have the asymptotic formulap7r > a'R µi> a�?`? A pzr �pzr T ½ pzr a hml > TU?V^
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Theorem 2. For any real number a{boT , we have the asymptotic formulapzr > a R � > a�?`?BA pzr �p7r T ½ pzr a h¥l > TU?V^
Theorem 3. For any real number a{boT , we have the asymptotic formulapzr > a R P > a2?`?BA pzr +pzr T ½ p7r a h¥l > TU?V^9

2. A Lemma
To complete the proof of the theorems, we need the following lemma:
Lemma. For any real number a{boT , we have the inequalities� ¸ Á a R µi> a�?�Â �­ > � ¸ R�TU?V¼� ¸ Á a'R � > a2?�Â �­ > � ¸ RmTU?V¼+ ¸ Á a'R P > a�?[Â + � > + ¸ RmTU?VE

where � is a positive integer such that T ½ ¸ Á a{ÂoT ½ ¸ Z@\ .
Proof. Let T ½ ¸ïÁ aÞÂªT ½ ¸ Z@\ > �ybªTU? , then � Á p�Ï�Ð aÞÂw� h T . According

to the definition of set
µ

, we know that the largest number of digits (
Á a ) not

attribute set
µ

is � ¸ Z@\ . That is, in these numbers, there are � one digit, they
are

½ E¤v5E ­ E « E�+ ; There are � j two digits; The number of the � digits are � ¸ . So
the largest number of digits (

Á a ) not attribute set
µ

is � h � j h ¯�¯�¯ h � ¸ AH< > � ¸ R�TU? Á � ¸ Z@\ . Then we get� ¸ Á a R µi> a�?�Â �­ > � ¸ R�TU?V^
Use the same method, we may immediately get:� ¸ Á a'R � > a2?�Â �­ > � ¸ RmTU?V¼
and + ¸ Á a'R P > a�?[Â + � > + ¸ RmTU?V^
This proves the Lemma.9
3. Proof of the Theorems

Now we prove the Theorems. In fact from the Lemma and note that � Ápzr a Á � h T we have� ¸ Á � �¡Í`Î=g A n � �¡Í`Î Å g t 3! /�0 Å 3 ú A > a2? 3! /�0 Å 3 ú ADa*! #DÅ! # 3 ú
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and � ¸ Z@\ b�� �¡Í`Î
g A n � �¡Í`Î Å g t 3! /�0 Å 3 ú A > a�? 3! /�0 Å 3 ú ADa1! #DÅ! # 3 ú ^
Therefore T� F a*! #DÅ! # 3 ú Á T� F � ¸ Z@\ Á a R µ > a2? Á � ¸ Z@\ Á � F a1! #DÅ! # 3 ú ^
Now taking logarithm on both sides of above, we getp7r > a'R µi> a�?`? A pzr �pzr T ½ pzr a hml > TU?V¼
Use the same method, the following formula will be immediately got.pzr > a R � > a�?`?#A pzr �pzr T ½ pzr a hml > TU?V¼pzr > a R P > a2?`?#A pzr +pzr T ½ p7r a hml > TU?V^
This completes the proof of the Theorems.
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Abstract A new arithmetical function is introduced, and several interesting asymptotic
formulae on its mean value are given.

Keywords: Arithmetical function; Mean value; Asymptotic formulae.9 1. Introduction
For any fixed positive integer : , the famous Smarandache ceil function of

order � is defined as following:; ¸ > :@?BA í�ìzr °�a{à � J : J a ¸ ± >�¬ :Þà � v ?u^
For example,

; j > TU?�A T , ; j > v!?�AMv , ; j > x!?�AÈx , ; j >®­ ?�A v , ; j > �!?�AÈ� ,; j > « ? A «
,
; j > ��?iAå� ,

; j > +!? A ­
,
; j > ¬!? A x , ¯�¯�¯ . This function was first

introduced by Professor Smarandache [1], and many scholars showed great
interest in it (see references [2], [3], [4]). Similarly, for any positive integer :
and any fixed positive integer � , we define an arithmetical function

; ¸ > :@? as
following: ; ¸ > :@?BA í&% ' °�a{à � J a ¸ J :Ä±!^
Because >­¬ LXE � à �æv ? > LIE � ?ÔAdT�E
so we have; ¸ > L � ? A íd% ' °�a{à � J a ¸ J L�±¥¯ í&% ' °�a{à � J a ¸ J � ±A ; ¸ > L4?]¯ ; ¸ >�� ?VE
and ; ¸ > � | ?ÔA ��ç � ²)è E
where é�aOê denotes the greatest integer less than or equal to a . Therefore, if:{A � | 3\ � | èj ¯�¯�¯ � |D³i is the prime powers decomposition of : , then we have; ¸ > � | 3\ � | èj ¯�¯�¯ � | ³i ?ÔA � ç � 3²�è ¯�¯�¯ � ç � ³²�è A ; � � | 3\ ?X¯�¯�¯ ; � � | ³i ?V^
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So
; ¸ > :@? is a multiplicative function. There are close relations between this

function and the Smarandache ceil function [4]. In this paper, we shall use
analytic methods to study the mean value properties of ù | > ; ¸ > :@?`? , and give
several asymptotic formulae for it. That is, we shall prove the followings:

Theorem 1. Let } b ½ , ù | > :@?[A Ò��� H N | . Then for any real number acb·T
and any fixed positive integer � b�v , we have the asymptotic formulaeH
f�g ù | n ; ¸ > :@?kt'Aë�� � ¸ ¨ > � 1=3² ?| Z@\ a � 143² hmlon a � 1=3è ² Z�é t�E ìrì } Ý��iRmT�Eä > � R } ?)a hml n a 3è Z�é t E ìrì } Á �iRmT�^
where ä > â,? is the Riemann zeta-function, and � be any fixed positive number.

Theorem 2. Let N > :@? denotes the divisor function. Then for any real num-
ber ayb£T and any fixed positive integer � bDv , we haveeH
f�g N n ; ¸ > :@? t A ä > ��?)a hml n a 3è Z�é t ^

Taking ��Awv5E¤x in Theorem 2, we may immediately deduce the following:
Corollary. For any real number ayboT , we haveeH
f�g N n ; j > :@?kt'A û j« a hmlon a 3è Z�é t�¼eH
f�g N n ; s > :@?kt'A û <¬ ½ a hmlon a 3è Z�é t�^9 2. Proof of the Theorems
In this section, we shall complete the proof of the Theorems. First we prove

Theorem 1. Let G > â,?#A ÉeH � \ ù | n ; ¸ > :@?kt:Úã ^
From the Euler product formula [5] and the multiplicative property of ù | n ; ¸ > :@? t
we haveG > â�? A ç < �� T h ù | n ; ¸ > � ?kt� ã h ¯�¯�¯ h ù | n ; ¸ > � ¸ ?kt� ¸ ã h ¯�¯�¯*��

A ç < � T h ù | > TU?� ã h ¯�¯�¯ h ù | > TU?� � ¸ � \)� ãh ù | > � ?� ¸ ã h ¯�¯�¯ h ù | > � ?� � j ¸ � \)� ã h ù | : � j >� j ¸ ã h ¯�¯�¯ �
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A ç < �� T�R \< ² óT�R \< ó h T�R \< ² óT�R \< ó ~ T h{� |� ¸ ã h T h�� | h{� j |� ¸ ã h ¯�¯�¯ � ��A ä > â�? ç < � T h T� ¸ ã � | h T� j � ¸ ã � | � h T� s � ¸ ã � | � h ¯�¯�¯ �A ä > â�? ä > �4â×R } ?VE
where ä > â�? is the Riemann zeta-function. Obviously, we have inequalityJ ù | n ; ¸ > :@?kt J Á :#E ÷÷÷÷÷÷ É

eH � \ ù | n ; ¸ > :@?kt:Oø ÷÷÷÷÷÷ Â
Tù R�T[R | Z@\¸ E

where ù ÝoT h | Z@\¸ is the real part of â . So by Perron formula [5], we haveeH
f�g ù | n ; ¸ > :@? t:Úã úA Tv,Fõû ü�ý Z Êÿþý � Êÿþ G > â h â ê ? a ãâ N
â hml ~ a ý � >�� h ù ê ?� �h l � a \ � ø�ú�� > v,a�? í�ì7r > T�E p�Ï�Ð a� ? � hml � a � ø�ú�� >�� ? í'ìzr > T�E aJ�J a J�J ? � E
where

�
is the nearest integer to a , ¾ a ¾ A J a R � J . Takingâ ê A ½ E � A }�h T� h Tp7r a E � ADa � 1=3è ² E � > a�?BADa@E � > ù ?BA Tù RmT�R | Z@\¸ E

we haveeH
f�g ù | n ; ¸ > :@?kt'A Tv,Fõû ü�ý Z Êÿþý � Êÿþ ä > â�? ä > �4â×R } ? a ãâ N
â hmlon a � 1=3è ² Z�é t�^
Taking LiA | Z@\j ¸ h \�¡ 4g , to estimate the main termTv,Fõû ü�ý Z Êÿþý � Êÿþ ä > â�? ä > �4â×R } ? a ãâ N
â0E
we move the integral line from â A � � F � to â'A¿L � F � . This time, when} Ý��ïR�T the function G > â,?#A ä > â�? ä > �4â�R } ? a ãâ
has a simple pole point at â�A | Z@\¸ with residue

¸ ¨ > � 1=3² ?| Z@\ a � 1=3² . So we haveTv,F)û ~ ü�ý Z Êÿþý � Êÿþ h ü ß Z Êÿþý Z Êÿþ h ü ß � Ê þß Z Êÿþ h ü�ý � Êÿþß � Êÿþ � ä > â,? ä > �4â¢R } ? a ãâ N
âA � ä n | Z@\¸ t}�h T a � 143² ^
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Note thatTv,Fõû ~ ü ß Z Êÿþý Z Êÿþ h ü ß � Êÿþß Z Êÿþ h üyý � Ê þß � Ê þ � ä > â�? ä > �4â�R } ? a ãâ N5âI2Èa � 1=3è ² Z�é ^
From the above we can immediately get the asymptotic formula:eH
f�g ù | n ; ¸ > :@?kt'A � ä n | Z@\¸ t}�h T a � 1=3² hml£n a � 1=3è ² Z�é tº^
This proves the first part of Theorem 1.

If
½ Á } Á �iR�T , then the functionG > â,?#A ä > â�? ä > �4â×R } ? a ãâ

has a simple pole point at â�AªT with residue ä > ��R } ?)a . Similarly, we can get
the asymptotic formula:eH
f�g ù | n ; ¸ > :@?kt'A ä > � R } ?)a hmlon a 3è Z�é t�^
This proves the second part of Theorem 1.

Taking } A ½ in Theorem 1, we can easily get the result of Theorem 2. This
completes the proof of the Theorems.
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Abstract The main purpose of this paper is using the elementary method to study the mean
value properties of the Smarandache function acting on © -th roots sequences, and
give an interesting asymptotic formula.

Keywords: Smarandache function; © -th roots; Mean value9 1. Introduction
Let : be an positive integer, L ¸ > :@? denotes the integer part of � -th root of : ,

that is L ¸ > :@?¹A Ó : 3² Ö , where � a=� is the greatest integer that less than or equal
to real number a . In problem 80, 81, 82 of [1], professor F.Smarandache let
us to study the properties of the sequences L ¸ > :@? . The famous Smarandache
function

;�> :@? is defined as following:;�> :@?BA í'ìzr °�C s Còà � E`: J C.K ±!^
It seems no one know the relation between this sequence and the Smaradache
function before. In this paper, we study the mean value properties of the
Smarandache function acting on the � -th roots sequences, and give an inter-
esting asymptotic formula. That is , we shall prove the following conclusion:

Theorem. For any real number aybDx , we have the asymptotic formula:eH
f�g ;�> L ¸ > :@?`?BA û j a \)Z 3²« > � h TU? pzr a hml ~ a \)Z 3²pzr j a � ^
9 2. Some Lemmas

To complete the proof of the theorem, we need some simple Lemmas. For
convenience, we denotes the greatest prime divisor of : by � > :@? .î

This work is supported by the Education Department Foundation of Shannxi Province (03JK213).
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Lemma 1. If � > :@? Ý G : , then
;�> :@?#A � > :@? .

Proof. Let :{A � | 3\ � | èj ¯�¯�¯ � | ³i � > :@? , so we have� | 3\ � | èj ¯�¯�¯ � | ³i Â G :
then � | ÕÊ J � > :@?VK�E FÄAdT�E¤v5E�¯�¯�¯	E � ^
So : J � > :@?VK , but � > :@? P > � > :@?@R�TU?VK , so

;�> :@?BA � > :@? .
This proves Lemma 1.
Lemma 2. Let aob T be any real number, then we have the asymptotic

formula: eH
f�g ;�> :@?#A û j a jT�v p7r a hml ~ a jpzr j a � ^
Proof. It is clear thateH0f�g ;�> :@?#A eH0f�g< � H � Y N H ;�> :@? h eH
f�g< � H � f N H ;�> :@?V^ (1)

From the Euler summation formula we can easily get the estimate of the second
term in the right side of

> TU? :eH0f�g< � H � f N H ;¢> :@?32 eH
f�g G : pzr :A ü g\ G Å pzr Å N Å h ü g\ >®Å RË� Å �®? > G Å pzr Å ? � N Å h G a pzr a > a'R|� a=�®?2 a 	 è pzr a@^ (2)

Now we calculate the first term. From Lemma 1, we can writeeH
f�g< � H � Y N H ;�> :@?ðA eH < f�g< Y N H < ;�> :@?#A eH
f N gN g)� < f S�A eH0fON g eN g)� < f S� � ^ (3)

Let û > a�? denotes the number of the primes up to a . Noting thatû > a�?ÔA apzr a h�l � apzr j a � E
from the Abel’s identity [2], we haveeN g)� < f S� � A û � a: � a: R û > G a�? G a R ü S�N g û >®Å ?kN Å
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A a j:Oj pzr a R Tv a j:Oj p7r a hml ~ a j: j p7r j a �A a jv,:Oj pzr a h�l�~ a j: j pzr j a � ^ (4)

Because eH
fON g T:Oj A ä > v!? hml � Ta � E (5)

Combining
> TU?VE > v!?VE > x!?VE >®­ ? and

> �!? , we can get the result of Lemma 2.
Lemma 3. For any positive integer � and nonnegative integer F , we have

the asymptotic formula:e� f�g 3² � \ Å Ê ;�>®Å ?#A û j a Õ 1 è²« > F h v!? � pzr a hml ~ a Õ 1 è²pzr j a � ^
Proof. Applying Abel’s identity, combining Lemma 2, we havee� f�g 3² � \ Å Ê ;¢>®Å ? A > a 3² R�TU? Ê e� f�g 3² � \ ;¢>®Å ?]R F ü g

3² � \\ �� e C f � ;¢>�E ? �� Å Ê � \ N ÅA û j a Õ 1 è²T�v�� pzr a R Fõû jT�v ü g 3² � \\ Å Ê Z@\pzr Å N Å hml ~ a Õ 1 è²pzr j a �A û j a Õ 1 è²« > F h v!? � pzr a hml ~ a Õ 1 è²pzr j a � ^
This proves Lemma 3.9
2. Proof of the theorem

In this section, we will complete the proof of the theorem. For any real
number ayb£T , let À be a fixed positive integer such thatÀ ¸ Á ayÂ > À h TU? ¸ ^
Then we can writeeH
f�g ;�> L ¸ > :@?`? A Ã � \e� � \ e� ² f�H�� � � Z@\)� ² ;�> L ¸ > :@?`? h e

Ã ² f�H(��g ;¢> L ¸ > :@?`?A Ã � \e� � \ � >®Å h TU? ¸ R Å ¸ � ;¢>®Å ? h e
Ã ² f�H���g ;�> Àª?A ¸ � \e Ê � ê

� F � � e� f�g 3² ô 3 Å Ê ;�>®Å ? hmlon a 3² t
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Now from Lemma 3 we haveeH0f�g ;�> L ¸ > :@?`? A ¸ � \eÊ � ê
� F � � ~ û j a Õ 1 è²« > F h v!? � pzr a h¥l�~ a Õ 1 è²pzr j a �¢� hml n a 3² tA û j a \)Z 3²« > � h TU? p7r a hml ~ a \)Z 3²pzr j a � ^

This completes the proof of Theorem.
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Abstract In this paper, we study the mean value of the Pseudo Smarandache function and
give an asymptotic formula.

Keywords: Simple numbers; Pseudo Smarandache function; Asymptotic formula.9 1. Introduction
According to [1], a number : is called simple number if the product of its

proper divisors is less than or equal to : . For example: 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 13, 14, 15, 17, 19, 21, ¯�¯�¯ are simple numbers. Let

µ
denote the set of

all the simple numbers. In [2], Jozsef Sandor denoted the dual of the Pseudo
Smarandache function by analogy by Û v as following:Û v > :@?BA í&% ' °�C à � v s C > C h TU?v J :Ä±!E
Remark: Û v > TU?ÔAªT�¼
and Û v > � ?#A�» v5E ìïì�� AwxT�E ìrìI� eAwx5^
where � is an arbitrary prime.

In this paper, we study the mean value of Û v > :@? and give an asymptotic
formula. That is, we shall prove the following:

Theorem. For any real number ayb£T , we haveeH�� �H0f�g Û v > :@?BA P \ a jpzr a h P j a jpzr j a h�l ~ a jpzr s a � ^
where

P \ , P j are computable constants.9
2. Some lemmas

To complete the proof, we need the following lemmas:
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Lemma 1. Let â boT be an integer and � a prime. Then:Û v > � ã ?BA » v5E ìrìI� AwxT�E ìrì�� eAëx5^
Proof. This formula can be immediately got from Proposition 1 of [2].
Lemma 2. Let � be a prime such that � Awv)��R�T is a prime, too. Then:Û v > � ��?ÔA � ^
Proof. This formula can be immediately got from Proposition 2 of [2].
Lemma 3. Let :.à µ , then : has the form::{A � E or � j E or �Xs E or � �5E

where � and � are distinct primes.
Proof. First we define :� � > :@?�A ç ��� H N , and � � > :@? A ç��� H � � ��H N . According to

the definition of � � > :@? , we have> � � > :@?`? j A ç ��� H :{AD: � � H � E
where N > :@? is the divisor function. That is: N > :@?#A e ��� H T , then

� � > :@?BA³: 58A ��Bè ¼
and � � > :@?BA � � > :@?: A�: 58A ��Bè � \ ^ (1)

Because : is a simple number, then we have � � > :@? Á : , so from (1) we have: 58A ��Bè � \ Á :#^
That is, N > :@? Á ­ ^
Then Lemma 3 can be immediately proved from the definition of N > :@? .

Lemma 4. Let ��b ½ and ayb�x , � denotes a prime. Then:e< f�g � ¸ A T� h T a ¸ Z@\pzr a h T> � h TU? j a ¸ Z@\pzr j a hml ~ a ¸ Z@\pzr s a � ^
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Proof. Noting that û > a2?ºA g�¡ 4g h g�¡  è g h³l£n g�¡  	 g t , then by Abel identity
we have e< f�g � ¸ Awû > a�?)a ¸ R ü g\ û >®Å ? � Å ¸ � \ N Å (2)

A a ¸ Z@\pzr a h a ¸ Z@\pzr j a hml ~ a ¸ Z@\pzr s a � Ræ� ü gj Å ¸p7r Å N ÅR¹� ü gj Å ¸pzr j Å N Å hml ~ ü gj Å ¸pzr s Å N Å �A a ¸ Z@\pzr a h a ¸ Z@\pzr j a hml�~ a ¸ Z@\pzr s a �R �� h T a ¸ Z@\p7r a R � j h v��> � h TU?kj a ¸ Z@\pzr j a hml�~ ü gj Å ¸pzr s Å N Å �A T� h T a ¸ Z@\pzr a h T> � h TU?kj a ¸ Z@\pzr j a hml�~ a ¸ Z@\p7r s a � ^ (3)

This completes the proof of the Lemma 4.
Lemma 5. Let � and � are primes, Then:e< � f�g � A P \ a jpzr a h P j a jp7r j a hml�~ a jpzr s a � E (4)

where
P \ , P j are computable constants.

Proof. Noting that when a Â·T , we have \\ ��g A¿T h a h a j h a s h ¯�¯�¯ ha W h ¯�¯�¯ , thene< f N g � e� f�gU� < TA e< fON g � ~ g<> pzr a'R pzr]� ? h g<> pzr a'R pzr]� ? j h�l ~ g<> pzr a R pzr]� ? s ��� (5)

A apzr a e< fON g ~ T h pzr]�pzr a h pzr j �p7r j a h ¯�¯�¯ h pzr W �p7r W a h ¯�¯�¯ �h apzr j a e< fON g ~ T h v pzr]�pzr a h ¯�¯�¯ h C p7r W � \ �pzr W � \ a h ¯�¯�¯ �h l �� e< fON g apzr s g< �� A � \ a 	 èpzr j a h � j a 	 èp7r s a hml ~ a 	 èpzr < a � E (6)

where � \ , � j are computable constants. And then,e� fON g T e< f�gU� � �
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A e� fON g ~ > g � ? jv > pzr a R pzr �!? h > g � ? j­I> pzr a'R pzr �!?kj hml�~ > g � ? j> pzr a R pzr �!? s �¢� (7)

A a jv p7r a e� fON g T�,j ~ T h pzr �pzr a h p7r j �pzr j a h ¯�¯�¯ h p7r W �pzr W a h ¯�¯�¯ �h a j­ pzr j a e� fON g T� j ~ T h v pzr �pzr a h ¯�¯�¯ h C pzr W � \ �pzr W � \ a h ¯�¯�¯ �h l �� e� fON g a j��j pzr s g � ��A a jv p7r a e � T��j h a jpzr j a ~ Tv e � pzr ���j h T­ e � T��j � hml ~ a jpzr s a � ^ (8)

So from (6) and (8) we get,e< � f�g � A e< f N g � e� f�gU� < T h e� f N g T e< f�gU� � � R > e< f N g � ? > e� f N g TU?A P \ a jpzr a h P j a jpzr j a hml ~ a jp7r s a � E (9)

where
P \ , P j are computable constants. This proves Lemma 5.9 3. Proof of the Theorem

Now we prove the Theorem. From Lemmas 1, 2, 3, 4 and 5 we immediately
get eH�� �H0f�g Û v > :@? A e< f�g Û v > � ? h e< è f�g Û v > � j ? h e< 	 f�g Û v > � s ? h e< � f�g< �� � Û v

> � �!?
A x h e< f�g T h e< è f�g T h e< 	 f�g T h e< � f�g< �� � �A x h e< f�g T h e< è f�g T h e< 	 f�g T h e< � f�g � R e< è f�g �A P \ a jp7r a h P j a jpzr j a h�l ~ a jpzr s a � ^

This completes the proof of the Theorem.
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Abstract Let � be a prime,



be any positive integer,
���	��
5�

denotes the smallest integer��§�¨ 1 , where � � � ��� . In this paper, we study the mean value properties of� � ��
5�
, and give an interesting asymptotic formula for it.

Keywords: Smarandache function; Primitive numbers; Asymptotic formula.9
1. Introduction and results

Let � be a prime, : be any positive integer,
;I<4> :@? denotes the smallest

integer such that
; < > :@?VK is divisible by � H . For example,

; s > TU?¢Aªx , ; s > v!?�A«
,
; s > x!?�AMx , ; s >®­ ?�AM¬ , ¯�¯�¯U¯�¯�¯ . In problem 49 of book [1], Professor F.

Smarandache ask us to study the properties of the sequence ° ;�<=> :@?¤± . About
this problem, Professor Zhang and Liu in [2] have studied it and obtained an
interesting asymptotic formula. That is, for any fixed prime � and any positive
integer : , ; < > :@?#A > � R�TU?): hml � �p7r]� ¯ pzr : � ^
In this paper, we will use the elementary method to study the asymptotic prop-
erties of

;4<4> :@? in the following form:eH
f�gð � � H Z@\)� � ð � � H � T�E
where a be a positive real number, and give an interesting asymptotic formula
for it. In fact, we shall prove the following result:
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Theorem. For any real number a·bMv , let � be a prime and : be any
positive integer. Then we have the asymptotic formulaeH
f�gð � � H Z@\)� � ð � � H � T¹A a� h�l � pzr apzr]� � ^
9 2. Proof of the theorem

In this section, we shall complete the proof of the theorem. First we need
following:

Lemma. Let � be a prime and : be any positive integer, then we haveJ ;=<�> : h TU?ÄR ;=<4> :@? J A�» � E if � Hy¾ C.K�¼½ E otherwise E
where

;4<�> :@?#ADC , � H ¾ C.K denotes that � H J C.K and � H Z@\ P C.K .
Proof. Now we will discuss it in two cases.> Fk? Let

;4<�> :@?#ADC , if � H ¾ C.K , then we have � H J C.K and � H Z@\ P C.K . From the
definition of

;4<�> :@? we have � H Z@\ P > C h TU?VK , � H Z@\ P > C h v!?VK , ¯�¯�¯ , � H Z@\ P > C h� R�TU?VK and � H Z@\ J > C h{� ?VK , so
; < > : h TU?BADC h{� , then we getJ ; < > : h TU?]R ; < > :@? J A � ^ (1)> F_Fk? Let

;=<�> :@?[AoC , if � H J C.K and � H Z@\ J C.K , then we have
;�<=> : h TU?[A£C ,

so J ;4<�> : h TU?]R ;=<4> :@? J A ½ ^ (2)
Combining (1) and (2), we can easily getJ ;=<4> : h TU?]R ;=<�> :@? J A¿» � E if � H�¾ C.K�¼½ E otherwise ^
This completes the proof of Lemma.
Now we use above Lemma to complete the proof of Theorem. For any real

number a�b�v , by the definition of
; < > :@? and Lemma we haveeH
f�gð � � H Z@\)� � ð � � H � T¹A eH
f�g< � � W¢Ç � < � 143 � W×Ç T¹ADa'R

eH
f�g< � � W×Ç T�E (3)

where
;4<=> :@? A C . Note that if � H£¾ C.K , then we have (see reference [3],

Theorem 1.7.2)

: A ÉeÊ � \�Ë C� Ê�Ì A eÊ f��¡Í`Î � W Ë C� Ê+ÌA C�¯ eÊ f��¡Í`Î � W T� Ê hmlonVp�Ï�Ð < C�t
A C� R�T hml � pzr Cp7r]� � ^ (4)
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From (4), we can deduce thatCÑA > � R�TU?): hml � �ºpzr :p7r]�o� ^ (5)

So that T Á C Á > � R�TU?]¯�a hml � �ºpzr apzr]�w� E if T Á : Á a@^
Note that for any fixed positive integer : , if there has one C such that � H ¾ C.K ,
then � Hy¾ > C h TU?VK , � H{¾ > C h v!?VK , ¯�¯�¯ , � H{¾ > C h�� RDTU?VK . Hence there have� times of C such that :�A ÉÒÊ � \ Ó W<�Õ Ö in the interval T Á C Á > � RëTU?�¯�a hlon < �¡ 4g�¡  < t . Then we haveeH0f�g< � �¡� W×Ç T A T� � > � RmTU?]¯�a h�l � �¹p7r apzr]� �B�

A a'¯ � T�R T� � h¥l � pzr apzr]� � ^ (6)

Combining (3) and (6), we can easily deduce thateH0f�gð � � H Z@\)� � ð � � H � T A a'R eH0f�g< � �¡� W¢Ç TA a'Rca ¯ � T�R T� � hml � pzr apzr]���A a� hml � pzr apzr]� � ^
This completes the proof of Theorem.
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Abstract For any fixed positive integer



, the Smarandache ceil function of order © is
denoted by

¨ îòñ ¨
and has the following definition:� ² ��

�I�ôóöõÞ÷ Ô q�§�¨ � 
 � q ² Õ �ùø�
 §�¨ î �!6

In this paper, we study the mean value properties of a new arithmetical functionú � �7� ² ��

�8� concerning with the Smarandache ceil function, and give several
asymptotic formulae for it.

Keywords: Smarandache ceil function; Mean value; Asymptotic formulae.9 1. Introduction
For any fixed positive integer : , the famous Smarandache ceil function of

order � is defined as folloing:; ¸ > :@?BA í�ìzr °�a{à � J : J a ¸ ± >�¬ :Þà � v ?u^
For example,

; j > TU?�A T , ; j > v!?�AMv , ; j > x!?�AÈx , ; j >®­ ?�A v , ; j > �!?�AÈ� ,; j > « ? A «
,
; j > ��?iAå� ,

; j > +!? A ­
,
; j > ¬!? A x , ¯�¯�¯ . This function was first

introduced by Professor Smarandache (see reference [1]), and many scholars
showed great interest in it. For example, Ibstedt [2] and [3] studied this func-
tion both theoretically and computationally, and got the following conclusions:>­¬ LXE � à � v ? > LXE � ?ÔAªTM® ; ¸ > L � ?BA ; ¸ > L=? ; ¸ >�� ?VE; ¸ > � | 3\ � | èj ¯�¯�¯ � |D³i ?#A ;�> � | 3\ ?X¯�¯�¯ ;�> � |D³i ?V^
While Professor Tabirca established the asymptotic density of fixed point isJ� è , and found the average function of the Smarandache ceil function behaves
linearly.

In this paper, we shall use the analytic methods to study the mean value
properties of a new arithmetical function ù | >_; ¸ > :@?`? , and give two asymptotic
formulae for it. That is, we shall prove the following:
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Theorem 1. Let } Ý ½ , ù | > :@?�A Ò��� H N | . Then for any real number a.bwv ,
and any fixed positive integer � b�v , we have the asymptotic formulaeH0f�g ù | >_; ¸ > :@?`?BA « a | Z@\ ä > }�h TU? ä > � > }yh TU?]R } ?> }�h TU?kû2j á > }Qh TU? h�l n a | Z 3è Z�é t E
where ä > â,? is the Riemann zeta-function, � be any fixed positive number, andá > }�h TU?ÔA ç < � T�R T� ¸ � | Z@\)� � | R � � ¸ � \)� � | Z@\)� � ^

Theorem 2. Let N > :@? denotes the Dirichlet divisor function. Then for
any real number a£bÈT , and any fixed positive integer �³bòv , we have the
asymptotic formulaeH0f�g N >õ; ¸ > :@?`?ÔA « ä > ��?)a pzr aû2j ç < � T�R T� ¸ h{� ¸ � \ � h P a h¥lYn a 3è Z�é t�E
where

P
is a computable constant.

Taking ��Awv in Theorem 2, we may immediately deduce the following:
Corollary. For any real number ayb�v , we have the asymptotic formula:eH0f�g N >õ; j > :@?`?BADa pzr a ç < � T�R T� j h{� � h P a h¥lon a 3è Z�é t�^

9
2. Proof of the Theorems

In this section, we shall complete the proof of the Theorems. First we prove
Theorem 1. Let G > â�?#A ÉeH � \ ù | >_; ¸ > :@?`?: ã ^
From the Euler product formula [5] and the multiplicative property of ù | >_; ¸ > :@?`?
we haveG > â,?ðA ç < �� T h ù | >õ; ¸ > � ?`?� ã h ù | : ; ¸ > � j ?�>� j(ã h ¯�¯�¯ h ù | n ; ¸ > � ¸ ?kt� ¸ ã h ¯�¯�¯ ��

A ç < ~ T h ù | > � ?� ã h ¯�¯�¯ h ù | > � ?� ¸ ã h ù | : � j >� � ¸ Z@\)� ã h ¯�¯�¯h ù | : � j >� j ¸ ã h ù | : � s >� � j ¸ Z@\)� ã h ¯�¯�¯ �A ç < �� T h T[R \< ² óT[R \<�ó ~ T h{� |� ã h T h{� | hy� j |� � ¸ Z@\)� ã h ¯�¯�¯ � ��



Some Asymptotic properties involving the Smarandache ceil function 135A ä > â,? ç < � T h T� ã � | � T h T� ¸ ã � | h T� j � ¸ ã � | � h T� s � ¸ ã � | � h ¯�¯�¯ �B�A ä > â,? ä > �4â¢R } ? ç < � T�R T� ¸ ã � | h T� ã � | �A ä > â,? ä > â¢R } ? ä > �4â¹R } ?ä > v > â×R } ?`? ç < � T�R T� ¸ ã � | R � � ¸ � \)� ã � E
where ä > â�? is the Riemann zeta-function. Obviously, we have inequalityJ ù | >); ¸ > :@?`? J Á :#E ÷÷÷÷÷ É

eH � \ ù | >_; ¸ > :@?`?: ø ÷÷÷÷÷ Â Tù R�T¢R | Z@\¸ E
where ù ÝdT h | Z@\¸ is the real part of â . So by Perron formula (see reference
[5]), eH
f�g ù | >õ; ¸ > :@?`?: ã)úA Tv,Fõû�ü�ý Z Êÿþý � Êÿþ G > â h â ê ? a ãâ N
â hml ~ a ý�� >�� h ù ê ?� �h l � a \ � ø ú � > v,a�? í�ì7r > T�E p�Ï�Ð a� ? � hml � a � ø ú � >�� ? í'ìzr > T�E aJ�J a J�J ? � E
where

�
is the nearest integer to a , ¾ a ¾ A J aºR � J . Taking â ê A ½ , � A } h s j ,� ADa | Z 3è , � > a�?BA³a , � > ù ?BA \ø � \ � | , we haveeH0f�g ù | >_; ¸ > :@?`?A Tv,Fõû ü | Z
	 è Z Êÿþ| Z
	 è � Ê þ ä > â�? ä > â×R } ? ä > �4â¹R } ?ä > v > â¢R } ?`? á > â,? a ãâ N
â hml£n a | Z 3è Z�é t�E

where á > â�?#A ç < � T[R T� ¸ ã � | R � � ¸ � \)� ã � ^
To estimate the main termTv,Fõû ü | Z
	 è Z Êÿþ| Z
	 è � Ê þ ä > â�? ä > â×R } ? ä > �4â×R } ?ä > v > â¢R } ?`? á > â,? a ãâ N
â0E
we move the integral line from â�A }'h sj � F � to âºA }'h \j � F � . This time,
when } Ý ½ E the function� > â,?BA ä > â�? ä > â�R } ? ä > �4â×R } ?ä > v > â¹R } ?`? á > â�? a ãâ
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has a simple pole point at â�A }�h T with residueä > }�h TU? ä > � > }yh TU?]R } ?> }�h TU? ä > v!? á > }�h TU?)a | Z@\ ^
So we have Tv,Fõû ~ ü | Z 	 è Z Êÿþ| Z
	 è � Êÿþ h ü | Z 3è Z Êÿþ| Z
	 è Z Êÿþ h ü | Z 3è � Êÿþ| Z 3è Z Êÿþ h ü | Z 	 è � Êÿþ| Z 3è � Ê þ �ä > â�? ä > â×R } ? ä > �4â×R } ?)a ãä > v > â¹R } ?`? â á > â�?kN
âA ä > }�h TU? ä > � > }yh TU?ÄR } ?> }�h TU? ä > v!? á > }�h TU?)a | Z@\ ^
Note that Tv,F)û ~ ü | Z 3è Z Ê þ| Z 	 è Z Êÿþ h ü | Z 3è � Êÿþ| Z 3è Z Êÿþ h ü | Z 	 è � Êÿþ| Z 3è � Ê þ �ä > â�? ä > â×R } ? ä > �4â¢R } ?)a ãä > v > â×R } ?`? â á > â�?kN
â2 a | Z 3è Z�é
and ä > v!?ÔA � èJ ^

From the above we can immediately get the asymptotic formula:eH0f�g ù | >_; ¸ > :@?`?BA « a | Z@\ ä > }�h TU? ä > � > }yh TU?]R } ?> }�h TU?kû2j á > }Qh TU? h�l n a | Z 3è Z�é t ^
This completes the proof of Theorem 1.

If } A ½ , then the function� > â�?ÔA a ã ä j > â�? ä > �4â�?â ä > v�â,? ç < � T�R T� ¸ ã R � � ¸ � \)� ã �
has a second order pole point at âºAªT with residuepzìzíã î \ � > â¹R�TU? j � > â,?h� �û pzìzíã î \ Ë > â×R�TU? jVü > â,? a ãâ Ì �A pzìzíã î \ » Ó > â¢R�TU? j?ü > â�? Ö � a ãâ h > â¹RmTU? jVü > â,? âUa ã pzr a'Rca ãâ j ý ^
Note that pzì7íã î \ > â¢R�TU? j ü > â�?BAåä > ��?ä > v!?�ç <

� T�R T� ¸ h{� ¸ � \ � ^
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From the above we haveeH0f�g N >_; ¸ > :@?`?ÔA « ä > ��?)a pzr aû j ç < � T�R T� ¸ h{� ¸ � \ � h P a hmlon a 3è Z�é t�E
where

P
is a computable constant.

This completes the proof of Theorem 2.
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ASYMPTOTIC FORMULAE OF SMARANDACHE-
TYPE MULTIPLICATIVE FUNCTIONS
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Abstract In this paper, Analytic method is used to study the mean value properties of
Smarandache-Type multiplicative function þ - ��

� and ÿ - ��

� , and give their
asymptotic formula respectively.

Keywords: Smarandache-Type multiplicative function; Mean value; Asymptotic formula.9 1. Introduction
According to [1], the definition of Smarandache-Type multiplicative func-

tion � W > :@? is the largest C ��� power-free number dividing : . Another Smaran-
dache type multiplicative function � W > :@? is defined as: : divided by largestC ��� power-free number dividing : . That is, for any positive integer : , if : has
the prime power decomposition :ëA � | 3\ � | èj ¯�¯�¯ � | ²¸ , � W > :@? and � W > :@? are
presented in the following

� W > :@?BA � ª 3\ � ª èj ¯�¯�¯ � ª ²¸ E � W > :@?BA ��� 3\ ��� èj ¯�¯�¯ ��� ²¸ E
where Ê Ê A í�ìzr > } Ê E`C�R�TU?VE�� Ê A í&% ' > ½ E } Ê R.C h TU?V^
It is obvious to show that � W > :@? and � W > :@? are multiplicative functions. In
this paper, we study the mean value properties of these two functions, and give
their asymptotic formulae respectively. That is, we shall prove the following

Theorem 1. Let C b³v is a given integer, then for any real number a{bYT ,
we haveeH
f�g � W > :@?#A a jv ä > C{? ç <

� T h T> � W R�TU? > �ïh TU? � hml n a 	 è Z�é t ^
Theorem 2. Let C b³v is a given integer, then for any real number a{bYT ,

we haveeH0f�g T
� W > :@? A aä > C{? ç <

� T h T> � W R�TU? > �ïh TU? � hml£n a 3è Z�é t�E
where ä > â,? is the Riemann zeta-function.
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2. Proof of the Theorem

Now we prove the Theorem 1. LetG > â�?#A ÉeH � \ � W > :@?:Úã E
Re
> â,?�ÝëT . From the Euler product formula [3] and the multiplicative property

of � W > :@? we haveG > â,? A ç < ~ T h � W > � ?� ã h � W > � j ?� j(ã h ¯�¯�¯ �A ç < ~ T h �� ã h � j� j(ã h ¯�¯�¯ h � W � \� � W � \)� ã h � W � \� W ã h � W � \� � W�Z@\)� ã h ¯�¯�¯ �A ç < �� T[R \< - A ó)ô 3 BT¢R \< ó)ô 3 h � W � \� W ã � T h T� ã h T� j(ã h ¯�¯�¯ � ��A ç < �� T[R \< - A ó)ô 3 BT¢R \<�ó)ô 3 h T� W � ã � \)��Z@\ TT�R \< ó ��
A ä > â¢R�TU?ä > C > â¢R�TU?`?Bç < ~ T h � ã � \ RmT: � W � ã � \)� R�T?> > � ã#R�TU? �

where ä > â�? is the Riemann zeta-function. By Perron formula [2], with â ê A ½ ,� ADa ,
� A Hj , we haveeH0f�g � W > :@?BA Tv�û�F#ü Åè Z ÊÿþÅ è � Êÿþ ä > â�R�TU?ä > C > â¢R�TU?`? á > â,? a ãâ N
â hml ~ a Åè� � E

where á > â�?#A ç < ~ T h � ã � \ R�T: � W � ã � \)� R�T > > � ã RmTU? � ^
To estimate the main termTv�û�F#ü Åè Z ÊÿþÅ è � Êÿþ ä > â�R�TU?ä > C > â×R�TU?`? á > â�? a ãâ N
â0E
we move the integral line from â{A Hj � F � to â{A sj � F � . This time, the
function G > â,?#A ä > â×R�TU?ä > C > â×RmTU?`? á > â�? a ãâ
has a simple pole point at â�Awv , and the residue is g èj ¨ � W[� á > v!? . So we haveTv,Fõû ~ ü Å è Z ÊÿþÅè � Êÿþ h ü 	 è Z ÊÿþÅ è Z Ê þ h ü 	 è � Ê þ	 è Z Êÿþ h ü Å è � Êÿþ	 è � Êÿþ � ä > â�R�TU?ä > C > â¢R�TU?`? á > â,? a ãâ N
â
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� T h T> � W R�TU? > �ïh TU? � ^

Note thatTv,Fõû ~ ü 	 è Z ÊÿþÅ è Z Ê þ h ü 	 è � Ê þ	 è Z Êÿþ h ü Åè � Êÿþ	 è � Êÿþ � ä > â�R�TU?ä > C > â¢R�TU?`? á > â,? a ãâ N
âR2Èa 	 è Z�é
From above we may immediately get the asymptotic formula:eH
f�g � W > :@?#A a jv ä > C{?Ôç <

� T h T> � W R�TU? > �ïh TU? � hml£n a 	 è Z�é t¹^
This completes the proof of the Theorem 1.

Now we give the proof of Theorem 2. Let� > â,?ÔA ÉeH � \ T� W > :@?): ã E
Re
> â,? ÝoT . From the Euler product formula [3] and the multiplicative property

of � W > :@? we have� > â,? A ç < � T h T
� W > � ? � ã h T

� W > � j�? � j(ã h ¯�¯�¯ �A ç < � T h T� ã h T� j(ã h ¯�¯�¯ h T� � W � \)� ãh T� ¯ � W ã h T� j�¯ � � W�Z@\)� ã h ¯�¯�¯ �A ç < ~ T¢R \< - óT�R \< ó h T� W ã Z@\ � T h T� ã Z@\ h T� j � ã Z@\)� h ¯�¯�¯ � �A ç < ~ T¢R \< - óT�R \< ó h T� W ã Z@\ TT�R \<�ó 1=3 �A ä > â�?ä > Cyâ�?#ç <
� T h � ã RmT> � W ã R�TU? > � ã Z@\ R�TU? �

where ä > â�? is the Riemann zeta-function. By Perron formula [2], with â ê A ½ ,� ADa ,
� A sj , we haveeH
f�g T

� W > :@? A Tv�û�FÄü 	 è Z Êÿþ	 è � Ê þ ä > â�?ä > Cyâ0Rº? � > â�? a ãâ N5â h�l ~ a 	 è� � E
where � > â,?ÔA ç < � T h � ã R�T> � W ãBR�TU? > � ã Z@\ R�TU? � ^
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To estimate the main termTv�û�FÄü 	 è Z Ê þ	 è � Êÿþ ä > â�R�TU?ä > C > â¢R�TU?`? � > â�? a ãâ N5â!E
we move the integral line from â{A sj � F � to â{A \j � F � . This time, the
function � > â,? A ä > â�?ä > Cyâ�? � > â�? a ãâ
has a simple pole point at â�AªT with residue g¨ � W[� � > TU? . So we haveTv,Fõû ~ ü 	 è Z Êÿþ	 è � Êÿþ h ü 3è Z Êÿþ	 è Z Êÿþ h ü 3è � Êÿþ3è Z Êÿþ h ü 	 è � Êÿþ3è � Êÿþ � ä > â,?ä > Cyâ,? � > â,? a ãâ N
âA aä > C{?#ç <

� T h T> � W R�TU? > �ïh TU? � ^
Note thatTv,F)û ~ ü 3è Z Ê þ	 è Z Êÿþ h ü 3è � ÊÿþÅè Z Êÿþ h ü 	 è � ÊÿþÅè � Ê þ � ä > â�?ä > Cyâ�? � > â�? a ãâ N5âI2 a 3è Z�é E
from above we may immediately get the asymptotic formula:eH0f�g T

� W > :@? A aä > C{? ç <
� T h T> � W R�TU? > �ïh TU? � hml£n a 3è Z�é t�^

This completes the proof of the Theorem 2.
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Abstract For any positive integer
�

, let
�!���Q�

denotes the integer part of the © -th root of�
. That is,

�!���Q�I� Ú � 3�� ² Û . In this paper, we study the asymptotic properties
of the sequences Ô �!����� Õ , and give two interesting asymptotic formulae.

Keywords: Integer part sequence; © -th root; Mean value; Asymptotic formulas.9 1. Introduction
For any positive integer C , let L > C{? denotes the integer part of the � -th root

of C . That is, L > C{?¢A Ó C \ � ¸ Ö . For example, let ��Adx then L > TU?×AYL > v!?¢A¯�¯�¯ A L > ��?�AÈT , L > +!?�A L > ¬!?ïAÈ¯�¯�¯ A L > v « ?�A + ,
��> TU?�A ��> v!?�A ¯�¯�¯ A�,> ��?QAz+ ,

��> +!?QA ��> ¬!?QAÑ¯�¯�¯@A ��> v « ? A¿v@� , ¯�¯�¯ . In problem 80 of reference
[1], Professor F.Smarandach asked us to study the asymptotic properties of the
sequence °UL > C{?¤± . About this problem, it seems that none had studied it, at
least we have not seen related paper before. In this paper, we shall use the
elementary method to study the asymptotic properties of this sequence, and
give two interesting asymptotic formulas. For convenience, we define ´ > :@?and µ > :@? as following: ´ > :@?yA } \ hY} j h ^�^�^ hY} i , µ > :@?yA � , if :¿A� | 3\ � | èj ¯�¯�¯ � | ³i be the factorization of : into prime powers. Then we have the
following:

Theorem. For any real number ayÝ£T , we have the asymptotic formulaeH
f�g µ > L > :@?`?ÔADa pzr�p7r a h >8µ R pzr ��?=a hml � apzr a � E
eH
f�g ´ > L > :@?`?BADa p7r�pzr a h > � R p7r ��?
a hml � apzr a � E

î
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where µ A|� h e < � pzr � T[R T� � h T� � E � A µ h e < T� > � R�TU?
are two constants.

Taking ��Awx on the above, we can immediately obtain the following
Corollary. For any real number ayÝoT , we have the asymptotic formulaeH0f�g µ > L > :@?`?BADa pzr�pzr a h >¶µ R pzr x!?5a hml � ap7r a � EeH0f�g ´ > L > :@?`?BADa pzr�pzr a h > � R pzr x!?5a hml � ap7r a � ^9 2. Proof of the Theorems
In this section, we shall complete the proof of the Theorem. First we come

to prove the first part of the Theorem. For any real number a.b·T , let À be a
fixed positive integer such thatÀ ¸ Á a�Â > À h TU? ¸ ^
Then from the definition of L > :@? we haveeH
f�g µ > L > :@?`? A ÃeW � \ e� W � \)� ² f�H�� W ² µ > L > :@?`? h e

Ã ² f�H0f�g µ > L > :@?`?A Ã � \eW � \ eW ² f�H(� � W�Z@\)� ² µ > C{? h e
Ã ² f�H
f�g µ > Àd?

A Ã � \eW � \ n P \¸ C ¸ � \ h P j¸ C ¸ � j h ¯�¯�¯ h T�t¾µ > C{?
h l �� e

Ã f�H0f � Ã Z@\)� ² µ > Àd?)��
A � ÃeW � \ C ¸ � \ µ > C{? hml > À ¸ � \ p7r Àª?VE

where we have used the estimate µ > :@?{2 pzr : .
Note that (see reference [2])eH
f�g µ > :@?#ADa pzr�p7r a h µ a h¥l � apzr a � E
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where
µ

is a constant. Let � >�� ?#A eW f�	 µ > C{? , by Abel’s identity (see Theorem

4.2 of [3]) we haveÃeW � \ C ¸ � \ µ > C{?BA³À ¸ � \ � > Àd?@R ü Ãj � >�� ?kN �A À ¸ � \ > À p7r�pzr À h µ Àd?]R ü Ãj n � ¸ � \�pzr�pzr � h µº� ¸ � \ t N �h l ~ À ¸pzr À �A À ¸ pzr�pzr À h µ À ¸ R � R�T� n À ¸ pzr�p7r À h µ À ¸ t hml ~ À ¸pzr À �A T� À ¸ pzr�pzr À h T� µ À ¸ hml ~ À ¸p7r À � ^
Therefore, we can obtain the asymptotic formulaeH
f�g µ > L > :@?`?ÔA³À ¸ pzr�pzr À h µ À ¸ hml�~ À ¸pzr À � E
where

µ
is a constant.

On the other hand, note that the estimates½ Á a R À ¸ Â > À h TU? ¸ RæÀ ¸ A P \¸ À ¸ � \Úh P j¸ À ¸ � j h ¯�¯�¯ h Tº2 a ² ô 3²
andpzr � h pzr[pzr À Á pzr�p7r ayÂ pzr � h pzr[pzr > À h TU? Á p7r � h pzr[pzr À h�lën a � \ � ¸ t�^

Now combining the above, we may immediately obtain the asymptotic for-
mula eH
f�g µ > L > :@?`?ÔADa pzr�p7r a h >8µ R pzr ��?=a hml � apzr a � ^
This proves the first part of the Theorem.

Similarly, we can prove the second part of the Theorem. This completes the
proof of the Theorem.
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Abstract For any positive integer



, let Ü ��

� denotes the additive cubic complements of

. That is, Ü ��

� denotes the smallest non-negative integer such that


[£ Ü ��

� is a
perfect cubic number. In this paper, we study the mean value properties of Ü ��

�
and the function « ��

� , here « ��

� denotes the numbers of all prime divisors of


, and give a sharper asymptotic formula for the mean value of « ��
À£ Ü ��

�8� .
Keywords: Additive cubic complements; Function of prime divisors; Asymptotic formula.9 1. Introduction and results

For any positive integer : , the cubic complements
� s > :@? is defined as the

smallest integer � such that :Ú� is a perfect cubic number. For example,
� s > TU?BAT , � s > v!?iA ­

,
� s > x!?iA ¬ , � s >®­ ?�AÑv , � s > �!?�AÑv�� , � s > « ?iAÑx « , � s > ��? A ­ ¬ ,� s > +!?[A�T , ¯�¯�¯ . In problem 28 of [1], Professor F. Smaradache ask us to study

the properties of ° � s > :@?¤± . About this problem, there have some authors to
study and proved some interesting results. For example, Wang Y. [2] stud-
ied the asymptotic properties of

ÒH
f�g \ý 	 � H � and
ÒH0f�g Hý 	 � H � , and obtained several

asymptotic formulae.
Similarly, we will define the additive cubic complements as follows: for

any positive integer : , the smallest non-negtive integer � is called the additive
cubic complements of : if : h � is a perfect cubic number. Let��> :@?#A í�ìzr °	� J : h �'ADC s E¤��b ½ E`C à � Z ±!E
then

�,> TU?ºA ½
,
��> v!?×A «

,
��> x!?×A·� , ��>®­ ?ºA ­ , ��> �!?×A�x , ��> « ?ºA·v , ��> ��?×AST ,�,> +!?�A ½ , ��> ¬!?[A·T?+ , ¯�¯�¯ . About this sequence, it seems that none had studied

it before, at least we have not seen any results at present.
In this paper, we will use the analytic methods to study the asymptotic prop-

erty of this sequence in the following form:
eH
f�gÚ´ > : h ��> :@?`?VE where awb�v
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be a real number, ´ > :@? denotes the numbers of all prime divisors of : , i.e.,´ > :@?#A } \ h�} j h ¯�¯�¯ hy} i if :{A � | 3\ � | èj ¯�¯�¯ � | ³i be the factorization of : into
prime powers, and give a sharper asymptotic formula for it. That is, we shall
prove the following:

Theorem. For any real number aybDv , we have the asymptotic formulaeH
f�g ´ > : h ��> :@?`?BAwx,a pzr¢pzr a h x >¶µ R pzr x!?)a hml > apzr a ?VE
where

µ A-� h Ò < nqpzr > T�R \< ? h \< t h Ò < \< � < � \)� , Ò < denotes the summation

over all primes, and � be the Euler constant.9 2. Proof of the theorem
In this section, we shall complete the proof of the theorem. First we need

following:
Lemma. For any real number a{ÝoT , we haveeH
f�g ´ > :@?#ADa pzr�pzr a h µ a hml � apzr a � E

where
µ A|� h Ò < nVpzr > T�R \< ? h \< t h Ò < \< � < � \)� , � be the Euler constant.

Proof. (See reference [3]).
Now we use above Lemma to complete the proof of Theorem. For any real

number a�b�v , let À be a fixed positive such thatÀ s Á a�Â > À h TU? s ^ (1)

For any prime � and positive intger } , note that ´ > � | ?×A }�� . Then from the
definition of

��> :@? , we haveeH
f�gÚ´ > : h ��> :@?`? (2)

A e\ f � f Ã � \ ��
e� 	 f�H�� � � Z@\)� 	 ´ > : h ��> :@?`?)�� h e

Ã 	 f�H
f�g ´ > : h ��> :@?`?
A e\ f � f Ã �� e� 	 f�H(� � � Z@\)� 	 ´ > : h ��> :@?`?)�� hml > a è	 Z�é ?
A e\ f � f Ã �� e� 	 f�H(� � � Z@\)� 	 ´ >`>®Å h TU? s ? �� hml > a è	 Z�é ?A e\ f � f Ã > x Å j h x Å h TU? ´ >`>®Å h TU? s ? h�l > a

è	 Z�é ?



On the additive cubic complements 149A e\ f � f Ã > ¬ Å j h x Å h x!? ´ >®Å h TU? h�l > a
è	 Z�é ?A ¬�¯ e\ f � f Ã >®Å h TU? j ´ >®Å h TU? hml > a

è	 Z�é ?A ¬�¯ e\ f � f Ã Å j ´ >®Å ? hml > a
è	 Z�é ?VE (3)

where we have used the estimate ´ > :@?32È: é .
Let

µi> a�?�A ÒH
f�g ´ > :@? , then by Able’s identity (see reference [4], Theorem

4.2) and Lemma, we can easily deduce thate\ f � f Ã Å j ´ >®Å ?ðA À j µi> Àª?]R ü Ã\ µi>®Å ?@¯ >®Å j ? � N >®Å ? hml > TU?
A À j � À pzr�pzr À h µ À h�l � Àpzr À �B�R ü Ã\ � Å pzr�pzr Å h µ¹Å h�l � Åpzr Å �B� ¯Uv Å N ÅA À s pzr�pzr À h µ À s h�l�~ À spzr À �R ü Ã\ n v Å j pzr�pzr Å h v µ×Å j t�N ÅA Tx À s2pzr�p7r À h Tx µ À sÔhml ~ À sp7r À � ^ (4)

Note that½ Á aBR À s Â > À h TU? s R À s Awx�À j h x�À h TºADÀ j > x h xÀ h TÀYj ?{2Èa è	 E
(5)

and pzr�pzr a�A pzr�pzr À h pzr x h�l > TU?V^ (6)

From (3), (4) and (5), we havee\ f � f Ã Å j ´ >®Å ?BA Tx a pzr�pzr a h Tx >¶µ R pzr x!?)a hml > ap7r a ?V^ (7)

Combining (2) and (6), we may immediately geteH
f�g ´ > : h ��> :@?`?BAwx,a pzr�pzr a h x >¶µ R pzr x!?)a h�l > apzr a ?V^
This completes the proof of Theorem.
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AN ARITHMETICAL FUNCTION AND ITS HYBRID
MEAN VALUE

Li Chao and Li Junzhuang
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Abstract For any positive integer



, let © è ��

� be the smallest integer such that

 © è ��

�

is the double factorial number. The main purpose of this paper is to study the
hybrid mean value of © è ��

� and the Mangoldt function, and give a sharp asymp-
totic formula.

Keywords: Double factorial; hybrid Mean; Asymptotic formula.9 1. Introduction
For any positive integer : , let � j > :@? be the smallest integer such that :Ú� j > :@?

is the double factorial number. For example, � j > TU?ÔAdT , � j > v!?ÔAªT , � j > x!?ÔAªT ,� j >®­ ?�A v , � j > �!?�A x , � j > « ?yA + , � j > ��?{A T�� , ¯�¯�¯ . It seems that � j > :@?
relates to � > :@? , which denotes the smallest integer such that :Ú� > :@? is a facto-
rial number [1]. In this paper, we study the hybrid mean value of � j > :@? and
the Mangoldt function, and give a sharp formula. That is, we shall prove the
following:

Theorem. If a{b�v5E then we have the asymptotic formulaeH
f�g 
 > :@? p�Ï�Ð > � j > :@?`?BA Tv a j p�Ï�Ð a hml > a j ?V^
9
2. A Lemma

To complete the proof of the theorem, we need the following:
Lemma. Let ayb�v , then we havep�Ï�Ð � a��_K5ADa p�Ï�Ð a Rca hml > p�Ï�Ð a2?VE

where � � � denotes the largest integer not exceeding
�

.
Proof. This is Theorem 3.15 of [2].
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3. Proof of the theorem

In this section, we complete the proof of the theorem. From the definition
of � j > :@? we have � j > � | ?BA > � | R v!?VK�KIÂ > � | R�TU?VK�Â � | K
So from the Lemma, we obtaineH
f�g 
 > :@? pzÏ�Ð � j > :@?A e< f�g pzÏ�Ð2�¹p�Ï�Ð > � | R v!?VK�K

A e< f�g �ºp�Ï�Ð j �ihml ����� e< � f�gj f | �
| p�Ï�ÐÚ�¹p�Ï�Ð2� | ������ ^

Let L > :@?#A�» T�E if : is a prime,½ E otherwise.

then eH
f�g L > :@?#A³û > a2?BA ap�Ï�Ð a hml � ap�Ï�Ð j a � ^
By Abel’s identity we havee< f�g �¹p�Ï�Ð j � A eH0f�g L > :@?): p�Ï�Ð j :A û > a�?]¯�a p�Ï�Ð j a R ü gj û >®Å ? nqp�Ï�Ð j Å h v p�Ï�Ð Å t�N ÅA a j p�Ï�Ð a hml > a j ?@R ü gj >¶Å pzÏ�Ð Å h�l >®Å ?`?=N Å
We can easily get

ü gj Å p�Ï�Ð Å N Å A Tv a j p�Ï�Ð a hml > a j ?VE
Therefore e< f�g �ºp�Ï�Ð j � A Tv a j p�Ï�Ð a hml > a j ?V^
Similarly we can get e< f�g } p�Ï�Ð j � 2 a j ^
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But e< � f�g }I� | p�Ï�Ð j �Á a ej f | � ! /�0�S! /�0 è }
e< f�g 3� pzÏ�Ð j �2 a ej f | � ! /�0�S! /�0 è } a 3è p�Ï�Ð a 3

�
2 a 	 è p�Ï�Ð a

So we have eH0f�g 
 > :@? p�Ï�Ð � j > :@?#A Tv a j pzÏ�Ð a h�l > a j ?V^
This completes the proof of theorem.
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-TH POWER FREE SIEVE SEQUENCE
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Abstract In this paper, we use the elementary method to study the arithmetical properties
of the © -th power free sieve sequence, and give some interesting identities.

Keywords: © -th power free sieve sequence; Infinite series; Divisor function9 1. Introduction
For any positive integer ��b�v , one can obtains the � -th power free sieve se-

quence as follows: from the set of natural numbers (except
½

and T ), take off all
multiples of v ¸ , afterwards all multiples of x ¸ , ¯�¯�¯ , and so on (take off all multi-
ples of all � -th power primes). In problem x=T of [1], Professor F.Smarandache
let us to study this sequence. Let ¸ denotes the set of all numbers in the � -th
power free sieve sequence. In this paper, we study the convergent property of
some infinite series invovling this sequence, and give some interesting identi-
ties. That is, we shall prove the following conclusions:

Theorem 1. Let ��bDv be any positive integer. For any real number } Ý£T ,
we have the identity:

ÉeH � \H(� · T: | A ä > } ?ä > � } ? E
where ä > â,? denotes the Riemann-zeta function.

From this Theorem we may immediately deduce the following:
Corollary. Let � be the set of all numbers in the square free sieve sequence,�
be the set of all numbers in the cubic free sieve sequence. Then we have the

identities: ÉeH � \H���
 T:Oj A T��û2j L
:ON ÉeH � \H(��� T:Oj A x=T��v�û <
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Theorem 2. Let � b�v be any positive integer. For any real number } ÝoT ,
we have the identity:ÉeH � \H���· N

> :@?: | A ä j > } ?ä > � } ?Ôç <
� T�R � > � | R�TU?� � ¸ Z@\)� | R � | � ^

9 2. Proof of the theorems
In this section, we will complete the proof of the theorems. First, we prove

Theorem 1. For any real number } Ý ½ , it is clear thatÉeH � \H���· T: | Â ÉeH � \ T: | E
and ÉeH � \ T: | is convergent if } Ý T . So from the Euler product formula (See

Theorem 11.6 of [2]) and the definition of the � -th power free sieve sequence,
we have ÉeH � \H���· T: | A ç < � T h T� | h T� j | h ¯�¯�¯ h T� � ¸ � \)� | �

A ç < T�R \< ² �T¢R \< �A ä > } ?ä > � } ? ^
This proves Theorem 1.

Now we prove Theorem 2. Similarly, from the Euler product formula and
the definition of the � -th power free sieve sequence, we haveÉeH � \H(� · N

> :@?: | A ç < � T h v� | h x� j | h ¯�¯�¯ h �� � ¸ � \)� | �
A ç < ~ TT[R \<�� � � T h T� | h T� j | h ¯�¯�¯ h T� � ¸ � \)� | R �� ¸ | �
A ä > } ? ç < �� T�R \< ² �T�R \< � R �� ¸ | ��
A ä j > } ?ä > � } ?Bç <

� T�R � > � | R�TU?� � ¸ Z@\)� | R � | � ^
This completes the proof of the theorems.



On the � -th power free sieve sequence 157

References
[1] F.Smaradache. Only problems, not solutions, Xiquan Publishing House,

Chicago, 1993.
[2] Tom M. Apostol. Introduction to Analytic Number Theory, Springer-

Verlag, New York, 1976.





ON A NEW SMARANDACHE SEQUENCE í
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Abstract In this paper, we study the mean value of a new Smarandache sequence and give
an asymptotic formula.

Keywords: Simple numbers; Smarandache sequence ; Asymptotic formula.9 1. Introduction
According to [1], a number : is called simple number if the product of

its proper divisors is less than or equal to : . For example: 2, 3, 4, 5, 6, 7,
8, 9, 10, 11, 13, 14, 15, 17, 19, 21, ¯�¯�¯ are simple numbers. Let

µ
denote

the set of all the simple numbers. Generally speaking, : has the form: :³A� E or � j E or � s E or � �5E where � and � are distinct primes. In [2], Jason Earls
defined â �V� G � > :@? as a new Smarandache sequence as following: Let â �V� G � > :@?
denote the sum of primes dividing : (with repetition). That is,â �V� G � > :@?]A e < � H � ^
For example:: T v x ­ � « � + ¬ T ½ T�TYT�v T�x T ­ T��/T « TV� T?+ T�¬â �V� G � > :@? ½ v x ­ � �´� « « � T�T � T�x ¬ + + TV� +/T�¬

In this paper, we study the mean value properties of â �V� G � > :@? , and give an
interesting asymptotic formula. That is, we shall prove the following:

Theorem. For any real number ayb£T , we haveeH(�)�H
f�g â �V� G � > :@?]A µ \ a jpzr a h µ j a jp7r j a h¥l ~ a jpzr s a � E
where

µ \ , µ j are computable constants.

î
This work is supported by the Education Department Foundation of Shannxi Province (03JK213).
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2. Some lemmas

To complete the proof of the theorem, we need the following lemmas:
Lemma 1. Let ��b ½ and ayb�x , � denotes a prime. Then:e< f�g � ¸ A T� h T a ¸ Z@\pzr a h T> � h TU?kj a ¸ Z@\pzr j a hml�~ a ¸ Z@\pzr s a � ^
Proof. Noting that û > a�?BA g�¡ 4g h g�¡  è g hmlon g�¡  	 g t , then by Abel’s identity

we have e< f�g � ¸ A³û > a�?)a ¸ R ü g\ û >®Å ? � Å ¸ � \ N Å (1)

A a ¸ Z@\pzr a h a ¸ Z@\pzr j a hml ~ a ¸ Z@\pzr s a �R¹� ü gj Å ¸p7r Å N Å Ræ� ü gj Å ¸pzr j Å N Å h�l ~ ü gj Å ¸pzr s Å N Å �A a ¸ Z@\pzr a h a ¸ Z@\pzr j a hml ~ a ¸ Z@\pzr s a �R �� h T a ¸ Z@\p7r a R � j h v��> � h TU? j a ¸ Z@\pzr j a h¥l ~ ü gj Å ¸pzr s Å N Å �A T� h T a ¸ Z@\pzr a h T> � h TU?kj a ¸ Z@\pzr j a hml ~ a ¸ Z@\p7r s a � ^ (2)

This completes the proof of the Lemma 1.
Lemma 2. Let � and � are primes, Then:e< � f�g � A P \ a jpzr a h P j a jp7r j a hml ~ a jpzr s a � E (3)

where
P \ , P j are computable constants.

Proof. Noting that when a Â·T , we have \\ ��g A¿T h a h a j h a s h ¯�¯�¯ ha W h ¯�¯�¯ , thene< fON g � e� f�gU� < TA e< fON g �Þ~ g<> pzr a R pzr@� ? h g<> p7r a'R pzr]� ?kj h¥l�~ g<> pzr a R pzr]� ? s �×� (4)

A apzr a e< fON g ~ T h pzr]�pzr a h pzr j �p7r j a h ¯�¯�¯ h pzr W �p7r W a h ¯�¯�¯ �



On a new Smarandache sequence1 161h apzr j a e< f N g ~ T h v pzrÄ�p7r a h ¯�¯�¯ h C p7r
W � \��pzr5W � \ a h ¯�¯�¯ �h l �� e< f N g ap7r s g< �� A � \ a 	 èpzr j a h � j a 	 èpzr s a hml ~ a 	 èp7r < a � E (5)

where � \ , � j are computable constants.
And then, e� f N g T e< f�gU� � �A e� fON g ~ > g � ? jv > pzr a R pzr �!? h > g � ? j­I> pzr a'R pzr �!?kj h¥l ~ > g � ? j> pzr a R pzr �!? s �¢� (6)

A a jv p7r a e� f N g T�,j ~ T h pzr �pzr a h p7r j �pzr j a h ¯�¯�¯ h p7r=W �pzr W a h ¯�¯�¯ �h a j­ p7r j a e� f N g T� j ~ T h v p7r �pzr a h ¯�¯�¯ h C pzr5W � \ �pzr5W � \ a h ¯�¯�¯ �h l �� e� f N g a j��j pzr s g � ��A a jv p7r a e � T��j h a jpzr j a ~ Tv e � pzr ���j h T­ e � T��j � hml ~ a jpzr s a � ^ (7)

So from (5) and (7) we get,e< � f�g � A e< fON g � e� f�gU� < T h e� fON g T e< f�gU� � � R > e< fON g � ? > e� fON g TU?A P \ a jpzr a h P j a jpzr j a hml ~ a jp7r s a � E (8)

where
P \ , P j are computable constants. This proves Lemma 2.9 3. Proof of the Theorem

Now we prove the Theorem. From Lemma 1 and Lemma 2 we may imme-
diately geteH�� �H
f�g â �¤� G � > :@?A e< f�g â �V� G � > � ? h e< è f�g â �¤� G � > � j ? h e< 	 f�g â �V� G � > � s ? h e< � f�g< �� � â �V� G �

> � �!?



162 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORYA e< f�g �ih v e< è f�g �ih x e< 	 f�g �ïh v e< � f�g< �� � �A e< f�g �ih x e< 	 f�g �ih v e< � f�g �A a jp7r a > P \ h Tv ? h a jpzr j a > P j h T­ ? h�l ~ a jpzr s a �A µ \ a jpzr a h µ j a jp7r j a hml ~ a jpzr s a � ^
This completes the proof of the Theorem.
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ON SOME ASYMPTOTIC FORMULAE INVOLVING
SMARANDACHE MULTIPLICATIVE FUNCTIONS
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Abstract In this paper, we shall use the analytic method to study the mean value properties
of Smarandache-Type multiplicative function � - ��

� and � - ��

� , and give two
asymptotic formulae for them.

Keywords: Smarandache-Type multiplicative function; Mean value; Asymptotic formula.9 1. Introduction
In reference [1], the definition of Smarandache-Type multiplicative function� W > :@? is the smallest C ��� power divisible by : divided by largest C ��� power

which divides : . Another Smarandache-Type multiplicative function
� W > :@?

is defined as C ��� root of smallest C ��� power divisible by : divided by largestC ��� power which divides : . That is, for any fixed positive integer : with the
normal factorization � | 3\ � | èj ¯�¯�¯ � | ²¸ , ( T Á F Á � ) we have

� W > � | ÕÊ ?BA�» T�E ìrì�} Ê ADCy�u¼� WÊ E Ï����������×ì���� ^
and

� W > � | ÕÊ ?#A�» T�E ìrì�} Ê ADCy�u¼� Ê E Ï����������×ì���� ^
It is clear that

� W > :@? and
� W > :@? are multiplicative functions. In this paper,

we study the mean value properties of these two functions, and give some
asymptotic formulae for them. That is, we shall prove the following:

Theorem 1. For any real number a%b¿T and integer C bªv , we have the
asymptotic formulaeH
f�g � W > :@?#A « ä > C j h C{? ä > C h TU?ká > C h TU?)a W�Z@\û2j hmlon a W�Z 3è Z�é t�^
where ä > â,? is the Riemann zeta-function, � be any fixed positive integer, andá > C h TU?BA ç < � T[R T� W�Z@\ h�� W R T� W è h{� W è � \ � ^



164 RESEARCH ON SMARANDACHE PROBLEMS IN NUMBER THEORY

Theorem 2. For any real number a{boT and integer Còb�v , we haveeH
f�g � W > :@?BA ä > v,C{?ká > v!?)a j h�l n a 	 è Z�é t E
where á > v!?BA ç < � T�R T� j h{� R T� j W � \ h{� j W � j � ^9 2. Proof of the Theorems

Now we prove the Theorem 1. LetG > â�?#A ÉeH � \ � W > :@?:Úã E
Re
> â,?�ÝëT . From the Euler product formula [3] and the multiplicative property

of
� W > :@? we haveG > â�?ðA ç < ~ T h � W > � ?� ã h � W > � j ?� j(ã h � W > � s ?� s ã h ¯�¯�¯ �A ç < � T h � W� ã h � W� j(ã h ¯�¯�¯ h � W� � W � \)� ã h T� W ãh � W� � W[Z@\)� ã h � W� � W�Z j � ã h ¯�¯�¯ h � W� � j W � \)� ã h T� j W ã h ¯�¯�¯ �A ç < � TT[R � � W ã � ç < � T h T� ã � W h ¯�¯�¯ h T� ã � W � \)� � W �A ä > Cyâ,? ç < � T h{� W � T� ã h T� j(ã h ¯�¯�¯ h T� � W � \)� ã �B�A ä > Cyâ,? ä > â,? ç < � T h T� ã � W R T� ã R T� W � ã � \)� �A ä > Cyâ,? ä > â,? ä > â¢RcC{?ä > v�â¢Ræv,C{?#ç <

� T[R T� ã h{� W R T� W � ã � \)� h{� W ã � ã � E
where ä > â�? is the Riemann zeta-function. By Perron formula [2], with â ê A ½ ,� ADa W[Z 3è , � A³C h sj , we haveeH0f�g � W > :@?#A Tv�û�F ü W[Z 	 è Z ÊÿþW�Z 	 è � Ê þ ä > Cyâ�? ä > â�? ä > â¢RcC{?ä > v�â¢Ræv,C{? á > â�? a ãâ N5â h l n a W[Z 3è Z�é t E
where á > â�?#A ç < � T[R T� ã h{� W R T� W � ã � \)� h{� W ã � ã � ^
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To estimate the main termTv�û�F ü W�Z
	 è Z Ê þW�Z 	 è � Êÿþ ä > Cyâ,? ä > â,? ä > â�RcC{?ä > v�â�Ræv,C{? á > â,? a ãâ N
â0E
we move the integral line from âºA³C h sj � F � to âºA³C h \j � F � . This time,
the function G > â�?#A ä > Cyâ�? ä > â�? ä > â×RcC{?ä > v�â×Ræv,C{? a ãâ á > â�?
has a simple pole point at â�ADC h T with residue

ä > C j h C{? ä > C h TU? Tä > v!? a W[Z@\ á > C h TU?V^
So we have Tv,Fõû ~ ü W�Z 	 è Z ÊÿþW[Z
	 è � Êÿþ h ü W�Z 3è Z ÊÿþW[Z
	 è Z Êÿþ h ü W�Z 3è � Ê þW�Z 3è Z Êÿþ h ü W[Z 	 è � Ê þW�Z 3è � Êÿþ �ä > Cyâ�? ä > â�? ä > â¢RcC{?ä > v�â¢Ræv,C{? a ãâ á > â,?kN5âA ä > C j h C{? ä > C h TU? Tä > v!? a W�Z@\ á > C h TU?V^
Note that

Tv,Fõû ~ ü W[Z 3è Z ÊÿþW�Z
	 è Z Êÿþ h ü W[Z 3è � ÊÿþW�Z 3è Z Ê þ h ü W�Z 	 è � ÊÿþW[Z 3è � Ê þ �ä > Cyâ�? ä > â�? ä > â¢R C{?ä > v�â�R%v,C{? a ãâ á > â�?kN
â2Èa W�Z 3è Z�é
and ä > v!?ÔA � èJ ^

From above we may immediately get the asymptotic formula:eH
f�g � W > :@?#A « ä > C j h C{? ä > C h TU?)a W�Z@\ á > C h TU?û2j hml n a W�Z 3è Z�é t ^
This completes the proof of the Theorem 1.

Next, we will give the proof of Theorem 2. Let� > â�?BA ÉeH � \ � W > :@?:Úã E
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Re
> â,?�ÝëT . From the Euler product formula [3] and the multiplicative property

of
� W > :@? we have� > â�? A ç < ~ T h � W > � ?� ã h � W > � j ?� j(ã h � W > � s ?� s ã h ¯�¯�¯ �A ç < > T h �� ã h �� j(ã h ¯�¯�¯ h �� � W � \)� ã h T� W ãh �� � W[Z@\)� ã h �� � W[Z j � ã h ¯�¯�¯ h �� � j W � \)� ã h T� j W ãh ¯�¯�¯ÿ?A ç < � TT�R � � W ã � ç < � T h T� ã � \ h ¯�¯�¯ h T� ã � W � \)� � \ �A ä > Cyâ�? ç < � T h{� � T� ã h T� j(ã h ¯�¯�¯ h T� � W � \)� ã �B�A ä > Cyâ�? ä > â�? ç < � T h T� ã � \ R T� ã R T� W ã � \ �A ä > Cyâ�? ä > â�? ä > â×R�TU?ä > v�â×R v!?Bç <

� T[R T� ã h{� R T� W ã � \ h{� W ã � ã � E
where ä > â�? is the Riemann zeta-function. By Perron formula [2], with â ê A ½ ,� ADa 	 è , � A Hj , we haveeH0f�g � W > :@?#A Tv�û�F ü Åè Z ÊÿþÅ è � Êÿþ ä > Cyâ,? ä > â,? ä > â�R�TU?ä > v�â�Ræv!? á > â�? a ãâ N
â hmlon a 	 è Z�é t�E
where á > â�?#A ç < � T¢R T� ã h�� R T� W ã � \ h{� W ã � ã � ^
To estimate the main termTv�û�F ü Åè Z ÊÿþÅè � Êÿþ ä > Cyâ�? ä > â�? ä > â×R�TU?ä > v�â×Ræv!? á > â,? a ãâ N5â!E
we move the integral line from â{A Hj � F � to â{A sj � F � . This time, the
function � > â�?BA ä > Cyâ,? ä > â,? ä > â×RmTU?ä > v�â�Ræv!? a ãâ á > â�?
has a simple pole point at â�Awv with residueä > v,C{?)a j á > v!?V^
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So we have Tv,Fõû ~ ü Åè Z ÊÿþÅ è � Êÿþ h ü W�Z
	 è Z ÊÿþÅè Z Êÿþ h ü W�Z
	 è � ÊÿþW�Z
	 è Z Êÿþ h ü Å è � ÊÿþW�Z
	 è � Êÿþ �ä > Cyâ,? ä > â,? ä > â×RmTU?ä > v�â�Ræv!? a ãâ á > â�?kN
âA ä > v,C{?)a j á > v!?V^
Note that Tv,Fõû ~ ü W�Z 	 è Z Ê þÅè Z Ê þ h ü W�Z 	 è � Ê þW�Z 	 è Z Êÿþ h ü Å è � ÊÿþW�Z 	 è � Êÿþ �ä > Cyâ,? ä > â,?×ä > â×R�TU?ä > v�â�Ræv!? a ãâ á > â�?kN
â2Èa 	 è Z�é ^

So we may immediately get the asymptotic formula:eH
f�g � W > :@?#A ä > v,C{?)a j á > v!? h�lon a 	 è Z�é tº^
This proves the Theorem 2.
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      The book contains 41 research papers involving the Smarandache sequences, 
functions, or problems and conjectures on them. 
All these papers are original. Some of them treat the mean value or hybrid mean value 
of Smarandache type functions, like the famous Smarandache function, Smarandache 
ceil function, or Smarandache primitive function.  Others treat the mean value of some 
famous number theoretic functions acting on the Smarandache sequences, like k-th 
root sequence, k-th complement sequence,  or factorial part sequence, etc.  There are 
papers that study the convergent property of some infinite series involving the 
Smarandache type sequences.  Some of these sequences have been first investigated 
too.  In addition, new sequences as additive complement sequences are first studied in 
several papers of this book. 

     (The Editor) 
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