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PREFACE

Over the past 25 years, I have been immersed in research in Algebra and more
particularly in ring theory. I embarked on writing this book on Smarandache rings (S-
rings) specially to motivate both ring theorists and Smarandache algebraists to
develop and study several important and innovative properties about S-rings.

Writing this book essentially involved a good deal of reference work. As a researcher,
I felt that it will be a great deal better if we thrust importance on results given in
research papers on ring theory rather than detail the basic properties or classical
results that the standard textbooks contain. I feel that such a venture, which has
consolidated several ring theoretic concepts, has made the current book a unique one
from the angle of research.

One of the major highlights of this book is by creating the Smarandache analogue of
the various ring theoretic concepts we have succeeded in defining around 243
Smarandache concepts.

As it is well known, studying any complete structure is an exercise in unwieldiness. On
the other hand, studying the same properties locally makes the study easier and also
gives way to greater number of newer concepts. Also localization of properties
automatically comes when Smarandache notions are defined. So the Smarandache
notions are an excellent means to study local properties in rings.

Two levels of Smarandache rings are defined. We have elaborately dealt in case of
Smarandache ring of level I, which, by default of notion, will be called as
Smarandache ring. The Smarandache ring of level II could be constructed mainly by
using Smarandache mixed direct product. The integral domain Z failed to be a
Smarandache ring but it is one of the most natural Smarandache ring of level I1.

This book is organized into five chapters. Chapter one is introductory in nature and
introduces the basic algebraic structures. In chapter two some basic results and
properties about rings are given. As we expect the reader to have a strong background
in ring theory and algebra we have recollected for ready reference only the basic
results. Chapter three is completely devoted to the introduction, description and
analysis of the Smarandache rings — element-wise, substructure-wise and also by
localizing the properties. The fourth chapter deals with mixed direct product of rings,



which paves way for the more natural expression for Smarandache rings of level II. It
is important to mention that unlike in rings where the two sided ideals form a
modular lattice, we see in case of Smarandache rings the two sided ideals in general
do not form a modular lattice which is described in the cover page of this book. This
is a marked difference, which distinguishes a ring and a Smarandache ring. The fifth
chapter contains a collection of suggested problems and it contains 200 problems in
ring theory and Smarandache ring theory. It is pertinent to mention here that some
problems, specially the zero divisor conjecture find several equivalent formulations.
We have given many equivalent formulations, for this conjecture that has remained
open for over 60 years.

I firstly wish to put forth my sincere thanks and gratitude to Dr. Minh Perez. His
making my books on Smarandache notions into an algebraic structure series,
provided me the necessary enthusiasm and vigour to work on this book and other
future titles.

It gives me immense happiness to thank my children Meena and Kama for single-
handedly helping me by spending all their time in formatting and correcting this
book.

I dedicate this book to be my beloved mother-in-law Mrs. Salagramam Alamelu
Ammal, whose only son, an activist-writer and crusader for social justice, is my dear
husband. She was the daughter of Sakkarai Pulavar, a renowned and much-favoured
Tamil poet in the palace of the King of Ramnad; and today when Meena writes poems
in English, it reminds me that this literary legacy continues.



Chapter One
PRELIMINARY NOTIONS

This chapter is devoted to the introduction of basic notions like, groups, semigroups,
lattices and Smarandache semigroups. This is mainly done to make this book self-
sufficient. As the book aims to give notions mainly on Smarandache rings, so it
anticipates the reader to have a good knowledge in ring theory. We recall only those
results and definitions, which are very basically needed for the study of this book.

In section one we introduce certain group theory concepts to make the reader
understand the notions of Smarandache semigroups, semigroup rings and group
rings. Section two is devoted to the study of semigroups used in building rings viz.
semigroup rings. Section three aims to give basic concepts in lattices. The final
section on Smarandache semigroups gives the definition of Smarandache semigroups
and some of its properties, as this would be used in a special class of rings.

1.1 Groups

In this section we just define groups for we would be using it to study group rings. As
the book assumes a good knowledge in algebra for the reader, we give only some
definitions, notations and results with the main motivation to make the book self-
contained; atleast for the basic concepts. We give examples and ask the reader to
solve the problems at the end of each section, as it would help the student when
she/he proceeds into the study of Smarandache rings and Smarandache notions about
rings; not only for comparison of these two concepts, but to make them build more
Smarandache structures.

DEFINITION 1.1.1: 4 set G that is closed under a given operation '." is called a
group if the following axioms are satisfied.

1. The set G is non-empty.
2. Ifa b c eGthena(bc) = (ab) c.
3. There are exists in G an element e such that
(a) For any element a in G, ea = ae = a.
(b)FoIr any ellement a in G there exists an element a' in G such that
aa=aa =e.

A group, which contains only a finite number of elements, is called a finite group,
otherwise it is termed as an infinite group. By the order of a finite group we mean the
number of elements in the group.



It may happen that a group G consists entirely elements of the from a', where a is a
fixed element of G and n is an arbitrary integer. In this case G is called a cyclic group
and the element a is said to generate G.

Example 1.1.1: Let Q be the set of rationals. Q\{0} is a group under multiplication.
This is an infinite group.

Example 1.1.2: Zp =1{0,1,2, ..., p— 1}, p aprime be the set of integers modulo
p. Zp\{O} is a group under multiplication modulo p. This is a finite cyclic group of
order p-1.

DEFINITION 1.1.2: et Gbeagroup. Ifa. b=>b. aforalla b € G, we call G
an abelian group or a commutative group.

The groups given in examples 1.1.1 and 1.1.2 are both abelian.

DEFINITION 1.1.3: et X = {1, 2, ..., n]. Let S, denote the set of all one to one
mappings of the set X to itself. Define operation on S, as the composition of
mappings denote it by ‘o’. Now (S,, o) is a group, called the permutation group
of degree n. Clearly (S,, 0) is a non-abelian group of order n!. Throughout this
text S, will denote the symmetric group of degree n.

Example 1.1.3: Let X={1, 2, 3}. S, = {set of all one to one maps of the set X to
itself} . The six mappings of X to itself is given below:

1 — 1
Dy -
3 - 3
1 - 1 1 - 3
p,: 2 — p,: 2 - 2
3 — 2 3 — 1
1 — 1 — 2
Py 2 — 1 p,: 2 - 3
3 — 3 — 1
1 - 3
and p,: 2 - 1
3 -



S, = {Py Py Dy P Py D5} is a group of order 6 = 3!

Clearly S, is not commutative as

1 — 3

p,op, = - 1 = P
3 -
1 - 2

p,op, = - 3 = Py
3 — 1

Since p, 0 p, # p, 0 p,, S, is 2 non-commutative group.

Denote p, p,, P,- - - Ps by

1 2 3)(1 2 3\ (1 23 1 2 3
12313 2)(3 2 1)7°131 2

respectively. We would be using mainly this notation.

DEFINITION 1.1.4: Let (G, 0) be a group. H a non-empty subset of G. We say H
is a subgroup if (H, o) is a group.

Example 1.1.4: Let G = (g/ ¢ = 1) be a cyclic group of order 8. H={g’, g4, g6, 1}is
subgroup of G.

Example 1.1.5: In the group S, given in example 1.1.3, H = {1, p,, p,} is a
subgroup of S..

Just we shall recall the definition of normal subgroups.

DEFINITION 1.1.5: Let G be a group. A non-empty subset H of G is said to be a
normal subgroup of G, if Ha = aH for every a in G or equivalently H={a"ha / for
every a in G and every b € H}. If G is an abelian group or a cyclic group then all
of its subgroups are normal in G.

Example 1.1.6: The subgroup H={1, p,, p,} given in example 1.1.5 is a normal
subgroup of S..



Notation: Let S_ be the symmetric group of degree n. Then for n > 5, each S has only
!
one normal subgroup, A which is of order % called the alternating group.

DEFINITION 1.1.6: If G is a group, which has no normal subgroups then we say
G is simple.

DEFINITION 1.1.7: A4 subnormal series of a group G is a finite sequence H,, H,,
..., H, of subgroups of G such that H, is a normal subgroup of H,, with H={e/
andH, = G.

A normal series of G is a finite sequence Hy, H, , ... , H of normal subgroups of G
such that H. c H. _ , H={e} and H = G.

i+

Example 1.1.7: Let Z,, \ {0}= {1, 2, ... , 10} be the group under multiplication
modulo 11. Z  \ {0} is a group. This has no subgroups or normal subgroups.

Example 1.1.8: Let G= (g / g°=1) be the cyclic group of order 12. The series {1}
c g, 1< (1,8, ¢} < G Theseries {1} = {1,¢) = {1, ¢, ¢, ¢’ &, 8"} <G.

DEFINITION 1.1.8: Let G be a group with identity e. We say an element x € G
to be a torsion free element, if for no finite integer n, x"=e. If every element in G
is torsion free we say G is a torsion free group.

Example 1.1.9: Let G = Q\ {0}; Q the field of rationals. G is a torsion free abelian
group.

A torsion free group is of infinite order; by the very definition of it. The reader is
requested to read more about, the composition series in groups as it would be used
in studying the concept of A.C.C and D.C.C for rings in the context of Smarandache
notions.

PROBLEMS:

Find all the normal subgroupsin S .

Find all subgroups of the symmetric group S,.

Find only cyclic subgroups of S,

Can S, have non-cyclic subgroups?

Find all abelian subgroups of S ,.

Find all subgroups in the dihedral group; D, = {a, b/a’=b" = 1 and bab = a}.
IsD,,={a,b/ 2’ =b’=1and bab = a} simple?

NN R N o =

10



8. Find the subnormal series of S .

9.  Find the normal series of D, .
10.  Find the subnormal series of G = {g/ g"'= 1}.
11. CanG=(g/¢= 1, p a prime) have a normal series?
12.  Find the normal series of G= (g/ g"'=1).

1.2 Semigroups

In this section we introduce the concept of semigroups mainly to study the two
concepts; Smarandache semigroups and semigroup rings. Several types of semigroups
are defined and their substructures like ideals and subsemigroups are also defined
and illustrated with several examples. We expect the reader to have a strong
background of algebra.

DEFINITION 1.2.1: A semigroup is a set S together with an associative closed
binary operation .’ defined on it. We shall call (S, .) a semigroup or S a
semigroup.

Example 1.2.1:. (Z' U {0}, x); the set of positive integers with zero under
multiplication is a semigroup.

Example 1.2.2: S , = {(%-)/% e 7} be the set of all n x m matrices under
addition. S is a semigroup.

Example 1.2.3: S, = {(ali) /a; € 7"} be the set of all n x n matrices under
multiplication. S . is a semigroup.

Example 1.2.4: Let S(n) = {set of all maps from a set X = {x,X,, ..., X} to
itself}. S(n) under composition of maps is a semigroup.

Example 1.2.5: 7, = {0, 1, 2, ... , 14} is the semigroup under multiplication
modulo 15.

DEFINITION 1.2.2: Let S be a semigroup. For a, b € S, if we havea . b=1b . a,
we say § is a commultative semigroup.

DEFINITION 1.2.3: et S be a semigroup. If an element e < S such that a . e =
e.a=ajforalla €S, wesay S is a semigroup with identity or a monoid.

If the number of elements in a semigroup is finite we say S is a finite semigroup;
otherwise S is an infinite semigroup. The semigroup given in examples 1.2.1 and

11



1.2.2 are commutative monoids of infinite order. The semigroup given in example
1.2.3 is an infinite semigroup which is non-commutative.

Example 1.2.4 is a non-commutative monoid of finite order. The semigroup in
example 1.2.5 is a commutative monoid of finite order.

DEFINITION 1.2.4: Let (S, .) be a semigroup. A non-empty subset P of S is said
1o be a subsemigroup if (P, .) is a semigroup.

Example 1.2.6: Let Z, = {0, 1, 2, ..., 11} be the monoid under multiplication
modulo 12. P = {0, 2, 4, 8} is a subsemigroup and P is not 2 monoid.

Several such examples can be easily got.

DEFINITION 1.2.5: Let S be a semigroup. A non-empty subset P of S is said to

be a right (left) ideal of S if for all p € Pand s < S we have ps P (sp € P). If Pis
simultaneously both a right and a left ideal we call P an ideal of the semigroup S.

DEFINITION 1.2.6: Let S be a semigroup under multiplication. We say S bas
zero divisors provided 0 € S and a.b = 0fora =0, b =0in .

Example 1.2.7:1etZ,, = {0, 1,2, ... , 15} be the semigroup under multiplication.
Z,, has zero divisors given by

28 = 0 (mod 16)
44 = 0 (mod 16)
88 = 0 (mod 16)
48 = 0 (mod 16).

Now we will define idempotents in semigroups.

DEFINITION 1.2.7: Let S be a semigroup under multiplication. An element s  §
is said to be an idempotent in the semigroup if s'= s.

Example 1.2.8: 1et Z,, = {0, 1, 2, ... , 9} be the semigroup under multiplication
modulo 10. Clearly 5 € Z is such that 5'=5 (mod 10),also 6 = 6 (mod 10).
Thus Z,, has non-trivial idempotents in it.

DEFINITION 1.2.8: Let S be a semigroup with unit 1 i.e., a monoid, we say an
element x € § is invertible if there exists ay € S such that xy =1.

Example 1.2.9: et Z, = {0, 1, 2, ..., 11} be the semigroup under multiplication
modulo 12. Clearly 1 € Z , and

12



11.11 =1 (mod 12)
5.5 =1 (mod 12)
7.7 =1 (mod 12).

Thus Z,, has invertible elements.
We give some problems for the reader to solve.

Notation: Throughout this book S(n) will denote the set of all mapping of a set X
with cardinality n to itself. i.e., X = {1, 2, ..., n}; S(n) under the composition of
mappings is a semigroup. Clearly the number of elements in S(n) = n". S(n) will be
addressed in this text as a symmetric semigroup.

For example the semigroup S(3) has 3’ i.e., 27 elements in it and S(3) is a non-
commutative monoid
(1 23
1=
1 2 3
acts as the identity. Now
1 2\(1 2)\(1 2 1 2
S(2) = : , and
1 2)\2 1/{1 1 2 2

is a semigroup under composition of maps, in fact a monoid of order 4. We will call
S(n) the symmetric semigroup of order n" by default of terminology.

PROBLEMS:

a 0 1 0 )
1. LetS = {(O Oj /aely \{O}}u{(o lj} Is S a semigroup under

multiplication? What is the order of S?

Find a non-commutative semigroup of order 6.

Can a semigroup of order 3 be non-commutative?

Find the smallest non-commutative semigroup.

Is all semigroups of order p, p a prime, a commutative semigroup? Justify.
Find all subsemigroups of the symmetric semigroup S(6).

Find all right ideals of the symmetric semigroup S(9).

Find only ideals of the symmetric semigroup S(10).

Find a semigroup of order 26. (different from Z,,).

O R0 N AWV RN
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10. LetS3,3 = {(lej) / a, € Z,}ie., setofall 3 x 3 matrices with entries from Z, =
{0,1}. Is S3.3 a semigroup? Find ideals and subsemigroups in S3,.3. Does S33

have idempotents? Does S, 3 have zero divisors? Find units in S.3.
11.  For the semigroup Z,, = {0, 1, 2, 3, ..., 11} under multiplication modulo 12.
Find
i. Subsemigroups which are not ideals.
ii. Ideals.
iii. Zero divisors.
iv. Idempotents.
V. Units.
12.  Find in the semigroup S(21) right and left ideals. Does S(21) have
subsemigroups which are not ideals?

1.3 Lattices

In this section we mainly introduce the concept of lattices as we have a well known
result in ring theory which states that “the set of all two sided ideals of a ring form a
modular lattice”. As our main motivation for writing this book is to obtain all possible
Smarandache analogous in ring we want to see how the collection of Smarandache
ideals and Smarandache subrings look like. Do they form a modular lattice? We
answer this question in chapter four. So we devote this section to introduce lattices
and modular lattices.

DEFINITION 1.3.1: Let A and B be two non-empty sets. A relation R from A to B
is a subset of A x B. Relations from A to A are called relation on A, for short. If
(a, b) € R then we write aRb and say that a is in relation R to b. Also if a is not

in relation R to b we write aRb. A relation R on a nonempty set may have some
of the following properties:
R is reflexive if for all a in A we have aRa.

R is symmetric if for all a, b in A, aRb implies bRa. R is anti symmetric if for all
a,b in A, akb and bRa imply a = b.

R is transitive if for all a,b,c in A aRb and bRc imply aRc. A relation R on A is an
equivalence relation, if R is reflexive, symmetric and transitive.

In this case, [a] = {b € A/ aRb} is called the equivalence class of a for any a € A
DEFINITION 1.3.2: A relation R on a set A is called a partial order (relation) if

R is reflexive, anti symmetric and transitive. In this case (4, R) is called a
partially ordered set or poset.

14



DEFINITION 1.3.3: A partial order relation < on A is called total order or

lattice order if for each a, b € A either a < bor b < a; (A, <) is then called a
chain or a totally ordered set.

For example {-7, 3, 2, 5, 11} is a totally ordered set under the order <.

Let (A, <) be a poset. We say a is a greatest element if all other elements are smaller.
More precisely a € A is called the greatest element of A if for all x € A we have x < a.
The element b in A is called a smallest element of A if b < x for all x € A. The element
¢ € Ais called a maximal element of A if ¢ < x implies ¢ = x for all x € A; similarly d
e Ais called a minimal element of A if x < d implies x = d for all x € A.

It can be shown that (A, <) has almost one greatest and one smallest element.
However there may be none, one or several maximal or minimal elements. Every
greatest element is maximal and every smallest element is minimal.
DEFINITION 1.3.4: Let (A, <) be a poset and B < A

a) a € Ais called an upper bound of B if and only if forall b € B, b < a.

b) a e A is called a lower bound of B if and only if forall b € B, a < b.

c) The greatest amongst the lower bounds whenever it exists is called the
infimum of B, and is denoted by inf B.

d) The least upper bound of B, whenever it exists, is called the supremum of
B and is denoted by sup B.

DEFINITION 1.3.5: 4 poset (1, <) is called lattice ordered if for every pair x, y
of elements of L, the sup {x, yjand inf {x, y} exist.

DEFINITION 1.3.6: An algebraic lattice (I, _; M ) is a nonempty set L with two
binary operation N (meet) and C (join), which satisfy the following results:

L, XNYy=yNx xUy=yux
L, xnnz)=xnNy) Nz (xvy) vz=xU(y Uz
L, xn(pyux)=x xU(xnNy) =x

Two applications of (L,) namely x Nx =x N (x U (x N X)) =xlead tox Nx =
xand x U x = x. L, is the commutative law, L, is the associative law, L, is the
absorption law, and L, is the idempotent law.

15



DEFINITION 1.3.7: A4 lattice L is called modular if for all x, y, z € L
x <zimplyx v (y Nnz) = (x vy) Nz (modular equation).

Result 1.3.1: The lattice given in the following figure is known as pentagon lattice:
1

0
Figure 1.3.1

which is not modular.

Result 1.3.2: The lattice known as diamond lattice (given by figure 1.3.2) is
modular.

1

0
Figure 1.3.2

DEFINITION 1.3.8: 4 lattice L is called distributive if either of the following
conditions hold for all x, y, z in L.

xUWnNz) =(@xuy) N(x Uz
xN vz =(xnNny) v@xnNz).

The lattice given in Figure 1.3.2 is the smallest modular lattice which is not
distributive.

16



DEFINITION 1.3.9: A non-empty subset S of a lattice L is called a sublattice of L
if S is a lattice with respect to the restriction of N and C of L onto S.

Result 1.3.3: Every distributive lattice is modular.
Proof is left for the reader as an exercise.

Result 1.3.4: A lattice is modular if and only if none of its sublattices is isomorphic
to the pentagon lattice.

0
Figure 1.3.3

We leave the proof as an exercise to the reader.
Now we give some problems:
PROBLEMS:

1. Prove the lattice given in figure 1.3.4 is distributive.

1

0
Figure 1.3.4

2. Prove the lattice given by Figure 1.3.5. is non-modular.

17



1
b
a 0} e
f
0
Figure 1.3.5

3. Is this lattice
o1

®a

®*b

®c

®0
Figure 1.3.6

modular ?

Figure 1.3.7

Is this lattice modular? distributive?

5. Give 2 modular lattice of order nine which is non-distributive.

18



1.4 Smarandache semigroups

In this section we introduce the notion of Smarandache semigroups (S-semigroups)
and illustrate them with examples. The main aim of this is that we want to define
which of the group rings and semigroup rings are Smarandache rings, while doing so
we would be needing the concept of Smarandache semigroups. As the study of S-
semigroups is very recent one, done by F. Smarandache, R. Padilla and W.B. Vasantha
Kandasamy [73, 60, 154, 156], we felt it is appropriate that the notion of S-
semigroups is substantiated with examples.

DEFINITION [73, 60]: A Smarandache semigroup (S-semigroup) is defined to
be a semigroup A such that a proper subset A is a group (with respect to the
induced operation on A).

DEFINITION [154, 150]: let A be a S-semigroup. A is said to be a
Smarandache commutative semigroup (S-commutative semigroup) if the proper
subset of A which is a group is commutative. If A is a commutative semigroup
and if A is a S-semigroup then A is obviously a S-commutative semigroup.

Example 1.4.1:Let Z, = {0, 1, 2, ..., 11} be the semigroup under multiplication
modulo 12. It is a S-semigroup as the proper subset P = {3, 9} is a group with 9 as
unit; that is the multiplicative identity. That is P is a cyclic group of order 2.

Example 1.4.2: Let S(5) be the symmetric semigroup is a S-semigroup, as S,
S(5) is the proper subset that is a symmetric group of degree 5. Further S(5) is a S-
commutative semigroup as the element

(123 45
P=l2 3 4 5 1

generates a cyclic group of order 5.

DEFINITION [154, 1506]: Let S be a S-semigroup. A proper subset X of S which
is a group under the operations of S is said to be a Smarandache normal

subgroup (S-normal subgroup) of the S-semigroup, if aX < X and Xa < X or aX =
{0} and Xa = {0} for all x € S, if 0is an element in S.

Example 1.4.3: 1etZ,, = {0, 1, 2, ... , 9} be the S-semigroup of order 10 under

multiplication modulo 10. The set X = {2, 4, 6, 8} is a subgroup of Z , which is a S-
normal subgroup of Z, .

19



PROBLEMS:

SN Wk

SN >

Show Z,, is a S-semigroup. Can Z ; have S-normal subgroups?

Let S(8) be the symmetric semigroup, prove S(8) is a S-semigroup. Can S(8)
have S-normal subgroups?

Find all S-normal subgroups of Z,, = {0, 1, 2, ... , 23}, the semigroup of
order 24 under multiplication modulo 24.

Give an example of a S-non-commutative semigroup.

Find the smallest S-semigroup which has nontrivial S-normal subgroups.

Is M3,z = {(al].) / a; € Z, = {0,1,2}} a semigroup under matrix
multiplication; a S-semigroup?

Can Mj;,3 given in problem 6 have S-normal subgroup? Substantiate your
answer.

Give an example of a S-semigroup of order 18 having S-normal subgroup.

Can a semigroup of order 19 be a S-semigroup having S-normal subgroups?
Give an example of a S-semigroup of order p, p a prime.
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Chapter two
RINGS AND THEIR PROPERTIES

In this chapter we recollect some of the basic properties of rings. This Chapter is
organized into seven sections. In section one we just recall the definition of ring and
give some examples. Section two is devoted to the study of special elements like zero
divisors, units, idempotents nilpotents etc. Study of substructures like subrings, ideals
and Jacobson radical are introduced in section three. Recollection of the concept of
homomorphisms and quotient rings are carried out in section four. Special rings like
polynomical rings, matrix rings, group rings etc are defined in section five. Section six
introduces modules and the final section is completely devoted to the recollection of
the rings which satisfy chain conditions. Every section ends with a list of problems to
be solved by the reader. Finally no claim is made that we have recaptured all facts
about rings we do not do it in fact the reader is expected to be well versed in ring
theory.

2.1 Definition and Examples

In this section we recall the definition of rings and their basic properties and illustrate
them with examples. Also the definition of field, integral domain and division ring are
given.

DEFINITION 2.1.1: A non-empty set R is said to be an associative ring if in R
are defined two binary operations '+' and '." respectively such that

1. (R, +) is an additive abelian group.

2. (R .) is a semigroup.

3 a.(b+c)=a.b+a.cand
(a+b).c=a.c+b.cfor
all a, b, ¢ € R (the two distributive laws).

1t may very well bappen that (R, .) is a monoid, that is there is an element 1 in R
suchthata. 1 =1.a=aforeverya € R, in such cases we shall describe R as a
ring with unit element.

If the multiplication in R is such that a. b = b . a for every a, b in R, then we call

R a commutative ring, if a . b = b . a atleast for a pair in R then R is a non-
commutative ring.

Henceforth, we simply represent a . b by ab.
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Example 2.1.1: Let Z be the set of integers, positive, negative and 0; Z is a
commutative ring with 1.

Example 2.1.2:1et7_={0,1, 2, ..., n—1) be the ring of integers modulo n. Z_is
a ring under modulo addition and multiplication. Z_is a commutative ring with unit.

Example 2.1.3: Let M , = {(alj) /4 € Z}, the set all n x n matrices with matrix
addition and multiplication. M . is 2 non-commutative ring with unit element.

DEFINITION 2.1.2: Let (R, +,.) be aring if (R\ {0}, . ) is an abelian group we
call R a field.

Notation: Z — denotes the set of integers positive, negative and zero. Q — denotes the
set of positive and negative rationals with zero R — denotes the set of reals, positive,

negative with zero. Z_— set of integers modulon. Z_ = {0, 1, 2, ..., n-1}, Z, — set of

integers modulo p, p — prime, Set of complex number of the from a+ib, a,b € Ror Q
or Z is denoted by C.

DEFINITION 2.1.3: If a ring R has a finite number of elements we say R is a
finite ring, otherwise R is an infinite ring.

DEFINITION 2.1.4: Let R be a ring if mx = x + ...+ x (m-times) is zero for

every x € R, m a positive integer then we say characteristic of R is m. If for no m
the result is true we say the characteristic of R is 0, denoted by characteristic R is
0 or characteristic R is m.

Note: The rings given in examples 2.1.1 and 2.1.3 are of characteristic zero where as
the ring in example 2.1.2 is of characteristic n.

Example 2.1.4: Let Z, = {0, 1, 2, ... , 8}. This is a commutative finite ring of
characteristic 9 with unit 1.

DEFINITION 2.1.5: Let R be a ring, we say a =0 & R is a zero divisor, if there
exists b € R, b =0, such that a.b = 0.

Example 2.1.5: The ring Z .= {0, 1, 2, ... , 14} is of characteristic 15. Clearly for
3#0 e Zwehave 5 € Z such that 3.5 = 0 mod(15) thus Z , has zero divisor.

But the ring given in example 2.1.1 has no zero divisors.

DEFINITION 2.1.6: Let R be a commutative ring with unit. If R has no zero
divisors we say R is an integral domain. (The presence of unit is not a must).

22



The ring Z given in example 2.1.1 is an integral domain.

DEFINITION 2.1.7: Let R be a non-commutative ring in which the non-zero
elements form a group under multiplication, then R is a division ring.

Example 2.1.6: Let P be the set of symbols of the form o, + o + a.j + o,k where
all the numbers o, o0, and o, are real numbers. We declare two such symbols o

+oi+ o+ ockand BO+ Bi+B,+B. ktobeequallfandonlylfoc B fort-
0,1,2, 3. In other words to make P into a ring we must define a '+' and a "." for its
elements.

To this end for any X = o + o i + a,j + ok and Y = B+ B,i + B,j + B,k define X
+Y = (o, + oui + a,j + o k) + (B, + Bii + B,j + B;k) = (o, + By) + (o, + B)i +
(o, + B,)j + (o, + BPkand X . Y = (o, + o i + oj + ouk) (B, + B,i + B,j + B,k
= (o) - B, - o, - auBy) + (B + a,fy + oy - auB)i + (B, + By +
o, - o Bj + (agBy+ oufy+ 0By aB k.

We use in the product the following relation i’ = j’ = k' = -1 = ijk, ij = —ji = k, jk
=—Kj =i, ki = —ik = j Notice + i, +j, + k, + 1 form a non-abelian group of order 8

under multiplication. 0 + 0i + 0j + Ok = 0 acts as the additive identity 0 of P. 1 = 1 +
0i + 0j + Ok serves as the unit. If X = o, + ou,i + o1,j + ok then its inverse

og agi oy osk

p B B B

where B = o + o, + o, + a,”. Clearly X . Y = 1. Thus it can be verified as ij # ji,
we get a division ring,

Result 1: Every commutative division ring is a field. Left for the reader to prove.
Result 2: A finite integral domain is a field.

It is left for the reader to verify these results.

Example 2.1.7: Let S3,3 = {(a,) /a; € Z,,} be the set of all 3 x 3 matrices; S3.3 is
not a division ring but is a non-commutative ring of characteristic 10.

PROBLEMS:
1.  Give an example of a commutative ring of order 12. (where by order of the

ring R we mean the number of elements in R, denote by o(R) or [RI).
2. What is the order of the smallest non-commutative ring?
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Can a ring or order 11 be non-commutative?
Find the zero divisors in the ring Z,) = {0, 1, 2, ..., 29}.
5. How many elements does the ring My, = {(a,lj) / a, € Z, =10, 1, 2, 3}};
(i.e., set of all 2 x 2 matrices with entries from Z4) contain?
a. Find zero divisors in Mp,.».
b. Find units in My,,.

c. Show AB = BA atleast for a pair A, B € My,,.
Give an example of a ring of characteristic 0 which has zero divisors.
Find a non-commutative ring of finite order other than the matrix ring.
Does there exist a division ring of characteristic 0?
Does there exist a division ring of characteristic n, n 2 non-prime?
Find all zero divisors in the ring Z,..
Find a ring of order 10 which has no unit.

B 9

il e B

o

2.2 Special Elements in Rings.

In this section we mainly introduce the concept of units, idempotents, zero divisors
and regular elements, we just recall the definition of these concepts and illustrate
them with examples. All properties and results related to these concepts are left for
the reader to refer, books on ring theory.

DEFINITION 2.2.1: Let R be a ring, an element x € R\ {0, 1} (if 1 is in R) is
called an idempotent in R if X’ = x for x € R,

Example 2.2.1: et Z, = {0, 1, 2, ... , 11} be the ring of integers modulo 12. We
see 4° = 4 (mod 12) is an idempotent in it.

Example 2.2.2: 1et M, = {(%) / a; € Q — the field of rationals}; M, is a ring
under matrix addition and matrix multiplication. We have matrices A €M such that
A=A

For example take n = 3,

-

I
=
o o o
- O

is such that A” = A. Thus we have seen idempotents in case of both a commutative and
a non-commutative rings.
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Result: let R be a ring with 1. If R has a nontrivial idempotent then we have
nontrivial divisors of zero.

For letx € R\ {0, 1} such that X’ = xso X' —x = 0i.e., x(x—1) = 0 as x = 0 and x
1, we have nontrivial zero divisors. We call an element nilpotent if X' = 0 where x # 0
€ Randn> 2.

DEFINITION 2.2.2: Let R be a ring with 1. If for x € R \ {0} there exists a y in
R with x.y = 1 we say R has units or invertible elements.

Example 2.2.3: Let Q be the field of rationals every element in Q \ {0} is a unit.

Example 2.2.4: 1et 7., = {0, 1, 2, ... , 14} be the ring of integers modulo 15, we
see 14° = 1(mod 15), 4 = 1(mod 15), 8.2 = 1(mod 15). Thus Z,5 has nontrivial
units but not all elements in Z ; are units.

Example 2.2.5: Let Ms, s = {(a,ll.) / a, € Q} be the ring of matrices. Clearly all
matrices A € Ms, s are such that A is non-singular that is |Al = (0) are invertible.

DEFINITION 2.2.3: Let R be a ring if for s € R we have sr =0 and rs =0 for all
r #0 € R; then we say s is a regular element of R.

For instance all elements in an integral domain or a field are regular elements.

PROBLEMS:
1. Find all idempotents, zero divisors and units in Z,,.
2. Find the zero divisors and regular elements of the ring My,.» = {(%) / a, € Z,

= {0, 1}}; where M,,,, is the matrix ring.
Find all the regular elements in Z,,
Find only the idempotent matrices of Mz,3 = {(a,ll.) / a, € Z}.

How many regular elements are in M, given in problem 2?

Does Z,, = {0, 1,2, ..., 15} have nilpotents of order 6?

Can a matrix A in M3, given in problem 4 have nilpotent elements of order 5?
Justify your answer.

8. Give zero divisors in Z

12)).
9.  Can aring R have only nilpotent element as zero divisor? Justify your answer.
10.  Find all regular elements, nilpotents, zero divisors, idempotents and units of

the ring Z

AN

.» which are not nilpotents. (for example 6" = 0(mod

210°
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2.3 Substructures of a Ring.

In this section we introduce the concept of ideals, subrings and radicals for rings. We
only recall the very basic definitions and illustrate them with examples.

DEFINITION 2.3.1: Let R be a ring, a proper subset S or R is said to be a subring
of R if § itself under the operations of R is a ring. Clearly {0} is a subring.

Example 2.3.1: 1et 7, = {0, 1,2, ..., 14} be the ring of integers modulo 15. § =
{3,6,9, 12, 0} is a subring of Z,.

Example 2.3.2: Let 7 be the ring of integers, nZ = {0, + n, + 2n, ...}, is a subring
of Z, n any positive integer.

Example 2.3.3: Let M3, 5 = {(311) /8 € Z,=10, 1,2, 3}}. Clearly

ai]' 0 0
P= 0 0 0 aij € Z4 = {O>17273}
0 0 0

is a subring of M3.s.

DEFINITION 2.3.2: Let R be a ring. A nonempty subset I of R is said to be the
right (left) ideal of R if

1. 1is a subgroup of R under addition.
2. Forallr eRands 1 rs € (sr €l).

1 is called an ideal; if I is simultaneously both a right and a left ideal of R. If R is
a commutative ring naturally the concept of right and left ideals coincide.

Example 2.3.4: Let 7 be the ring of integers; pZ = {0, £p, £2p, ...} is an ideal of Z.
It is to be noted that in any ring R, (0) is an ideal of R; we will call (0) and R as trivial
ideals of R.

Example 2.3.5:1et Z,, = {0, 1,2, ..., 21} be the ring of integers modulo 22.
Clearly I = {0, 11} is an ideal of Z,,. Also P = {0, 2, 4, 6, §, ... , 20} is an ideal of Z,,.

Example 2.3.6: Let Z. = {0, 1, 2, ..., 6}, this is a ring. Clearly Z_ has no ideals as Z,
is a prime field of characteristic 7.
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The student is expected to note that fields F have no nontrivial ideals. The only trivial
ideals of Fare {0} and F.

Example 2.3.7: Let My, = {(a,lj) /4 € Z, = {0, 1}} be the ring. Can M, have
ideals? It is left as an exercise to find ideals in M, .

DEFINITION 2.3.3: Let R be a ring. I an ideal of R, 1 is said to be a principal
ideal of R, if it is generated by a single element.

Example 2.3.8: Let 7 be the ring of integers, every element p in Z generates an ideal
pZ, which is principal.

Example 2.3.9: et Z,, = {0, 1, 2, ..., 24} be the ring of integers modulo 25. (5) =
{0, 5, 10, 15, 20} is an ideal of Z,; ((5)" denotes the ideal generated by 5.) which is
principal.

DEFINITION 2.3.4: Let R be a ring, I an ideal of R. I is said to be a maximal
ideal of R; if] is an ideal of R such that I — ] C R, then either I =] or] = R. We
similarly define an ideal P of a ring R to be minimal, if S is an ideal of R such
that (0) =S c P then either (0) =Sor S =P.

A proper ideal P of a ring R is called prime if for xy € Pwe havex € Pory € P.

Example 2.3.10: 1et 7 be the ring of integers. P = 8Z is an ideal. P is not a prime
ideal as 4.2 e P but both 2 and 4 are not in P.

DEFINITION 2.3.5: Let R be a ring. The intersection of all maximal ideals of a
commutative ring is called the radical of the ring R denoted by rad (R). This is

called the Jacobson radical of R. rad R={r € R/ 1 - rx is a unit for all x eR}. Thus
the radical is the largest ideal K of R such that for all v € R, 1 —r is a unit.

DEFINITION 2.3.6: An ideal I of a ring R is said to be a nil ideal of R if every
element of 1 is nilpotent. An ideal I is nilpotent if I' = 0 for somen >1by I'=1.
L. LF=L1= {2xy./x,y, €1} similarly for any power of n.

DEFINITION 2.3.7: A ring R is simple if it has no two sided ideals other than
(0) and R. 1t is interesting to note that all fields are trivially simple rings.

PROBLEMS:

1. Findall ideals of Z ,,.
2. Can the ring Z,, have Jacobson radical?
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Find all maximal ideals of Z ,..
Find a ring in which an ideal which is simultaneously maximal and minimal.
Find two right ideals of M = {(ali)/ a, € Z,,} which are not left ideals.
LetZ,,={0, 1,2, ..., 209} be the ring of integers modulo 210 find
a. Jacobson radical of Z, .
b. Maximal ideal.
. Minimal ideal.
d. Is everyideal principal?
e. Does Z,,, have prime ideals?
Find subrings which are not ideals in Q.
Can Z,,, given in problem 6 have subrings which are not ideals?
Find ideals and subrings of Z,,. Are they identical?

10.  Find subrings which are not ideals in M5, 3 = {(au.)/ a, € Z=10,1,...,5}}.

ISAEN AN

o 0 I

2.4 Homomorphism and Quotient Rings

In this section we recall the basic concepts of homomorphism and quotient rings and
give some examples.

DEFINITION 2.4.1: Let R and S be two rings. A mapping | R— S is called a
homomorphism of rings if for all a, b € R we have (1) f(a+b) = f(a) + f(b) and
(2) flab) = f(a) f(b). If fis a homomorphism, it is easy to verify f(0)=0, f(-x) =
-f(x), and f(1,)= 1; in case both rings bave identity. In case f(1,)=1; we say the
map [ is unitary.

DEFINITION 2.4.2: Let ff R— S be a ring homomorphism, the kernel of the
homomorphism f is defined to be the set = {x € R/ f(x) = 0} and is denoted by

Kerf= {x e R/f(x)=0}.
A ring homomorphism. f: R— S is called

1) a monomorphism if f is injective

2) an epimorphism if f'is surjective

3) an isomorphism if fis bijective

4) an endomorphism if R = S and

5) an automorphism if R = S and [ is an isomorphism or
equivalently; we can say a homomorphism f R— S is a
monomorphism if and only if Ker (f) = {0}.

Clearly if f: R— S is a ring homomorphism.
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It is left as an exercise for the reader to verify that ker f is always a two sided ideal of
R.

DEFINITION 2.4.3: Let R be a ring, I be a two sided ideal of R, we make R / I =
{a +1/a e R} into a ring called the quotient ring of R by defining operations '+'
and " as follows.

(a+]) + (b+]) = (a+b) + I foralla, b € R

(a+l) + (-a+l) =1

So R/I is a group under addition, a+1 = I for all a € I so 1 is the additive identity
of R/L

(r+) I =1 (r+D)=Iforallr € R

(a+l) (b+]) =ab + 1.

So (R/1, +, .) is a ring called the quotient ring. (Here the distributive laws are left
for the reader to verify).

For any ring homomorphism f: R—$, kernel f denoted by ker f is an ideal of R and
R/ker f is a ring.

Several properties about quotient rings exists the nice among them is R/ is a field if
and only if I is 2 maximal ideal in R. If T is 2 maximal ideal we call R/I the residue
field of Rat I.

DEFINITION 2.4.4: A ring R with 1 is called a local ring if the set of all non-
units in R is an idedl.

All division rings are local rings.

PROBLEMS:
1. Find a ring homomorphism ¢ between Z,, and Z ; such that the ker ¢={0}.
Z
2. Letf:Z,— 7 be a ring homomorphism find the quotient ring ﬁ
er

3. LetZ,=1{0,1,2, ..., 35} be the ring of integers modulo 36. LetI = {2, ...,
34,0} and J = {3, 9, ..., 33, 0} be ideals of Z,.. Find the quotient rings Z,/I
and Z,/].

4. LetZ,=1{0,1,2,...,20}. Find anideal I of Z, such that Z, /1 is a field.

5. Prove for Z,,={0, 1, 2, ..., 11}, the ring integers with I = {0, 6}, the quotient
ring Z,,/ 1is not a field.

6. Show in any ring R we can have several quotient rings related to different

ideals. Illustrate them by an example.
7. How many quotient rings can be constructed for the ring Z.
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8. Give an example of a finite local ring.
9.  Find 2 homomorphism from f: Z,,— Z such that Z,_ / ker ¢ is isomorphic to
Z
10.  LetZ,and 7, be two rings. Is it possible to find 2 homomorphism ¢ from Z,,
to Z,, such that Z,, /ker ¢ = Z,,. Justify your answer.

2.5 Special Rings

In this section we just recall the four types of rings which are specially formed and
illustrate them with examples. They are polynomial rings, matrix rings, direct product
of rings, ring of Gaussian integers, group rings and semigroup rings. Examples of
these rings will help in the study of Smarandache ring. Throughout this section by a
ring we mean only ring with unit, which is commutative.

DEFINITION 2.5.1: Let R be a commutative ring with unit 1, x be an
indeterminate,

n

R [x]z{Zaixl /ai eR, n canbe afinite or an infinite integer i>0} X s
i=0

defined to be 1.

Let p(x) =p, +px + ... +px and q(x) = g, + qx + ... +q,X". be elements in
R[x]. We say p(x) = q(x) if and only if m = nand p, = q, for all i, 0 <i <r. In
particular a,+ax + ... +ax" = 0ifand only if each a, = 0.

Define addition in R[x] by p(x) +q () = (0, + px + ... + px') + (q, + gx +
g X)) =P+ q) + O, g+ g N ifm>n
) q(x) = Ppp+ ... +pX) (@rqx + ...+ 4,x°) = pf, = (b, + D)%

m+n

+ (Dl + DA, +DAD X + -+ D, G,

It can be easily verified that R[x] is a commutative ring with unit 1. Elements of R[x]
are called polynomials and R[x] is a polynomial ring in the indeterminate x with
coefficients from R.

Example 2.5.1: Let 7 be the ring of integers. Z[x| is a polynomial ring in the
variable x. Z[x] is an integral domain.

Example 2.5.2: Let 7, be the ring of integers modulo n. Z [x] is a polynomial ring

with coefficients from Z . Z [x] is a commutative ring with 1 and has zero divisors if n
is a non-prime.
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It is interesting to note in the polynomial ring Z[x] every ideal is principal.

Polynomial rings in several variables can also be defined in a similar way. For if R[x]
is a polynomial ring. Suppose y is another indeterminate then (R[x]) [y] is a
polynomial ring using the commutative ring R[x] as the ring of quotients for the

inderterminate y, (we assume Xy = yx) denoted by R[x, y]. Suppose x,, ..., X are n
variables then the polynomial ring in n variables is R[x,, X,, ..., X | where we assume
xX, =xx for 1 <i,j<n.

DEFINITION 2.5.2: et R be a commutative ring with 1, and n > 1 be an
integer.

M, = (@) /a; € R; 1 <i, j <n} be the set of all n x n matrices with entries in

n*n

R where
i 4 - - - A
a 2] a 22 . . . a m
(”ij ) =
ﬂn 1 ﬂn 2 . . . ﬂnn

Define addition and multiplication in M .. as follows: (%) + (bﬁ) = (al.]. + bl.].)

n
and (al.j) . (bl.j) = (cl.j) where c;; :l\;”ﬂe%’ Jordll i, j; 1 <i, j <n. It is easily

verified that M, .., is a ring called the matrix ring of order with entries from R.
7 00 . . . 0
o . . . 0
Lypin =
0 0 0 1

is called the n x n identity matrix of M, ..
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It is interesting to note that matrix ring M . is non-commutative and has zero divisors
idempotents, nilpotents and also units.

Example 2.5.3: Let My, , = {(a,lj) /a; € Z, =10, 1,2, 3, 4}} is a ring . Find units,
idempotents and zero divisors in My,.

DEFINITION 2.5.3: Let R and S be any two rings (not necessarily both R and §
should be commutative rings with unit). P = R x § be the cartesian product of R
and 8. Define addition and multiplication on P. (x,y) + (x,y) = (x +x, y +
y,) and (x,9) (x,y,) = (xx,yy,) under these operations it is easily verified P is
a ring called the direct product of the rings R and S.

If we take n rings say R,, R,, ..., R defineP =R, x... xR ={[(r,r1,...,1)/",
eR,i=12, ..., r}isthe direct product of the n rings R, R,, ..., R

w

Example 2.5.4:1etP =7, x Z, = {(a,b) /a €Z,and b € Z}. P is a direct product
of rings with 10 elements and has nontrivial zero divisors.

Example 2.5.5: Let S = 7, x 7 x 7, the direct product of ring. S is an infinite ring
with zero divisors, S is a commutative ring.

DEFINITION 2.5.4: Consider the subset of C (the complex field) given by Z[i] =

{a+ib/a b e 7). This is the set of integral points whose both coordinates are
integers. It is easily verified Z[i] is a ring called the ring of Gaussian integers
where addition and multiplication are given by (a + ib) + (c +id) = (a + ¢, i(b
+d)) and (a + ib) (c + id) = (ac — bd, i(ad + bc)). The unity of Z[i] is 1.

DEFINITION 2.5.5: Consider the set Qfi] = {a + ib/a, b € Q}, Q the field of
rationals. 1t is easily verified Q[i] is a ring called the ring of Gaussian numbers;

in fact Q[i] is a field. 1t is easy to verify. Z — Z[i] cQ[i] R [i] = C.
For more about properties of Gaussian rings refer [15].

The reader may just recall the concept of integral quaternions which was introduced
in section 2.1. Now we introduce the concept of group rings and semigroup rings.

DEFINITION 2.5.6: Let R be a commutative ring with unit 1 and G be a
multiplicative group. The group ring, RG of the group G over the ring R consists

of all finite formal sums of the form Zoc,- g; (i-runs over a finite number)
i

where o, € Rand g; € G satisfying the following conditions:
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) Zazg, ZB,gz< >a=p fori=12..,ngeG

i=1 i=1

ii) (Z‘M&'J"{ZB;‘&J D (o +Bi)g ;& €6.
ay i—1 i—1

k

iii) (Z%&j{ZB;‘&'] =Dy where v, =Y aB;, gih;=m
i J
w) rm;=my, forallr, e Randm, € G.

n n
v ry ngi=> (1m)g forr,r eRand ) 1;g; € RG.

i=1 i=1

RG is a ring with 0 € R as its additive identity. Since 1 € R we have G = 1.G G

and R.e = R < RG where e is the identity of G. Clearly if we replace the group G
by a semigroup S we say RS is the semigroup ring of the semigroup S over the ring
R

Example 2.5.6: Let Z, = {0, 1} be the ring and G = (g/ g’ = 1), the group ring Z,G

is a ring which is commutative and has zero divisors. For g + 1= (g+1) (1+g+g
3 4

+g+¢)=0.

It is now important to mention if R is a ring and G is any finite group or has elements
of finite order than the group ring RG has nontrivial zero divisors.

If G is a torsion free abelian group and K a field of characteristic zero, the group ring
KG has no zero divisors. It is pertinent to mention here till date i.e., even after 60
years the problem if K is a field of characteristic zero and G a torsion free non-abelian
group; can the group ring KG have zero divisors remains open, proposed in 1940 by
G Higman [33].

PROBLEMS:

1. Find ideals in Z. [x], the polynomial ring in the variable x.
2. Can Z[x] have zero divisors? Find a maximal ideal in Z [x].

3. LetM,y, = {(a)) / a; € Z;} be the matrix ring. Find

a. Idempotents in M,y,.
b. Ideals (right only).
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c. Zero divisors.
d. Units.
e. Subrings which are not ideals.
4. LetG=S,and Z, = {0, 1, 2} find in the group ring Z.S,.
a. Zero divisors.
b. Ideals.
C. Units.
d. Left ideals.
e. Idempotents.

f.  What is the order of Z,S,?
5. Let G = S(4) be the semigroup Z, = {0, 1} be the field of characteristic 2. Let
Z,G be the semigroup ring of the semigroup G over Z,. Find
Number of elements in Z,G.
b. Idempotents in Z,G.
c. Idealsin Z,G.
d

. Quotient ring ZLIG for any ideal I of Z,G.

il

2.6 Modules

In this section we just recall the definition of modules and some of its basic properties
and illustrate them by examples.

DEFINITION 2.6.1: Let R be a ring. An R-module or a left R-module is an
additive abelian group M having R as a left operator domain such that in

addition to the requirement r(x +y) = rx + ry. (r € R, x, y € M); for all groups
with operators, we also have (a+b) x = ax + by, (ab) x = a(bx), [,x = x fora, b
€ R and x € M. The elements of M are called vectors and those of the ring R are

called scalars. The mapping (a, x) — ax of A x M — M is called the scalar
multiplication in the R-module M. We can define a similar notion called right R-
modules where R acts on the right side of M.

Example 2.6.1: All the additive abelian groups over the ring of integers Z is a Z-
module.

DEFINITION 2.6.2: Let M be an R-module. A subgroup S of the additive group M
is a submodule, if S itself is an R-module.

DEFINITION 2.6.3: let M and N be any two R-modules. An R-module
homomorphism is a mapping ¢ from M to N such that ¢(x +y) = ¢(x) + ¢(»)
and ¢(ox) = ap(x) forallx, y € Mand o € R.
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We illustrate this by examples and problems.

Example 2.6.2: Let R be a ring say Z,. Now M = Z, x Z is an abelian group under
addition, M is a Z, — module over Z,.

DEFINITION 2.6.4: Let M be a module, M is called a simple module if M = (0)
and the only submodules of M are (0) and M.

Example 2.6.3: Let R be aring S = R x Ris an R-module. (show M = R x {0} and
N = {0} x R are not isomorphic as S-modules).

PROBLEMS:

1. Let Aand B be two submodules of 2 module M; prove A " B is a submodule of M.
2. M=7Zx7ZxZx17xZis amodule over Z.

1. Find submodules of M.

2. Find two submodules which are isomorphic in M.

3. Let S = R x R x R be a module over R. Can S have submodules which are
isomorphic?

4. Is S given in example 3, a simple module over R?

5. Give an example of a simple module.

2.7 Rings with chain conditions

In this section we recall the concept of chain conditions in rings; that is the concept of
Artinian rings and Noetherian rings and illustrate them by examples.

DEFINITION 2.7.1: Let R be a ring. R is said to be left Noetherian or Noetherian
if the R-modules, R, is Noetherian. Since the submodules of R, are the same as left
ideals of R therefore this is the same as to say that the ring R satisfies the
Jfollowing equivalent conditions.

a. Ascending chain conditions, (A.C.C) on left ideals: If every ascending
chainM, cM, ... of left ideals of R is stationary.

b. Maximum condition on left ideals: If every non-empty collection of left
ideals has a maximal member.

c. Finite generations of left ideals every left ideal of R is finitely generated.

35



Similarly a ring R is said to be left Artinian or Artinian if R-modules R, is
Artinian; i.e., if the ring R satisfies the following equivalent conditions.

1. Descending chain conditions (D.C.C) on left ideals: If every descending

chain N, SN, > ... of left ideals of R is stationary.

2. Minimum condition on left ideals: every non-empty collection of left

ideals of R has a minimal member. Finally we say that R is right

Noetherian (respectively right Artinian) if the right R-modules A, is
Noetherian (respectively Artinian).

Example 2.7.1: Let Z be the ring of integers; Z is Noetherian but it is not Artinian
because we have (2) > (4) > (8) > ... (n) ...; (n) denotes ideals of Z where n

Z.

Example 2.7.2: The ring of polynomials in finitely many variables over a Noetherian
ring is Noetherian. (This is known as Hilbert basis theorem).

Every right Artirian ring is right Noetherian. The converse does not hold good.

PROBLEMS:

1.
2.

3.

SARA

Show the finite direct product of Noetherian ring is Noetherian.
Is every factor ring of a right Artinian ring, Artinian? Justify your answer.

b
Show that the ring of all 2 x 2 matrices (g there a, b, ¢ € Q is right
C

Noetherian but not left Noetherian.

a b
Show that the ring of all 2 x 2 matrices (0 J; a is rational b and c are

c
reals is right Artinian but not left Artinian.

Is the ring P = Z x Z x Z x Z x Z Artinian?
Prove R[x] is right Noetherian if R is Noetherian.

ShowR [x,, ..., X | is right Noetherian if R is right Noetherian.
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Chapter three

SMARANDACHE RINGS AND ITS
PROPERTIES

This is the main chapter of this book. Here we introduce several new concepts in
Smarandache rings and recall the definition of Smarandache rings, Smarandache
ideals and Smarandache subrings as given by Florentin Smarandache. We do not
indulge in proving any of the classical results in ring theory. For in our opinion as
there are many texts on ring theory any interested reader can develop all classical
results and theorem to Smarandache rings.

Several new concepts from ring theory that are not found in textbooks but have
appeared only as research papers are introduced in this chapter. So at this juncture
the author makes it very clear that most of the ring theory concepts given in
undergraduate texts are ignored as they can be treated as exercises once this book is
mastered. The author felt that when several innovative concepts in ring theory — about
elements and substructures in rings — which are found only in research papers are
given Smarandache equivalents, certainly it would be of interest to both Smarandache
algebraists and ring theorists. Hence this book incorporates both the unique concepts
of ring theory and their Smarandache analogues. It contains several definitions
propounded by various authors and also provides an extensive bibliography of these
papers thereby making it an important piece of work on Smarandache rings.

This chapter is organized into ten sections. Section one defines Smarandache rings of
level I and II, explains with examples and introduces the concept of Smarandache
commutative rings. In section two, three, four the author introduces the special
elements in a ring viz Smarandache units, Smarandache zero divisors and
Smarandache idempotents. Several important results are given with many illustrative
examples. The main substructure like S-ideals and S-subring are studied in section
five leading to the definition of Smarandache simple rings, Smarandache pseudo
simple rings. Smarandache modules are introduced in section six. Just the
Smarandache analogue of D.C.C and A.C.C are given in section seven.

In section eight we define Smarandache group rings and Smarandache semi group
rings as they serve as concrete examples in almost all illustrations. Special elements
like Smarandache nilpotents, Smarandache semi idempotent, Smarandache pseudo
commutative pair, S-quasi commutative elements, Smarandache semi nilpotent
element etc. are introduced in the ninth section. The tenth section is the longest
section and the main section of this chapter. It introduces over 70 Smarandache
notions and gives around 40 theorems with 55 illustrative examples.

In several places the author leaves the proof of certain result for the reader as only by
solving these at each stage can make a researcher well versed in Smarandache ring

37



theory. This section ends with 70 problems which can be easily worked as exercise by
any studious researcher. Each section starts with a brief introduction.

3.1 Definition of Smarandache Ring with Examples

In this section we recall the definition of the Smarandache rings and illustrate it with
examples. Smarandache rings were introduced by Florentin Smarandache [73], see
also Padilla Raul [60], in the year 1998. Several researchers have been working on
these Smarandache concepts. As we have several books on ring theory and no book
on Smarandache rings here we venture to write a book on Smarandache-Rings
distinctly different from usual ring theory books.

DEFINITION [73, 60] : A Smarandache ring (S-ring) is defined to be a ring A,
such that a proper subset of A is a field with respect to the operations induced. By
proper subset we understand a set included in A different from the empty set,
from the unit element if any and from A.

Example 3.1.1: Let F[x] be a polynomial ring over a field F. F[x] is a S-ring.

Example 3.1.2: 1etZ,=1{0,1,2, ..., 11} be aring. Z , is a S-ring as A = {0, 4, 8}
is a field with 4 acting as the unit element.

Example 3.1.3: 7, = {0, 1,2, ..., 5} is a S-ring; for take A = {0, 2, 4} is a field with
4 acting as the unit of A.

It is interesting to note that we do not demand the unit of the ring to be the unit of the
field; further we do not expect all rings to be S-rings.

From now onwards we will call these S-rings as S-ring I. For these rings do not help
us to define Smarandache commutative ring or like concepts. So we are forced to opt
for the second level of S-ring.

DEFINITION 3.1.1: Let R be a ring, R is said to be a Smarandache ring of level
11 (S-ring Il) if R contains a proper subset A (A #0) such that

1. Ais an additive abelian group.
2. Ais a semigroup under multiplication.

3 Fora b, €A ab=0ifandonlyifa=0orb=0.
THEOREM 3.1.1: Let R be S-ring I then R is a S-ring II.

Proof: By the very definition of S-ring I and S-ring IT we see every S-ring I is a S-ring II
for it obviously satisfies all conditions of S-ring II.
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THEOREM 3.1.2: Fvery S-ring Il need not in general be a S-ring I.

Proof: Take Z[x] the polynomial ring. Z[x] is S-ring II for Z — Z[x] but Z[x] is not a
S-ring I.

Thus we have the class of S-ring I to be strictly contained in the class of S-ring II.

DEFINITION 3.1.2: Let R be a ring, R is said to be a Smarandache commultative
ring Il (S-commutative ring II) if R is a S-ring and there exists at least a proper
subset A of R which is a field or an integral domain i.e. for all a, b € A we have

ab = ba. If R has no proper subset A (A — R) which is a field or an integral
domain then we say R is a Smarandache non-commutative ring Il (S-non-
commutative ring II).

Thus we can simply say R is a S-non-commutative ring IT if no proper subset of R is an
integral domain or a field.

THEOREM 3.1.3: Let R be a ring, R is a S-commutative ring Il if and only if R
has atleast a proper subset, which is an integral domain.

Proof. Given R is a S-commutative ring II, so R has a proper subset A, which is an
integral domain.

Conversely suppose R has a proper subset A which is an integral domain by the very
definition of S-ring II, R is a S-commutative ring II.

THEOREM 3.1.4: Let R be a ring, R is said to be a S-non-commutative ring Il if
R has no proper subset A, which is an integral domain, but R has only proper
subsets, which are division rings.

Proof: For if R has atleast one proper subset which is an integral domain then R will
be a S-commutative ring II but for R to be a S-ring II, R must have atleast a proper
subset which is a division ring. Hence the claim.

From these definitions and results we see even if R is a non-commutative ring still R
can be a S-commutative ring II.

Example 3.1.4: Let QR={o, + o i + a,j + a.k/ o, o, o, 0, € Q — the field of
rationals, i’ = j’ = K =—1 =ijk, ij =—ji =k jk=—k =i, ki =—ik =j} be the ring
of quaternions.

Clearly QR is a S-commutative ring Il and QR is also a S-ring I. (QR is non-
commutative) as it has Q — QR to be a commutative field.
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DEFINITION 3.1.3: et R be a ring R is a S-ring I (or II), we say the
Smarandache characteristics (S-characteristic) of R is the characteristic of the
field which is a proper subset of R (and or) the characteristic of the integral
domain which is a proper subset of R or the characteristic of a division ring
which is a proper subset of R.

Thus for a ring R which is a S-ring I or S-ring II we can have several S-characteristics
associated with it.

THEOREM 3.1.5: Let R be a commutative finite ring. If R is a S-ring I then R is
aS-ring I.

Proof: By the very definition of S-ring I and S-ring II we see they are identical in a
finite commutative ring as “Every finite integral domain is a field”. Hence the claim.

THEOREM 3.1.6: If R is a S-ring I (or S-ring II) and R[x] is a polynomial ring
in the indeterminate x over R, then R[x] is a S-ring I (or S-ring II).

Proof: Now Ris a S-ring I (S-ring IT) so A — R (A is a field or an integral domain or a
division ring) so A[x] = R [x] is an integral domain or a division ring, hence R is S-
ring I or A = R[x], so if Ris a S-ring I so is R[x].

THEOREM 3.1.7: Let F be a field and G any group. Then the group ring FG is a
S-ring 1

Proof: The result is true as the field F is such that F — FG. Hence FG is a S-ring 1.

THEOREM 3.1.8: Let F be a field and S any semigroup with unit. The semigroup
ring FS is a S-ring I.

Proof: Left for the reader to prove.

THEOREM 3.1.9: Let Z be the ring of integers and G any group, then the group
ring ZG is a S-ring Il and not a S-ring 1.

Proof: Obvious from the fact Z is only an integral domain and Z — ZG; hence ZG is a
S-ring I1.

COROLLARY: Let Z be the ring of integers and G a non-commutative group (S a
non-commutative monoid) then the group ring ZG (the semigroup ring 78) is a
S-ring I1.

Proof: Left for the reader to verify.
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THEOREM: 3.1.10: LetM , = [(al.j) /a € 7} be the ring of matrices. M .. is a
S-ring II.

Proof: Consider the matrix, A = {(a)) /a, € Z\ {0} and a, = 0,1 j} L(0), (where
(0) is the zero matrix) that is, A consists of only diagonal matrices. Then A is an
integral domain, so M . is a S-ring I and not a S-ring I.

PROBLEMS:

Give an example of a S-ring I, which is not a S-ring L.

Can a ring with zero divisors be a S-ring I? Justify your answer with examples.
Give an example of a finite S-ring I of order 64.

What is the order of the smallest S-ring I which is non-commutative?

Give an example of a smallest S-ring L.

Find a S-ring I using the semigroup S(5). (By constructing suitable semigroup
rings).

Let Z,5(4) be the S-ring L. Is Z, S(4) a S-commutative ring I?

Let Z,, S, be the group ring of the group S, over the ring Z,,. How many proper

subsets in Z,, S, are fields? Is Z,, S,, S-commutative?

9. IsZ,GwhereG=(g/ g” = 1), a S-ring II? Justify your answer.
10.  ZS(n) be the semigroup ring. Is Z S(n) a S-ring I? Justify your claim.

AR

Sl

3.2 Smarandache units in Rings

In this section we introduce the notion of Smarandache units (S-units) in rings. For
introducing S-units we don’t require S-ring. S-units are defined for any arbitrary ring
and interesting results are obtained. We prove that units of the form x° = 1 can never
be S-units. We prove every unit in the field of rationals and reals are S-units.

DEFINITIONS 3.2.1: Let R be a ring with unit. We say x € R\ {1} is a
Smarandache unit (S-unit) if there exists y € R with

1 xy=1

2. There exists abin R\ {x, y, 1}.
i) xa=yorax=yor
i)  yb=xorby=xand
iii) ab=1

(2(i) or 2(ii) is satisfied it is enough to make a S-unit).
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Example 3.2.1: 1et Z, = {0, 1, 2, ..., 8} be the ring under multiplication modulo 9,
2 € Z,is a S-unit for 5 € Z is such that 2.5 =1 (mod 9) and 7, 4 € Z is such that
2.7=5 (mod9) and 5.4 = 2 (mod 9) with 7.4 =1 (mod 9).

Example 3.2.2: 1et Z, = {0, 1, 2, 3, 4} be the ring of integers modulo 5. Clearly 3 €
Z,is a S-unit in Z as 2.3 = 1 (mod 5) and 4 € Z is such that 2.4 = 3 (mod 5) and
3.4=2 (mod5) and 4’ = 1 (mod 5).

THEOREM 3.2.1: Every S-unit in a ring is a unit but all units in a ring need not
in general be S-units.

Proof: Clearly by the very definition of S-unit we see it is a unit, but every unit need not
be a S-unit. We prove this by an example: Consider the ring. Z = {0, 1,2, ..., 8} of
modulo integers. Clearly 7 is a unit as 7.4 = 1 (mod 9); 7 is not a S-unit in Z as we
cannot find a, b € Z,\ {7, 4} such that 7a = 4 (mod 9) or 4.b = 7 (mod 5) with ab
=] (mod9).

Example 3.2.3: 1et 7, = {0, 1, 2, ..., 14} be the ring of integers modulo 15. Now 2
€ Z,,is a S-unit for 2.8 = 1 (mod 15), 4’ = 1 (mod 15) and 2.4 = 8 (mod 15).

It is important to note that when we say x is a S-unit in R we do not say there exist y
x in R, but we will prove that x* = 1 can never be a S-unit so it is not essential to say y
# X in the definition.

Similarly when we take a, b € R\ {x,y, 1} we do not demand a and b to be distinct, a
= b can also occur. We illustrate this by an example.

Example 3.2.4: 7., = {0, 1, 2, ..., 14} be the ring of integers modulo 15. We have
4 =1 (mod 15) as we cannot find a, b € Z,s such that 4a = 4 (mod 15) or 4b = 4
(mod 15) with a.b = 1(mod15).

THEOREM 3.2.2: Let R be a ring with unit 1, if x € R\ {1} is a S-unit, with xy
= [ then x =Y.

Proof: Letx € R\ {1} is a S-unit, so by definition we have xy = 1 such that a, b € R\
{x,y, 1} withxa=yorax =y, (by =xoryb =x) and ab = 1; if x = y then we have x’
=1,xa=x,ie,X a=x thatisa = 1, a contradiction to the very definition of S-unit.

Example 3.2.5: Let Ry, = {(alj) / a, € Z, = {0, 1}} be the collection of all 2 x 2

matrices with entries from Z, = {0, 1}. Ry is a ring under the matrix multiplication
and matrix addition.
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In Ry, we have

G ol o G G =G

to be units with
0 1y0 1) (1 0
1 o\1 o) L0 1/
1 1Y1 1) (10
o 1)o 1) (o 1/
1 0y1 0) (1 0
1 1\1 1) lo 1
and
0 1)1 1) (1 0
1 11 o) (o 1
where

o )

is the multiplicative identity. To find which of these are S-units. Clearly it can be easily

verified that
0 1Y (1 1 1 0
, and
(1 OJ [0 lj (1 lj

are not S-units. It can be verified that none of the elements in R,,, are S-units but
Ry, has 5 distinct units.

From this example we have made the following observations:
0 1)(0 1) (1 0)
1 o/l1 o) (0 1)
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0 1
X=y= .
y 1 0

Now if we do not assume a, b eR\ {x, y, 1};a =1 orb = 1 can occur in which case

[ oo -0 )

thus every element x in a ring R such that x* = 1 will become a S-unit. Further

U

is an example; if we do not assume a, b € R\ {x, y, 1} and if we take
01 1 1
o
1 1 1 0
)
X=4= )
11
0 10 1) (1 1)
i\ o)

Hence the assumptions in the definition 3.2.1 are important for S-units to be distinctly
different from units.

we have by taking

THEOREM 3.2.3: Every unit in the ring Z = {0, 1, ..., n—1} is not a S-unit.

Proof: Given Z,_is the ring of integers modulo n. We haven — 1 e Z_is such that
(n—1)(n—1) =1 (mod n) is a unit, which is not a S-unit by theorem 3.2.2. Thus we
have in a prime field of characteristic p, p a prime every element is a unit but every

element in Z is not a S-unit contrary to prime fields of characteristic 0.

THEOREM 3.2.4: Let Q be the field of rationals, every unit in Q is a S-unit.



Proof: Q is the field of rationals. To prove every unit in Q is a S-unit in Q. Let m be an

integer, we know mxlzl, m><i2=l and mle:m and izxmzzl, If
m m* m m m

2
ng(in) then m1=g is such that m, m = 1. Now P49 _49 and
p q p2 P

p’ ' q
X and =5 x—=1. Hence every unit in Q is a S-unit.

Qa P

= e
Qo

e

In view of this we have the following theorem:
THEOREM 3.2.5: [ Fis a prime field of characteristic 0 every unit is a S-unit.

Proof: Since all prime fields of characteristic 0 are isomorphic to Q we have the
result.

Example 3.2.6: Let Q be the field of characteristic 0 and G = {g | g = 1}. The
group 1ing QG = {o + Bgl o, B € Q). Now g € QG and g’= 1 but g is not a S-unit.

DEFINITION 3.2.2: Let § be a ring, if every element in S is a S-unit then we say
S is a Smarandache unit domain (S-unit domain,).

If § has no S-units, S is said to be a Smarandache unit free ring (S-unit free

ring).

Example 3.2.7: Q is a S-unit domain.

Example 3.2.8: R is a S-unit domain.

Example 3.2.9: 7, p a prime is a S-unit free domain.
PROBLEMS:

Find all S-unitsin Z, .

Find all S-units of the group ring Z,S,.

How many S-units does the semigroup ring Z,S(3) have?

Find those units, which are not S-units in Z,,.

Does M3, 3 = {(al]. )/ a €= {0, 1, 2, 3}}, the ring of 3 x 3 matrices have
S-units? Justify your answer.

Find all S-units in QS,, the group ring of the group S, over the rational field Q.
Find the S-units in ZS(7); the semigroup ring of the semigroup S(7) over the
ring of integers Z.

RANE N e

~ o
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8. Find units in the semigroup ring ZS(7) given in problem 7 which are not S-
units.
9.  Find the S-units of the group ring Z, G where G is the dihedral group given by
G={a,b/a2=b9= 1, bab = a}.
10.  Find all units in Z, G in problem 9 which are not S-units.
11.  Can the group ring Z,G where G = (g/ g = 1), p a prime p > 3 have S-units?
Justify your answer.
12. Can the group ring Z G where G = (g / g’ = 1), have S-units? Does Z,G have
units, which are not S-units?

3.3 Smarandache Zero Divisors in Rings

In this section we introduce the concept of Smarandache zero divisors (S-zero
divisors) in rings and show that every S-zero divisor is a zero divisor but all zero
divisors are not S-zero divisors.

DEFINITION 3.3.1: Let R be a ring, we say x and y in R is said to be a

Smarandache zero divisor (S-zero divisor) if xy = 0 and there exists a, b € R\ {0,
x, v} with

1. xa=0o0rax=0.
2. yb=0orby=0.
3. ab=0orba =0.

Example 3.3.1: Let Z,, = {0, 1, 2, ..., 19} be the ring of integers modulo 20.
Clearly 10, 16 is a S-zero divisor, consider 5, 6 € Z,, \ {0}

5x 16 =0 (mod 20)
6 x 10= 0 (mod 20)
6 x5 # 0 (mod 20).

Example 3.3.2: 1et Z,, = {0, 1, ..., 9} be the ring of integers modulo 10. Clearly
2.5=10= 0 (mod10) is a zero divisor but is not a S-zero divisor.

THEOREM 3.3.1: Let R be a ring. Every S-zero divisor is a zero divisor but a
zero divisor in general is not a S-zero divisor.

Proof: By the very definition of S-zero divisor we see if x, y is a S-zero divisor, it is a

zero divisor. But by example 3.3.2 we see 2.5 = 0 (mod 10) is a zero divisor in Z,,
but it is not a S-zero divisor.
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Example 3.3.3: Let Sy = {[a Zj /a, b,c,deZ, = {0,1}} be the set of all 2 x 2
c

matrices with entries from the ring of integers Z,. Clearly S, is the matrix ring. Now

1 0) (0 O S
) € INx
0 0/l0o 1)
is zero divisor of S, as

T O P R i s

Now take

in S,.». We have

S RLy-LLy
(o9
0 9€ 90

o ol oo oPlo ol ol oo Lo )

Hence
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0 1) (0 0
0 0)(1 0
is a S-zero divisor of the ring S, .

Example 3.3.4 Let Ry, 3 = {(all.) / a, € Z, = {0, 1, 2, 3}} be the collection of all

3 x 3 matrices with entries from Z,. Now R, is a ring under matrix multiplication
modulo 4. We have

1 00 0 00
0 0 0 |O1 O
0 0 2 0 2 2
in R3,3 is a zero divisor of R33.
0 0 0 0
0 0 1 0 = 0 ,
0 210 2 2 0 0 O
0 00 0 0 0 0
01 0 0 0 O = 0 0
2 0
Consider
0 00 0 0
0 3 2], 0 0] €Rsy3
0 0 2 2 2
1 0 0
0 0 2 =
0O 0 210 O 0 0
0 0Y(1 O 0 0
0 3 2(/0 0 = 0 0
0 2)10
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0 0 0y (0 0 O 0 0
01 0|10 0 0 = 0 00
0 2 2)1\0 2 2 0 00
but
0 0 0y (OO O 0 0 0 0 0O
0 0 0|0 1 0| = 0 0 0| =# 0 00
0 2 2) 10 2 2 0 2 0 0 0O
0 0 0Y(O O O 0 0 0
0 3 2/10 0 0| = 0 0 0
0 0 2)l0 2 2 0 0
0 0 0Y(0O O O 0 0 0 0 0
0 0 0||0 3 2 =10 0 0[]0 00
0 2 2){0 0 2 0 0 0 0 0
So
1 00 0 00
0 0 Ofand 1 0
0 0 2 0 2 2

are S-zero divisors in R, 3.

THEOREM 3.3.2: Let R be a non-commutative ring. x, y € R\ {0} be a S-zero
divisor with a, b € R\ {0, x, y} satisfying the following conditions:

1. ax = 0andxa #0.
2. yb=0andby =0.
3. ab=0andba =0.

Then (xa + by)’ = 0, i.e., xa + by is a nilpotent element of R.
Proof: Given x,y € R\ {0} is a S-zero divisor such that xy = 0 = yx. We have a, b € R
\ {0, x, y} with ax = 0 and xa # 0 and yb = 0 and by = 0 with ab = 0 and ba = 0.

Consider (xa + by)’ = xaby + byxa + xaxa + byby; usingxy = yx = 0, ab = 0, yb = 0
and ax = ( we get xa + by to be a nilpotent element of order 2.
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Now in view of this we have the following nice definition:

DEFINITION 3.3.2: Let R be a commutative ring. If R has no S-zero divisors we
say R is a Smarandache integral domain (S- integral domain) (Thus we may
have zero divisors in R what we need is R should not have S-zero divisors).
THEOREM 3.3.3: Let R be an integral domain. Then R is a S- integral domain.
Proof: Obvious by the very definition of S-integral domain.

DEFINITION 3.3.3: Let R be a non-commutative ring. If R has no S-zero
divisors then we say R is a Smarandache division ring (S-division ring).

(Here also a S-division ring may have zero divisors). We will discuss and use these
concepts in later chapters.

Examples 3.3.5: Clearly Z, = {0, 1, 2, 3} is a S-integral domain but is not an
integral domain as 2.2 =0 (mod 4).

THEOREM 3.3.4: Every S integral domain in general is not an integral domain.

Proof: By example 3.3.5, Z, = {0, 1, 2, 3} is not in integral domain but is a S-integral
domain.

COROLLARY: A/ division rings are S-division rings.
Proof: By very definition of S-division rings.

Finally the author wishes to state that all zero divisors which occur are only from finite
zeros. Finite zeros are zeros which occur in finitely constructed structure. 0 € Z < Q
< Ris not a finite zero. For more about these please refer [159].

PROBLEMS:
1. Find whether Z,, has S-zero divisors?
2. Does Z,, have zero divisors, which are not S-zero divisors?
3. Find whether the group ring Z,S, has S-zero divisors?
4. Does the semigroup ring Z,, S(5) have S-zero divisors? Can Z,, S(5) have zero

divisors which are not S-zero divisors?

IsZ, ={0,1,2, ..., 24} an S-integral domain? Justify your answer.
Give an example of S-division ring, which is not a division ring,.

7. CanZ,(3) have nilpotent elements of order 2?

SAN
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8. Find all zero divisors in the semigroup ring Z, S(4).
9.  Find all S-zero divisors of the group ring Z,S,.
10.  Which ring Z,S, or Z,S(4) will have more number of S-zero divisors? (Z,S, and
Z,5(4) given in problems in 8 and 9).

3.4 Smarandache idempotents in Rings

In this section we introduce the concept of Smarandache idempotents and
Smarandache co-idempotents in rings and prove, if a ring has Smarandache
idempotents then it has at least two divisors of zero. We prove if G is a finite group
and K a field of characteristic zero then the group ring KG has nontrivial Smarandache
idempotents. Finally we show group ring KG of a torsion free abelian group G over a
field K of characteristic 0 has no Smarandache idempotents.

DEFINITION 3.4.1: et R be a ring. An element 0 = x & R is a Smarandache
idempotent (S-idempotent) of R if

1 ¥ =x
2. Thereexistsa e R\ {x, 1, 0}.
' 2
A a =xand
ii. xa=a(ax=a)orax=x (xa=x)

orin (2, ii) is in the mutually exclusive sense.

DEFINITION 3.4.2: Let x € R\ {0, 1} be a Smarandache idempotent of R i.e., X’
= x and there exists y € R\ {0, 1, x} such that y = x and yx = x or xy = y. We
call ‘y’ the Smarandache co-idempotent (S-co-idempotent) and denote the pair
by (x,).

Example 3.4.1: Let Z, = {0, 1, 2, ..., 5} be the ring of integers modulo 6, then 4 €
Z is a S-idempotent of Z for 4=4 (mod6) and 2 e Z,\ {4} is such that 2'= 4(mod
6) 2.4 =2 (mod 6). Now 3 € Z is such that 3" =3 (mod 6) but 3 is an idempotent
of Z but is not a S-idempotent of Z.

THEOREM 3.4.1: Every S-idempotent is an idempotent but every idempotent in
general is not a S-idempotent.

Proof: By the very definition of S-idempotents we see every S-idempotent is an
idempotent of the ring R. We see in example 3.4.1, in the ring Z, = {0, 1,2, ..., 5}, 3
€ Z, is such that 3’ =3 (mod 6) but is an idempotent which is not an S-idempotent of
Z.
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Example 3.4.2: Let Z,, = {0, 1, 2, ..., 9} be the ring of integers modulo 10. Now
the idempotents in Z, are 5 and 6 for 5°=5 (mod 10) and 6° = 6 (mod 10). 5 is not
a S-idempotent but 6 is a S-idempotent, 6" = 6 (mod 10) and 4 € Z,, is such that 4" =
6 (mod 10) and 4.6 = 4 (mod 10).

THEOREM 3.4.2: Let R be a ring. If R has a S-idempotent then R has atleast 2
nontrivial zero divisors.

Proof: Let a € R be a S-idempotent, hence a’ = a and there exists b € R\ {a, 0, 1}
such that b’ = a and ab = b which in turn implies (a — 1) b = 0. Further a=a
impliesa (a—1) =0 (asa= 1 or 0). Clearly b = 0 and a = 1. Hence the claim.

COROLLARY: If R is a commulative ring and if R bas S-idempotents then R bas
atleast 3 zero divisors.

Proof: From Theorem 3.4.2 we have two zero divisors. Now a2’ — b’ = 0 as 2’ = a and
b’ =aso (a—Db)(a + b)= 0 is another zero divisor as a = b. The three zero divisors
are distinct as b = 1 and a # b. Hence the theorem.

Example 3.4.3: Now consider the ring of integers modulo 12 given by Z , = {0, 1,
2, 3, ..., 11}. Clearly this ring has two nontrivial idempotents viz 4 and 9, both of
them are S-idempotents as 4 =4 (mod12) and 8 € Z, is such that 8" =4 (mod 12)
and 4.8 = 8 (mod 12). Now 9" = 9(mod 12); 3 Z,, is such that 3 =9 (mod 12)
and 9.3 = 3 (mod 12). Hence the claim. Thus we have rings in which every
idempotent is also a S-idempotent.

Example 3.4.4: Let 2, = {0, 1, 2, ..., 14} be the ring of integers modulo 15. The
only nontrivial idempotents of Z,, are 6 and 10. Clearly 6 is a S-idempotent of Z , as
9 e Z,issuchthat9.6=9 (mod 15) and 9" =6 (mod 15) but 10 is a S-idempotent
of Z,,, as 10" = 10 (mod 15) and 5" = 10 (mod 15) and 5.10 = 5 (mod 15). This
example says even in the ring of modulo integers every idempotent is not a S-
idempotent.

THEOREM 3.4.3: Let Z be the ring of integers modulo n. Z, has idempotents
which are not S-idempotents when n = 2p, where p is a prime.

Proof: Given Z_ = {0, 1, 2, ..., n —1} is the ring of integers modulo n and n = 2p,
where p is an odd prime. Now p’ = p (mod 2p) by simple number theoretic
arguments p° = p (mod 2p) means as p’ + p = 0 (mod 2p) i.e., p(p + 1) = 0 (mod
2p). Nowp € Z, , is an idempotent but p is not a S-idempotent for there does not exist
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ame Z,\{p, 0,1} such that m*= p and mp = m. But if p is a prime m” = p is
1mp0s51ble Thus in Z,, when p is prime, p is an idempotent which is not a §-
idempotent.

Example 3.4.5: Let Z,, = {0, 1, 2, ..., 29} be the ring of integers modulo 30. Now
this ring has 6, 10, 15 16, 21 and 25 as non-trivial idempotents. 6 € Z, is a S-
idempotent as 6° = 6(mod 30) and 24 = 6(mod 30), 6.24 = 24(mod 30).

Similarly 10 is a S-idempotent as 20 serves the role of b € Z,\ {0, 1, 10}. 15 is not a
S-idempotent. 16 is a S-idempotent with 14 acting as b for 16 = 16(mod 30), 14’ =

16(mod 30) and 14.16 = 14(mod 30) for 21, 9 serves as the element to make 21 a
S-idempotent. For 25 is a S-idempotent as 5 serves the role of b.

Now we observe the following from this example.

1. All idempotents are not S-idempotents in Z,; as 15 € Z, is not a S-idempotent.

2. Idempotents taken in certain pairs adds to 31. For (6, 25) (10, 21) and (15,
16). The sum of S-idempotent and S-co-idempotents adds to 30. (6, 24), (10,
20) and (16, 14).

3. For the idempotent to be S-idempotents we need a, b € Z,; in all case with a
=a, b’ =a, ab = b we have ‘b’ such that a + b = 30.

These observations leads to a certain open problems which is given in Chapter 5.

Example 3.4.6: Let Z, = {0, 1, 2, 3} be the ring of integers modulo 4. Z, has no
idempotents hence no S-idempotents.

Example 3.4.7: Let Z,, = {0, 1, 2, ..., 15} be the ring of integers modulo 16. Z
has no idempotents hence no S-idempotents.

Example 3.4.8: Let Z,. = {0, 1, 2, ..., 26}, be the ring of integers modulo 27.
Clearly it can be verified Z,, has no idempotents and so has no S-idempotents.

Example 3.4.9: et Z, = {0, 1, 2} be the prime field of characteristic 3. G = (g/ g =
1) be the cyclic group of order 2. 2,6 = {0, 1, 2, g, Zg, 1+g1+2¢g2+g 2+2g}.

Clearly 2 + 2g is a S-idempotent on Gas (2 +29)° =2 +2gand 2 +2g) (1 +g)
= 2 + 2g. Hence the claim.

Example 3.4.10: Let G = (g/ ¢’ = 1) be the cyclic group of order 2 and Q be the
field of rationals. QG be the group ring of the group G over Q, %(1+ g) is an
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idempotent of QG. b= _71 (1 +¢) e QG is such that b% = %(1+ g)and ab = b. So

%(1 +g) isaS-idempotent.

Example 3.4.11: 1et S, = {1, p,, p,, P, P, Ps} be the symmetric group of degree 3

where
(1 23 (1 23 (1 23
_1 2 3,pl_l 3 27p2_3 2 1)

(128 (123 (123
P3=ly 1 3)Pi%(0 5 1)™B5\5 1 o)

Z, = {0, 1} be the prime field of characteristic two. Clearly the group ring Z,S, has
1demp0tents which are S—1dempotents Now (1 +p, + ps) =(+p,+p,) =atakeb
=1+p,+p,€ZS, Now b’ = 14+p,+p;, ab = a. Hence the claim. Now if take for the
idempotent 1 + p, + p, the element p, + p, + p, we will get (p, + p, + ps) =1+p,
+p;and (1+p, +p) (P, +p, +Py) =P, + P, + Py

This leads us to an interesting result that S-co-idempotents are not unique for a given
idempotent.

THEOREM 3.4.4: Let R be a ring. a € R be a S-idempotent. The S-co-
idempotents of a in general is not unique.

Proof: By an example. Consider example 3.4.11 the S-co-idempotent of 1 + p, + p; is
not unique.

Example 3.4.12: 1et 7, = {0, 1, 2, ..., 104} be the ring of integers modulo 105.

(105 = 3 x 5 x 7). The idempotent in Z,; are 15, 21, 36, 70, 85 and 91. It can be
verified that all these idempotents are S-idempotents.

Now the S-co-idempotent for 15 is 90, for 21 is 84, 36 it is 69 for 70 the S-co-
idempotent is 35, for 85 it is 20 and for 91 the S-co-idempotent is 14.

THEOREM 3.4.5: Let F be a field. F has no S-idempotents.
Proof: Since a field has no nontrivial idempotents so a field has no S-idempotents.

THEOREM 3.4.6: Let F be a field of characteristic zero and G any group of finite
order; the group ring FG has S-idempotents.
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Proof: Let FG be the group ring of G over F. Given G is of finite order. Two possibilities
arise; order of G is prime or order of G is not a prime. Let order of G be a prime say p

then o _+l (1+g+g +...+d ) issuch that o’ = o is an idempotent of FG.
p

For take oc=_—1(1 +g+g +...+g"). Cearly b’ = o and ab = b. Hence the
p
claim. If the order of G is finite and not a prime then G has a subgroup say H or order

m. Then by taking
1
a= E E hi

h,eH

is such that 2° = a and take

-1
b:E Zhl

h,eH
is such that b* = 2 and ab = b. Hence the claim.

THEOREM 3.4.7: Let F be a field of characteristic 0 and G be a group having
elements of finite order then the group ring FG has idempotents which are S-
idempotents of FG.

Proof: Let FG be the group ring of the group G over F. Given G has elements of finite

order i.e., g € G is such that g" = 1 (m < ). Take a:l(1+g+...+gm_l)is
m

such that a* = a and if we take b=_—1(1+g+g2+...+gm_1) then b’ = 2 and
m

ab = b. Hence the claim.

THEOREM 3.4.8: let G be a torsion free abelian group. F a field of
characteristic zero. The group ring FG has no S-idempotents.

Proof: Given G is a torsion free abelian group and F a field of characteristic zero. The
group ring FG has no zero divisor, but for a ring to have S-idempotents it is
guaranteed that the ring should have atleast two zero divisors. So this group ring
cannot have S-idempotents as FG is a domain.

PROBLEMS:

1. Find all S-idempotentsin Z,,.= {0, 1, 2, ..., 242}.

2437
2. CanZ,=1{0,1,2,..,48} have nontrivial S-idempotents?
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3. Find all S-idempotents in the group ring Z.G where G = S, the symmetric
group of degree 7.

4. Can Z,5(4) the semigroup ring of the semigroup S(4) over the ring Z, have S-
idempotents? Justify your answer.

5. How many S-idempotents does Z,S(3) the semigroup ring of the semigroup
S(3) over Z, have?

6.  Find all idempotents in Z,,, = {0, 1, 2, ..., 209}, which are not S-idempotents.

7. Let M3,z = {(31]- )/ a, € Z.} be the ring of all 3 x 3 matrices. Find all S-
idempotents in My, 3.

8. CanMs,s = {(ali) /€ Z,,}, the ring of 5 x 5 matrices have idempotents? S-
idempotents? Substantiate your answer.
9.  Find a ring R which has idempotents but not S-idempotents.
10.  Give an example of a ring R in which every idempotent is an S-idempotent.

3.5 Substructures in S-rings

In this section we introduce substructures in S-ring I and S-ring II. The notion of
Smarandache rings, Smarandache ideals and Smarandache pseudo ideals is
introduced in these S-rings T and 1I and they are illustrated by examples. Some
interesting results about them are also obtained in this section.

DEFINITION 3.5.1: Let S be a ring. A proper subset A of S is said to be a
Smarandache subring (S-subring) of S if A has a proper subset B which is a field
and A is a subring of S.

THEOREM 3.5.1: Let S be aring. If S has S-subring then S is a S-ring 1.

Proof: Obvious from the fact that the ring has a S-subring A implies A contains a
subfield which is also a subfield in S, so S is a S-ring I.

Suppose S is a S-ring 1, it may not be always possible to obtain a S-subring in S or to
be more precise every subring of a S-ring I need not in general be a S-subring of S.

Example 3.5.1: Let Z, = {0, 1, 2, 3, 4, 5} be the ring of integers modulo 6. Z is a $-
ring I but Z, has no S-subring,.

Clearly Z, = {0, 1, 2, 3, 4, 5, 6, 7} has no subsets which are fields so Z is not even a
S-ring L.
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Example 3.5.2: Let Z,, = {0, 1, 2, ..., 10, 11} be the ring of integers modulo 12.
Z,, is a S-ring. In fact Z,, has S-subring for take P = {0, 2, 4, 6, 8, 10} and A = {0, 4,
8} is a subfield of Z,,. So Z,, has a S-subring.

THEOREM 3.5.2: Let R be S-ring I, R may have subrings but R may not have S-
subrings.

Proof: Let R be a S-ring I, say Z, = {0, 1, 2, 3, 4, 5} be ring of integers modulo 6.
Clearly Z, is a S-ring I which has no S-subrings but has subrings S, = {0, 3} and S, =
{0, 4, 2}.

DEFINITION [73, 60]: The Smarandache ideal is defined as an ideal A such
that a proper subset of A is a field (with respect with the same induced
operations). By proper subset we understand a set included in A, different from
the empty set, from the unit element — if any and from A.

Example 3.5.3: Let Z, be the S-ring i.e., Z, = {0, 1, 2, 3, 4, 5}. Clearly I = {0, 3}
and J = {0, 2, 4} are ideals of Z, but none of them are S-ideals of Z.

THEOREM 3.5.3: Let R be a ring if R bas S-ideal then R is a S-ring. Conversely if
R is a S-ring we cannot say every ideal in R is an S-ideal of R.

Proof: Let R be a ring. If R has a S-ideal then we know R has a proper subset A which
is afield, so R becomes a S-ring.

Now let R be a S-ring to show ideals of R need not be S-ideals of R. We prove by an

example. Consider Z, = {0, 1, 2, 3, 4, 5}. This is a S-ring having ideals none of them
are S-ideals of R.

Example 3.5.4: LetZ,,=1{0, 1,2, ..., 9} be the ring of integers modulo 10. Clearly
Z,, is a S-ring having no S-ideals.

Now we proceed onto define Smarandache pseudo ideals in a S-ring.

DEFINITION 3.5.2: Let (4, +, .) be a S-ring. B be a proper subset of A(B — A)
which is a field. A non-empty subset S of A is said to be Smarandache pseudo
right ideal (S-pseudo right ideal) of A related to B if

1. (8, +) is an additive abelian group.
2. Forb eBands Swehaves. b €.
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On similar lines we define Smarandache pseudo left ideal (S-pseudo left ideal). A
non-empty subset S of A is said to be a Smarandache pseudo ideal (S-pseudo
ideal), if S is both a S-pseudo right ideal and S-pseudo left ideal.

Remark: 1t is important to note that the phrase ‘related to B’ is important for if the
field B is changed to B' the same S may not in general be a S-pseudo ideal related to

B' also. Thus the S-pseudo ideals are different from usual ideal defined in a ring,
Further we define S-pseudo ideal only when the ring itself is a S-ring I, otherwise we
don’t define S-pseudo ideal; for in case of S-ideals the ring by the very definition
becomes a S-ring.

Example 3.5.5: Let Q[x] be the polynomial ring over the rationals. Clearly Q[x] is a
S-ring. Consider $ = (n(x’+1) /n e Q) be the set generated under addition. Now Q.S
< Sand S.Q < S, so Sis a pseudo ideal of Q[x] related to Q.

THEOREM 3.5.4: Let R be any S-ring. Any ideal of R is a S-pseudo ideal of R but
in general, every S-pseudo ideal of R need not be an ideal of R

Proof. Given R is a S-ring. So ¢ # B, B — R, B is a field. Now I is an ideal of R, so IR

c I'and RI 1. Since B — R we have BI < I and IB 1. Hence I is a S-pseudo ideal
related to B.

To prove the converse, consider the S-ring given in example 3.5.5. Clearly S is a S-
pseudo ideal but S is not an ideal of Q[x] as x.S is not contained in S. Hence the
claim.

Example 3.5.6: Let R be the field of reals. R[x] be the polynomial ring. Clearly R[x]
is a S-ring. Now Q < R[x] and R < R[x] are fields contained in R[x]. Consider S=

(n(x’+1) / n e Q) a group generated additively. Now S is a S-pseudo ideal relative to
Q but is not a S-pseudo ideal relative to R. Thus this leads to the following result:

THEOREM 3.5.5: Let R be a S-ring. Suppose A and B are two subfields of R; and
S be a S-pseudo ideal related to A. S need not in general be a S-pseudo ideal
related to B.

Proof: By an example; in example 3.5.6 we see the set S is a S-pseudo ideal for the
field Q and is not a S-pseudo ideal under the field of reals R.

Example 3.5.7: 7., = {0, 1, 2, ..., 11} be the ring of integers modulo 12. Clearly
7, is a S-ting for A = {0, 4, 8} is a field in Z,, with 4" = 4 (mod 12) acting as the
multiplicative identity. Now S = {0, 6} is the S-pseudo ideal related to A. But S is also
an ideal of Z ,. Every ideal of Z , is also a S-pseudo ideal of Z,, related to A.
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Example 3.5.8: Let My, be the set of 2 x 2 matrices with entries from the prime

e ol 3 ¢
o
)
K i)

be the ring of matrices under matrix addition and multiplication modulo 2.

0 0) (1 O
A= ,
6 oo o)
0 0) (1 1
S = Y )
(6 olo o
S is a S-pseudo left ideal related to A but S is not a S-pseudo right ideal related to A for
I 1) (1 0O 1 0 1 0
: = as es.
[O Oj [O Oj (O OJ [O Oj
0 0Y(0 O
B= :
o o} 1)
0 0)(1 1
S= )
o ol o)

is a left ideal related to B but not a right ideal related to B.

Ll =l ==l = i e R e i )

Now M, is a S-ring for

is a field of My,,. Let

Now

is also a field.
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0 0)(0 0
C= ,
()
is a field. Clearly S is not a S-pseudo left ideal with respect to C. But S is a S-pseudo
right ideal with respect to C. Thus from the above example we obtain the following

observation which is important to be noted.

Remark: A set S can be a S-pseudo ideal relative to more than one field. For

0 0)\(1 1
S= :
is a S-pseudo left ideal related to both A and B. The same set S is not a S-pseudo left
ideal with respect to the related field

0 0)\(0 O
C= ,
but S is a S-pseudo right ideal related to C.

Thus the same set S can be S-pseudo left ideal or right ideal depending on the related
field. Clearly S is a S-pseudo ideal related to the field

o-{o ol 1)

DEFINITION 3.5.3: Let R be a ring. I a S-ideal of R; we say I is a Smarandache
minimal ideal (S-minimal ideal) of R if we bave a] — I where ] is another S-ideal
of R then ] = 1 is the only ideal.

DEFINITION 3.5.4: Let R be a S-ring and M be a S-ideal of R, we say M is a
Smarandache maximal ideal (S-maximal ideal) of R if we bave another S-ideal N

such that M — N c R then the only possibility is M = N or N = R.

Example 3.5.9: Let 7, = {0, 1, 2, ..., 13, 14} be the ring of integers modulo 15.
Clearly I = {0, 3, 6,9, 12} is a S-ideal of Z,, which is also a S-maximal ideal of Z,.

Example 3.5.10:7,,=1{0, 1,2, 3, 4, ..., 11, 12, 13} be the ring of integers modulo
14.1=10, 2, 4, 6,8, 10, 12} is a S-maximal ideal of Z,,.
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Example 3.5.11: LetZ, = {0, 1, 2, ..., 11} be the ring of integers modulo 12. Now
I={0,2,4,0,8, 10} is a S-ideal in fact S-maximal ideal. ] = {0, 4, 8} is an ideal
which is 2 minimal ideal. Thus we have the concept of S-maximal ideal and no S-
minimal ideal in the ring Z .

DEFINITION 3.5.5: Let R be a S-ring and 1 be a S-pseudo ideal related to A. A —
R (A is a field). 1 is said to be a Smarandache minimal pseudo ideal (S-minimal
pseudo ideal) of R if I, , is another S-pseudo ideal related to A and (0) I, 1
implies I = I, or I, = (0) The minimality may vary with the different related
fields.

DEFINITION 3.5.6: Let R be a S-ring. M is said to be Smarandache maximal
pseudo ideal (S-maximal pseudo ideal) related to the field A, A — R if M, is
another S-pseudo ideal related to A and if M M, then M = M,

DEFINITION 3.5.7: Let R be a S-ring, a S-pseudo ideal I related to a field, A,

A c R is said to be a Smarandache cyclic pseudo-ideal (S-cyclic pseudo-ideal)
related to a field A, if I can be generated by a single element.

DEFINITION 3.5.8: Let R be a S-ring, a S-pseudo ideal I of R related to a field A
is said to be a Smarandache prime pseudo ideal (S-prime pseudo-ideal) related
toAifx.y e limpliesx elory €1

Example 3.5.12: Let Z, = {0, 1} be the prime field of characteristic 2. Z,[x] be the
polynomial ring of degree less than or equal to 3, that is Z,[x] = {0, 1, x, X .., 1+
X1+%, .., 1 +X+X +X). Clearly Z, [x] is a S-ring as it contains a field Z,. S =
{0, 1+%),1+x%), x+x)}isa S-pseudo ideal related to Z, and not related to
Z, [x].

Example 3.5.13: Let Z,={0, 1} be the prime field of characteristic two. S, = {1, p,,
P, Py P,y D5} be the symmetric group of degree 3. Z,, be the group ring of the group
S, over Z,. Z,S, is a S-ring. A = {0, p, + p,} is afield. Let S = {0, 1 + p, + p, + p, + p,
+ P} be the subset of Z,S,. S is a S-pseudo ideal related to A and S is also a S-pseudo
ideal related to Z,.

THEOREM 3.5.6: Let Z, = {0, 1} be the prime field of characteristic 2, G any
Jinite group of order n. Then Z,G has S-pseudo ideals which are ideals of Z,G.

Proof: Take Z, = {0, 1} a field of characteristic two and the group ring Z,G is a S-ring.

LetG=1{g,8, ...,8 , 1} betheset of all elements of G. S = {0, 1+ g + ... +g ,}
is a S-pseudo ideal related to Z, and S is also an ideal of Z,G.
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DEFINITION 3.5.9: Let R be a S-ring Il. A is a proper subset of R is a
Smarandache subring II (S-subring II) of R if A is a subring and A itself is a S-
ring I1.

Example 3.5.14: Let 7 be the ring of integers; Z is a S-ring Il and Z has S-subring II.
Clearly Z is never a S-ring I or has a S-subring 1.

DEFINITION 3.5.10: Let Z[x] be the polynomial ring. Z[x] is a S-ring II. Also
Z[x] has a S-subring II.

Example 3.5.15: Let pZ = {0, £ p, ... £ np, ...} be the ring (p > 3 and p a prime)
2pZ c pZ and 2pZ is a S-subring I1.

DEFINITION 3.5.11: Let R be a S-ring II, a non-empty subset 1 of R, is said to a
Smarandache right (left) ideal I (S-right (left) ideal II) of R if

1. 1isaS-subring Il
2. Let A I be an integral domain or a division ring in I, then ai € I (ia

D) foralla e Aand i € I If I is simultaneously S-right ideal IT and S-left
ideal II then I is a Smarandache ideal 11 (S-ideal II) of R related to A.

DEFINITION 3.5.12: Let R be a ring if R is a S-ring I and has no S-ideals then
we say R is a Smarandache simple ring I (S-simple ring ).

DEFINITION 3.5.13: Let R be a S-ring if R has no S-pseudo ideals, then we say
R is a Smarandache pseudo simple ring (S-pseudo simple ring).

DEFINITION 3.5.14: Let R be a S-ring I, if R has no two sided S-ideals Il then
we say R is a Smarandache simple ring II (S-simple ring II).

Example 3.5.16: 7 is not a S-simple ring II.
Example 3.5.17:Z,=1{0, 1, 2, ..., 5} is a S-simple ring I.

Example 3.5.18: 1etZ,, = {0, 1, 2, ..., 10, 11} be the ring of integers modulo 12.
Z,, is a S-ring IT which is not a S-simple ring II.

DEFINITION 3.5.15: Let R be a S-ring I I an S-ideal of R. R/ 1 = {a + [ /a € R}
is a Smarandache quotient ring I (S- quotient ring I) of R related to L
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DEFINITION 3.5.16: Let R be a S-ring. I a S-pseudo ideal of R: R/l = {a + 1/ a
€ R} is a Smarandache pseudo quotient ring (S-pseudo quotient ring) of R
related to 1.

DEFINITION 3.5.17: Let Rbe a S-ring I, [ be a S-ideal L. R/ I = {a + 1/ a € R}
is defined as the Smarandache quotient ring Il (S-quotient ring II) of R.

PROBLEMS:

Does Z,; have a S-subring?

Find S-ideals of Z,,.

Can every ideal of Z,, be S-ideal? Substantiate your answer.

Prove Z,, cannot have S-ideals.

Find S-subrings Il of Z .

Can S-subring I be S-subring IT?

Give an example of a ring R in which S-subring I and S-subring II are
coincident.

8. LetZ, beaS-ringI find a suitable ideal I, so that Z, /I is a S-quotient ring I.
9. IsZ, isaS-simple ring? Justify.
10. IsZ,aS-ringI?
1. IsZ,aS-ring II?
12, CanZ,be a S-pseudo simple ring?
13.  Find all S-ideals I of Z;.
14, Can Z, have S-ideal II?
15.  Find in Z,;, S-pseudo ideal I1.
16.  Find for the ring Z,
1. S-quotient ring I.
ii. S-quotient ring II.
iii. S-pseudo quotient ring.

AN A

3.6 Smarandache modules

In this section we recall the definition of Smarandache R-module as given by Florentin
Smarandache and proceed on to define Smarandache module II and Smarandache
pseudo module. We illustrate them by examples and give some interesting results
about them.

DEFINITION [73, 60]: The Smarandache R-module (S-R module) is defined to
be an R-module (4, +, x) such that a proper subset of A is a S-algebra (with
respect to the same induced operations and another ‘x’ operation internal on A)
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where R is a commutative unitary Smarandache ring and S its proper subset
which is a field.

Example 3.6.1: Let R[x] be the polynomial ring in the variable x with coefficients
from the real field R. Q[x] is a S-R module for it is a S-algebra.

Example 3.6.2: LetR = Q x Q x Q be the ring. § = Q x {1} x {1} c Ris afield. A
=Q x Q x {1} is a S-R module over S.

But one may once again recall the definition of a module: “Let A be a ring. An A-
module or a left A-module is an additive abelian group M having A as a left operator

ie,a(x +y) =ax + ayfora € Aand x, y € M. Similarly right A-module. If M is
simultaneously left and right A-module then we say M is a A-module.”

Keeping this in view we can speak of S-modules I first, and then proceed onto define
S-module 1T and S-pseudo modules. Now we have in case of S-modules the following
situations:

1. A S-module relative to a subfield B may fail to be a S-module over some other
subfield C.
2. Further we may have S-modules to be S-modules over every subfield.

The study of these concepts is innovative and interesting.

DEFINITION 3.6.1: Let R be a S-ring I. A non-empty set B which is an additive
abelian group is said to be a Smarandache right (left) module 1 (S-right(left)
module 1) relative to a S-subring I, A if D — A where D is a field then DB — B and

BD cBi.e. bd (and db) are in Bwith b(d + ¢) = bd + dc forall d,c e Dand b
B ((d + ¢)b = db + cb). If B is simultaneously a S-right module I and S-left

module I over the same relative S-subring I then we say B is a Smarandache
module I (S-module I).

Example 3.6.3: Let A = (M, +, X) be the set of n x n matrices with entries from
Q. Now consider R, the set of reals which is a S-ring. Now A is a S-module over the
subfield Q. Clearly A is not a S-module over R. Further if we take B = {M_, , x, +} the

set of all n x n matrices with entries form Z, then we see B is not a S-module over any
subfield of R. Motivated by this example and to overcome this problem we define S-
module I1.

DEFINITION 3.6.2: Let R be a S-ring II. We say a non-empty set B which is an
additive abelian group is said to be a Smarandache right (left) module II (S-right

(left) module II) relative to a S-subring II, A if D — A where D is a division ring
or an integral domain, then DB — B and BD c B; i.e., bd(and db) are in B. with
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bd+c) =bd+bc Vd ceDandb € B ((d+c) b=db+ch). IfBis

simultaneously a S-right module 1l and S-left module II over the same relative S-
subring Il then we say B is a Smarandache module II (S-module II).

Example 3.6.4: Let Z. be a S-ring I, M = My, = {(al].) / a, € 2Z}. M is a S-module
I related to the S-ring II. A = 2Z. Clearly M is also a S-module IT over the S-subring II,
A, = 4Z or A, = 8Z, but M is also S-module II over any A= pZ. Thus My, is a S-
module I over any S-subring II of Z

Example 3.6.5: Let Z[x] be the S-ring II, M = Z[x], the polynomial ring with only
polynomials of even degree. Then M is a S-module II over the S-subring Z but M is not
a S-module 1T over the S-subring, Y = {all polynomial of odd degree over Z}, if we
take; A = {all odd degree polynomial with coefficient from 2Z} as the integral
domain. Thus we see in case of S-module we see every S-ideal II is a S-module II.

DEFINITION 3.6.3: Let (4, +, .) be a S-ring. B be a proper subset of A (B —A)
which is a field. A set M is said to be a Smarandache pseudo right (left) module
(S-pseudo right (left) module)of A related to B if

1. (M, +) is an additive abelian group

2. Forb eBandm e Mm.b e M (b.m €M)

3. (m,+ m)b=mpb + m,b, (b.(m+m,)=bm, +bm,) for m,m, € M and b
€ B. If M is simultaneously a S-pseudo right module and S-pseudo left

module, we say M is a Smarandache pseudo module (S-pseudo module)
related to B.

Here also we wish to state if M, is a S-pseudo module related to B, M, need not be S-
pseudo module related to some other subfield B, of A. Thus we see we can have
different S-pseudo modules associated with different subfields in a ring.

Example 3.6.6: Let Z,, = {0, 1, ..., 23} be the ring of integers modulo 24. I = {0,
2,4,0, ..., 22} is an S-pseudo ideal II as well as, S-pseudo module of Z,,. For {0, 8,
16} is a subfield of characteristic 3. 16° = 16 (mod 24), 16 x 8 = 8 (mod 24). 8 x 8
= 16 (mod 24). Z,,[x] is a S-pseudo module related to the field P = {0, 8, 16} = Z,,

Example 3.6.7: Let Z,S, be the group ring of the symmetric group of degree 4 over
the field Z,. M = {0, Zg, g € S,}(2g denotes the sum of all elements from S,). M is a
S-module II over Z,. M is a S-M-module II over Z,A, Clearly M is also a S-ideal IT and
S-pseudo ideal of Z,S,.

It is left as an exercise for the reader to find in Z,S, :
1. S-right module I1.
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2. Smodule II.
3. S-pseudo module II for different fields in Z.,S,.

PROBLEMS:

1. For the S-ring Z,,. Find
i. S-modules I,
ii. S-modules IT and
iii. S-pseudo modules.
2. Find for the ring Z[x] (The polynomial ring with coefficient from Z), the S-
module II. Can Z[x] have S-module I? Justify your answer.

3. LetM, = {(%) /a € Z} be the collection of all n x n matrices with entries

n%n

from Z. Can M ,_have S-pseudo modules? Substantiate your answer.

4. LetM, = {(ali) / a, € Q} be the collection of all n x n matrices with entries

from Q. Can M, have
i. S-module I?
ii. S-module II?
iii. S-pseudo module?.
Can the same abelian group A be such that it is simultaneously S-module I, S-
module IT and S-pseudo module?
5. Can the ring in problem 4 have S-right module I over a subfield A which are
not S-left module I over the subfield A?
6. Let ZS, be the group ring of the symmetric group S, over the ring of integers Z.

Can ZS, have S-module I? Find in ZS,, S-right module II and S-left pseudo
module.

7. Let ZS(4) be the semigroup ring of the symmetric semigroup S(4). Find a S-
left module II in ZS(4) which is not a S-right module II over the same S-
subring II.

8. Does there exist an example of a ring in which no S-ideal I is a S-module I?

9. Does there exist a S-ring II in which every S-ideal IT is a S-module II?

10. Give a S-pseudo module for the ring R = Q x Q.

11.Let R = Q x Q x Q x Q x Z be the ring. Find

i. S-pseudo module.
ii. S-module L.
iii. S-module IT of R.

12. For the ring QG where G is the Dihedral group, G =D, = {a, b/ =D =1
bab = a}, Find

i. S-right module I.
ii. S-right module II.
iii. S-right pseudo module.
iv. S-module II.
v. An S-ideal IT which is a S-module II.
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3.7 Rings satisfying S-A.C.C and S-D.C.C

In this section we define the concepts of Smarandache A.C.C and Smarandache D.C.C
and obtain some interesting results about them. The chapter ends with several
problems for the reader to solve.
0
A= Q
Q Z

is the best known example of a ring that is Noetherian on the right but not Noetherian
on the left. The reader is entrusted to find such examples in case of S-Noetherian
rings. For very recent work on Artinian modules over a matrix ring refer [64].

We know the ring

DEFINITION 3.7.1: Let R be a ring, we say the ring R satisfies the Smarandache
ascending chain condition (S-A.C.C for brevity) if for every ascending chain of S-
ideals I, of R; that is I, < I, < I, < ... is stationary in the sense that for some
integer p > 1, 1 =1 _, = .... Similarly R is said to have the Smarandache

descending chain condition (S-D.C.C for brevity) if every descending chain N, >

N,>... DN, > ... of S-ideals N, of R is stationary. Similarly one can define
Smarandache-A.C.C and Smarandache D.C.C for S-right ideals and S-left ideals of
aring.

DEFINITION 3.7.2: A ring R is said to be Smarandache left Noetherian (or just
Smarandache Noetherian) (S-Notherian) if the S-A.C.C on S-left ideals (or on S-
ideals) is satisfied.

DEFINITION 3.7.3: A ring R is said to be Smarandache left Artinian (or just
Smarandache Artinian) (S-Artinian) if for the S-left ideals (or S-ideals) of R
satisfies the S-D.C.C condition.

Remark: 1t is interesting to note that the matrix ring A = M, over a division ring K

is Noetherian as well as Artirian but we do not know whether M_, is S-Noetherian or
S-Artinian.

Example 3.7.1: Let Z, = {0, 1, 2, ..., 5} be the ring of integers modulo 6. Z is a $-
ring but has no S-ideals.

Example 3.7.2: Let Z,, be the ring of integers modulo 12. The ideals of Z,, are {0},
I, =1{0,2,4,6,8 10}, 1, = {0,3,6,9}, I = {0, 6}, I, = {0, 4, 8}. 1, is not an S-ideal,
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I, is an S-ideal for A = {0, 4, 8} is a field in I, so we have (0) c I,  Z,, is the S-
A.C.C condition on the ring. 1, is not even an S-ideal of Z ,.

Example 3.7.3: G be the group ring where G = (g/ g” = 1). The ideals of LG are
L ={0,1+g+...+ g'")} which is not an S-ideal, I, = Augmentation ideal of Z,G;
I, is a S-ideal for {0, g’ + g'} is a field of characteristic two. We have (0) = I, = Z,G
s0 Z,G satisfies S-A.C.C condition.

PROBLEMS:

Find S-ideals of Z,.

Does the group ring Z,S, have S-ideals?

Prove all augmentation ideals in Z,G are S-ideals (G a finite group).
Can Z,5(4) have S-ideals?

Give an example of a group ring, which satisfies S-A.C.C.

Give an example of a group ring, which is not S-Artinian.

Give an example of a semigroup ring, which is S-Noetherian.
Find an example of a group ring, which is S-Noetherian.
Mlustrate by an example a semigroup ring that can be S-Artinian.
Find a semigroup ring, which is not S-Noetherian.

Is the semigroup ring Z,, S(4) S-Noetherian? Justify.

Can Z,,S, be S-Artinian? Prove your claim.

—
e e B A S S

J—
rS

3.8 Some Special Types of Rings

The main motivation of this section is the introduction of the class of Smarandache
semigroup rings, Smarandache group rings and give conditions for group rings and
semigroup rings to be Smarandache rings. If RG happens to be group ring which is a
S-ring it may still fail to be Smarandache group ring. Likewise a semigroup ring KS
may be a S-ring but it may fail to be Smarandache semigroup ring for the semigroup S
may not be S-semigroup. Further the concrete class of rings are reals R, rationals Q,

integers Z, modulo integers Z , ring of matrices and polynomial rings but when we get
to class of group rings and semigroup rings over those rings with standard well
known groups and semigroups we get a very wide class of nice rings with varying
properties.

Finally we get only from these ring a class of non-commutative rings apart from the
ring of matrices. That is why we have taken special care not only to introduce group
rings and semigroup rings in chapter I but also define Smarandache notions of these
in this section. This section also discusses about matrix rings.
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THEOREM 3.8.1: Let R be a field and G any group. The group ring RG is a S-
ring.

Proof: Since R  RG and R is a field; RG is a S-ring.
Example 3.8.1: Let Z.S, be the group ring. Clearly Z.S, is a S-ring.
All group rings are not in general S-rings by an example.

Example 3.8.2: Let Z,G be the group ring where G = (g / g’ = 1); clearly the group
ring Z,G is not a S-ring,

THEOREM 3.8.2: Let K be a field and S any semigroup with identity; KS the
semigroup ring is a S-ring.

Proof: Since K is a field and KS is a ring such that K < KS; is a S-ring.
All semigroup rings are not in general S-rings. The reader is requested to prove this.

DEFINITION [73, 60]: Let S be any semigroup. We say S is a Smarandache
semigroup (S-semigroup) if S has a proper subset A which is a group under the
operations of S.

We define Smarandache semigroup rings as follows.

DEFINITION 3.8.1: et S be a semigroup, which is a S-semigroup and K, any
field the semigroup ring KS is called a Smarandache semigroup ring (S-
semigroup ring). So we see when a semigroup ring contains a group ring as a
proper subset we call KS the Smarandache semigroup ring. It is to be noted that
when we say KS is a Smarandache semigroup ring we do not demand KS to be a S-
ring.

Example 3.8.3: Let S = {0, 1, a, b} be a semigroup given by the following table:

*x0|1|a|b
0({0[0]0]0
1{0|1]al|b
a|{0(al0]|a
blO|b|a|l

Hence S is a S-semigroup. For {1, b} is a group in S.

Consider Z,S the semigroup ring clearly; ZS is a S-semigroup ring which is not a S-
ring,
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THEOREM 3.8.3: All S-semigroup rings in general are not S-rings.

Proof: By an example the semigroup ring ZS is not a S-ring but it is a S-semigroup
ring.

Group rings are not S-semigroup rings for by the very definition of S-semigroup we
take only a semigroup.

DEFINITION 3.8.2: Let G be a group and K a S-ring. The group ring KG is called
the Smarandache group ring (S-group ring).

Note: Kis only a S-ring,

Now the group ring KG when K is a field is always a S-ring. We see for the ring Z and G
any group. ZG is not a S-group ring for Z is not a S-ring L.

THEOREM 3.8.4: Let K be any commutative ring with 1 or any field. S(n) the
symmetric semigroup. KS(n) is a S-semigroup ring.

Proof: We know S(n) for any integer n, is a S-semigroup as S is the symmetric group
of degree n is a proper subset which is a group. Hence the claim.

THEOREM 3.8.5: Z G is a S-group ring for any group G where Z  is a ring such
that there exist am e Z with ni’ =m (modn) andm +m =0 (mod n).

Proof: 7. G is a S-group ring as Z_becomes a S-ring when m € Z , is such that m'=m

(mod n) and m + m = 0 (mod n) as A = {0, m} is a subfield of Z . Hence the
theorem.

THEOREM 3.8.6: let M, = {(a,)/a; € F Fa field or a S-ring} be the ring of
n x n matrices. M, ., is a S-ring.

Proof: LetA = {(ali) /a, # Oandalla,l]. are ze10 4, € FifFis aﬁeldorau. e BifFisa
S-ring where B — F is the subfield of F} w {(0)}. {(0)} denotes the n x n zero
matrix. It is easily verified that A is a subfield in M, . Hence M . is a S-ring,

It is interesting to note when M, takes its entries from Z_the ring of integers modulo
n when n is a composite number, we may have several more results.

This is a non-commutative S-ring, hence we can study S-right ideals, S-left ideals and
concepts purely related to the non-commutative rings.
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Example 3.8.4:Let M, , = {(alj) / a, € Z, =10, 1}}, clearly My, is a S-ring.

Example 3.8.5: Let ZS(4) be the S-semigroup ring. Can ZS(4) have a proper subset
which is a field?

Example 3.8.6: Find for the group ring ZS, a proper subset which is a field, apart
from the fields A, = {0, 3} and A, = {0, 2, 4}.

Example 3.8.7. Find any proper subset which is a field in the group ring Z,S(3)
apart from Z, = {0, 1}.

PROBLEMS:

1. ProveZ,S, is a S-group ring

Show Z,S(7) is a S-semigroup ring. (Hint: To prove this show S(7) has a

proper subset which is a subgroup).

7.8, is a S-ring. Justify.

Find all the proper subsets which are fields in the group ring Z.S,.

Does M,,» = {(a) /a; € Z.} have proper subsets which are ﬁelds? Is My,r 2

S-ring? Justify your answer.

Prove Mz, 3 = {(a) /a € Z ) is a S-ring.

Find all proper subsets Wthh are fields in Z,G where G = (g / g =1).

How many proper subsets in Z,S(3) are ﬁelds?

Does there exist a S-semigroup ring which is not a S-ring?

Give an example of S-semigroup ring of order 64 which is a S-ring.

11.  Inthe matrix ring M, = {(alj) / a e Z}, can we find a subset P — M, such
that P is a field?

ENESS

S X N

3.9 Special elements in S-rings

In this section we introduce the concepts of Smarandache nilpotent elements,
Smarandache semi idempotents, Smarandache pseudo commutative pair,
Smarandache-pseudo commutative ring, Smarandache strongly regular rings
Smarandache quasi-commutative ring and finally the concept of Smarandache
nilpotent elements. Several properties enjoyed by these Smarandache notions are
proved and some of them are illustrated by examples and several of them are left as
an exercise for the reader.

DEFINITION 3.9.1: Let R be a ring. A nilpotent element 0 =x € R is said to be a
Smarandache nilpotent element (S-nilpotent element) if x" = 0 and there exists a
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y € R\ {0, x} such that X'y = 0 or yx’ = 0, 1, s > 0 and y" = 0 for any integers m >
L

Example 3.9.1: Let Z,, = {0, 1, 2, 3, ..., 11} be the ring of integers modulo 12.
Clearly 6’ = 0 (mod 12), 6 .8=0 (mod 12). But 8" # 0 (mod 12) for any m > 0 as
8’ = 8(mod 12). Thus 6 is a S-nilpotent element of Z,.

Example 3.9.2: LetZ, = {0, 1,2, 3, ..., 7} be ring the of integers modulo 8. 2'=0
(mod 8), 4 =0 (mod 8)and 6’ = 0 (mod 8). These are nilpotents but none of them
are S-nilpotents.

In view of this we have the following theorem:

THEOREM 3.9.1: Let R be a ring. Every S-nilpotent element of R is a nilpotent
element of R. But in general every nilpotent element of R need not be S-nilpotent
element of R.

Proof: By the very definition of S-nilpotent element we see every S-nilpotent element is
a nilpotent element of R. But all nilpotents in general need not be S-nilpotents. By
example 3.9.2 we see the theorem is evident.

DEFINITION [24]: An element @ = 0 of a ring R is called semi idempotent if
and only if o is not in any proper two sided ideal of R generated by o — oz i.e.,
ZR(d— ) RorR =R(c - a)R. 0is also counted among seni idempotents.

Now we proceed onto define Smarandache -semi idempotents.

DEFINITION 3.9.2: Let R be a ring an element o R\ {0} is said to be a
Smarandache- semi idempotent 1 (S-semi idempotent 1), if the ideal generated by
(&’ — a) that is R (¢ — &) R is a S-ideal I and o £ R (o’ — )R or R = R(cl’ —
a) R. We say « is a Smarandache semi idempotent Il (S-semi idempotent II) if
the ideal generated by o — aci.e, R(d — )R is a S-ideal Il and o & R(d — )R
orR=R(d — )R

THEOREM 3.9.2: Every semi idempotent of a ring R in general need not be a §-
semi idempotent of R.

Proof: LetZ,, = {0, 1, 2, ..., 23} be the ring of integers modulo 24. 4 € Z,, is a semi

idempotent. For o = 4_4 generates an ideal I = {0, 12}. Clearly I is not a S-ideal so
4 is not S-semi idempotent but 4 is only a semi idmepotent. Thus every semi
idempotent need not in general be a S-semi idempotent.
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THEOREM 3.9.3: Let R be a ring every S-semi idempotent I is a semi-
idempotent of R.

Proof: We know if o € R\ {0} is a S-semi idempotent. Then o ¢ R’ —a) RorR

= R(a’ — )R where R(o® — )R is an S-ideal T of R. But all S-ideals are ideals.
Hence the claim.

Example 3.9.3: Let Z,, = {0, 1, 2, ..., 23} be the ring of integers modulo 24. 5
7, is a S-semi idempotent I of Z,,. For consider the ideal generated by o" — ot = 5" —
5 = 20. (OLZ — o) = (20) = {0, 20, 16, 12, 4, 8} =I. Clearly (0, 8, 16) =J c lisa
field isomorphic to the prime field of characteristic 3. 16° = 16(mod 24) acts as unit.
5 ¢ 1505 is a S-semi idempotent I of Z,,.

DEFINITION [151]: Let R be a non-commutative ring. A pair of distinct
elements x, y € R different from the identity of R which are such that xy = yx is
said to be a pseudo commutative pair of R if xay = yax for all a € R. If in a ring
R every commutative pair bappens to be a pseudo commutative pair of R then R
is said to be a pseudo commutative ring.

Clearly every commutative ring is trivially pseudo commutative.

DEFINITION 3.9.3: Let R be ring with A, a S-subring of R. A pair of elements x,

y € A which are such that xy = yx is said to be a Smarandache pseudo
commutative pair (S-pseudo commutative pair) of R if xay = yax for all a € A. If
in a S-subring A, every commuting pair happens to be a S-pseudo commutative
pair of A then A is said to be a Smarandache pseudo commutative ring (S-pseudo
commutative ring).

THEOREM 3.9.4: Let R be a ring if R is a S-pseudo commutative ring then R is a
S-ring.

Proof: Follows from the fact that if R is a S-pseudo commutative ring then R has a S-
subring which immediately by the definition of S-subring makes R is a S-ring.

DEFINITION [151]: Let R be a non-commutative ring. A commuting distinct
pair of elements x, y € R is said to be pseudo commutative with respect to a non-
empty subset S of R if xsy = ysx for all s € .

DEFINITION 3.9.4: Let R be a non-commutative ring. A commuting distinct
pair of elements x, y in R is said to be Smarandache pseudo commutative pair
(S-pseudo commutative pair) with respect to a S-subring B of R, if xsy = ysx for
dall s € B.
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THEOREM 3.9.5: Let R be a ring having a commuting pair, which is a S-pseudo
commutative then R is a S-ring.

Proof: By the very definition of the S-pseudo commutative pair we see the ring R must
be a S-ring,

It is left as an exercise for the reader to show if R is a S-ring having a commuting pair
still R need not be S-pseudo commutative.

THEOREM 3.9.6: et Z,8, be a group ring of the group S, over the prime field Z,
ZS,1s S-pseudo commutative ring.

Proof:NowZ 8, is a S-ring. A =7 B where

1
1
1
2
is a subgroup of S, is a S-subring of Z S, . Now take
ftrs4a o) o (1234
2314 .. . n y_5124...n

we see xy = yxinZ S, and xay = yax for all a € Z B = A. Hence the claim.

3
3
3
1

N N T
= B
~—
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THEOREM 3.9.7: A S-pseudo commutative ring need not in general be a pseudo
commutative ring.

Proof: The example given in theorem 3.9.6 viz. the group ring ZS, is a S-pseudo
commutative ring but it is clearly not a pseudo commutative ring, hence the claim.

THEOREM 3.9.8: Let R be a ring. If Z(R) denotes the center of R and Z(R) is a S-
subring R, which is nontrivial then R is a S-pseudo commutative ring.

Proof: By the very definition of S-pseudo commutative ring we see R satisfies the
conditions in the theorem 3.9.6; hence R is a S-pseudo commutative ring.

DEFINITION [48]: Let R be a ring. For every x, y < R if we bave (xy)" = xy for
some integer, n = n(xy) > I then R is called a strongly regular ring.
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DEFINITION 3.9.5: Let R be a ring. We say R is a Smarandache strongly regular
ring (S-strongly regular ring) if R contains a S-subring B such that for every x,y
in B we have (xy)" = xy for some integer n = n(xy) >1.

We have the following interesting result.

THEOREM 3.9.9: Let R be a ring which is strongly regular ring then R is a S-
strongly regular ring provided R has non-trivial S-subring.

Proof: Obvious by the very definition of strongly regular ring and S-strongly regular
ring,

THEOREM 3.9.10: Let Z, be the prime field and S be an ordered semigroup with
identity then the semigroup ring 7.8 is a S-strongly regular ring and not a
strongly regular ring.

Proof: 7§ is the semigroup ring. Now Z  is a S-subring of Z 8. Clearly ZS is a §-
strongly regular ring,

Now Z S is not a strongly regular ring. For given S is an ordered semigroup with 1. Let
o, B € RSwitho = Zas and p =EBh 1<j<m 1<i<n o;=0and B #0.s,
..,s andh, ..., h_are assumed to be distinct and

5,<8,<...<S
h <h,<..<h_.

It is given S is an ordered semigroup. So in (af)” we have (slhl)p to be the least

element and (s h )" to be the largest element. Hence (o)’ # . p > 1. Thus the
semigroup ring is not a strongly regular ring only a S-strongly regular ring.

DEFINITION [39]: Let R be a ring, R is called quasi commutative if ab = b'a for
every pair of elements a, b € R and y > 1.

THEOREM [130]: Let R be a quasi commutative ring. Then for every pair of
elements a, b e R there exists s < R such that a’b = bs’

Proof: Given R is a quasi commutative ring so ab = ba for every pair of elements a,b

inR, y > 1. Now ab = b'a. a’b = ab’a = ab(b' ~'a) = b'ab"'a. = b (b' " 'a)’=bs’
where s € R.
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THEOREM [130]: Let R be a ring in which we have a pair of elements a, b R
such that there existsan s € R with @b = bs’ then we need not have ab = b'a in
R for some y > 1.

Proof: By an example. Let Z, = {0, 1} be the prime field of characteristic two and

S3:{e:(1 2 3} plz(l 2 3]’
2 1 3 1 3 2
(123 (123
pZ_(5 2 1} p3_(2 1 3}
1 2 3 1 2 3
p‘*:(z 3 J and Ps=(3 1 2)}

Let Z,S, be the group ring of the group S, over Z,. p,p, = p,’p, is not possible for any
y for if y is even. p,p, = p, # ep, = p, if y is odd then p,” = p, so p,p, = p, and p, =
p,. Hence Z,S, is not quasi commutative.

DEFINITION 3.9.6: et R be a ring. We say R is a Smarandache quasi-
commultative ring (S-quasi commutative ring) if for any S-subring, A of R we

have ab = b'a foreverya, b € A; y > 1.

THEOREM 3.9.11: If R is a S-quasi commutative ring then R is S-ring.
Proof: Obvious by the very definition of S-quasi commutative ring.
THEOREM 3.9.12: Every S-ring in general is not S-quasi commutative.

Proof: The ring Z,={0, 1, 2, 3, 4, 5} is a S-ring. This has no S-subring so the very
concept of S-quasi commutative cannot be defined.

THEOREM 3.9.13: Let G be a torsion free non-abelian group R be any S-ring
which is quasi commutative. The group ring RG is S-quasi commutative.

Proof: Given R is quasi commutative and is a S-ring so R is S-quasi commutative. Now

R < RG, so R is a S-subring which is quasi commutative; hence RG is a S-quasi
commutative ring.

DEFINITION [140]: An element x of an associative ring R is called semi

nilpotent if x" — x is a nilpotent element of R. If X" — x = 0 we say x is a trivial
semi nilpotent.
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THEOREM [140]: If x is a nilpotent element of a ring R then x is a semi
nilpotent element of R.

Proof: Given x € R is nilpotent so X' = 0 clearly X'— x = —x s0 (—x)" = 0 hence our
claim.

THEOREM [140]: Let R be a ring an unit in R can also be semi nilpotent.

Proof: Let Z,G be the group ring of the group G = (g/ g’ = 1) over the field Z, = {0,
1}. Clearly g € Z,G is such that g =1, 50 g is a unit of Z,G but g —g=1+gis
nilpotent as (1 + g)2 = 0; hence the claim.

THEOREM [140]: Let R be a ring every idempotent in R is semi nilpotent.

Proof: 1t is left for the reader to prove.

THEOREM [140]: Let K be a field of characteristic 0. G, a torsion free abelian
group

. The group ring KG has no nontrivial semi nilpotents.

Proof. Since KG is a domain KG has no zero divisors; so it cannot have semi
nilpotents.

DEFINITION 3.9.7: Let R be a ring. An element x < R is a Smarandache semi
nilpotent (S-semi nilpotent) if X' — x is S-nilpotent.

Example 3.9.4: Can the ring Z,, have S-semi nilpotents?

PROBLEMS:
1. Find S-nilpotents in the commutative ring Z ..
2. Find S-nilpotents of the group ring Z,S..
3. Can the semigroup ring Z.5(4) have S-nilpotent? Justify your claim.
4. Find for Z,, = {0, 1, 2, ..., 29} the ring of integers modulo 30, all S-semi

idempotents.

Does Z.S, have S-idempotents?

Find all §-semi idempotents of the semigroup ring Z.S(3).

Can the ring M, = {(alj) /a; € Z,} have S-semi idempotents? If so find them.
Prove Z, S, is a S-pseudo commutative ring.

Give an example of a S-commutative ring.

Is the group ring Z.S, a S-strongly regular ring?

Is Z,,S, a S-quasi commutative ring?

J—
S o

[E—
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12.  CanZ, have S-nilpotents?

3.10 Special Properties about Smarandache rings

In this section we introduce special properties about Smarandache rings, which are
not found in any book. The sole purpose of this section is to define over seventy new
Smarandache notions on rings and these concepts illustrated with examples. The
vitality of this section is the recollection of several ring theoretical concepts which are
interesting and give a Smarandache-ic equivalent of them. Thus this section will not
only attract Smarandache researchers but also ring theorist. Finally it ends with 70
problems for the reader to solve to get involved and through with these concepts.

DEFINITION ([88]): A ring R is said to be reduced, if R has no non-zero
nilpotent elements.

Example 3.10.1: 7. the ring of integers is a reduced ring.

Example 3.10.2: 7 [x] the polynomial ring with coefficients from Z , p a prime is a
reduced ring.

Example 3.10.3: Z,, = {0, 1, 2, ..., 11} the ring of integers modulo 12 is not a
reduced ring for 6'=0 (mod12).

DEFINITION 3.10.1: Let R be a ring. R is said to be a Smarandache reduced
ring (S-reduced ring) if R bhas no S-nilpotent elements.

Example 3.10.4: Z, = {0, 1, 2, 3} the ring of integers modulo 4 is a S-reduced
ring. For it has no S-nilpotent elements.

Example 3.10.5:7, = {0, 1,2, ..., 8} the ring of integers modulo 9 is a S-reduced
ring for it has no S-nilpotents only nilpotents, viz. 3° = 0(mod 9) and 6" = 0 (mod 9).

THEOREM 3.10.1: Let R be a reduced ring then R is a S-reduced ring. If R is a
S-reduced ring then R need not be a reduced ring.

Proof: 1f Ris a reduced ring R has no nilpotents so R cannot have S-nilpotents so R is
a S-reduced ring.

Conversely if R is a S-reduced ring, R need not be a reduced ring. For the rings Z, and
Z, are S-reduced rings but clearly Z, and Z, are not reduced rings.

DEFINITION [68]: A ring R is a zero square ring if X = 0 for all x € R.
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DEFINITION 3.10.2: Let R be a ring. We say R is a Smarandache zero square
ring (S-zero square ring) if R has S-subring A having a subring B contained in A
which is a zero square ring.

Example 3.10.6: 1etZ,, = {0, 1, 2, 3, ..., 11} be the ring of integers modulo 12. I
= {0, 2, 4, 6, 8, 10} is a subring which is a S-subring as {0, 8, 4} is a field. Now P =
{0, 6} is a zero square subring in I so Z,, is a S-zero square ring, but clearly Z , is not
a Zero square ring,

THEOREM 3.10.2: Every zero square ring is never a S-zero square ring.

Proof: Given R is a zero square ring so a° = 0 for every a € R. So if R has a S-subring
say A, then A must have a subset which is a field, so in A we cannot have a* = 0 for all
a € A. Hence the claim.

THEOREM 3.10.3: Every S-zero square ring is never a zero square ring.

Proof: Yor if R is a S-zero square ring it has a proper subset which is a field and in a
field we cannot have a* = 0 for all 2 € R. This substantiated by an example 3.10.6 the
ring Z,, is a S-zero square ring. But clearly Z , is not a zero square ring. For we have
several elements in Z,, whose square is not zero.

Example 3.10.7: Let Z, be the ring and G any group; Z,,G be the group ring of G

over Z,. Z,G is also a S-zero square ring; in view of this we have the following
theorem.

THEOREM 3.10.4: Let R be a S-commutative ring of characteristic 0. If R is a S-

zero square ring then in R we have xy = 0 for all x, y € A; A the subring of the S-
subring B of R.

Proof: We have R is a S-zero square ring; so X' = 0 for all x € A, A the subring of the

S-subring B of R. We have A = R. Letx, y e A. Now (x +y)’= 0 i.e., 2xy = 0 50 Xy =
0; hence the claim.

THEOREM 3.10.5: Let be a ring. If R is not a S-commutative ring and if R is a

S-zero square ring with A the subring of the S-subring B of R is also non-
commutative, then every pair in A is anti-commutative.

Proof: Let R be a S-zero square ring i.e., R has a S-subring B such that A — B where A
is a subring of B, is a zero square ring.
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If A is non-commutative but is a zero square ring so we have x'=0 V x eA. So (x +
y)2 = () using X = y2 = () we have xy + yx = 0. So elements in A are anti-commutative.

THEOREM 3.10.6: Let R be a commutative ring with 1 of characteristic 0. G a
commutative group (or S a commutative semigroup with 1). RG (RS) is a S-zero
square ring if and only if A" = 0 where A is a subring of a S-subring B of RG (i.e.
A cB cRG).

Proof: T RG (RS) is a S-zero square ring then we have A = B — RG (RS) where A is a
subring of B where B is a S-subring of RG. We have A to be a zero square ring by

theorem 3.10.4, x. y = 0 for all X, y € A. Hence A’ = 0. Conversely if A = 0 and A is a
subring of the S-subring B of RG we have RG to be a S-zero square ring.

Now we leave it as an exercise to the reader the case when G is a non-commutative
group.

DEFINITION [94]: Let R be ring. R is called a inner zero square ring if every
proper subring of R is a zero square ring.

Example 3.10.8: 7, = {0, 1, 2, 3} is a inner zero square ring as {0, 2} is the only
subring, and it is a zero square ring,

Now we proceed on to define Smarandache inner zero square ring.

DEFINITION 3.10.3: Let R be a ring. If every S-subring A of R has a subring B —
A such that B is an inner zero square ring then we say R is a Smarandache inner
square ring (S-inner square ring).

Example 3.10.9: 7., = {0, 1, 2, ..., 11} is a S-inner zero square ring. For the S-
subring A, of Z,, A, = {0, 2, 4, 6, 8, 10}, has B = {0, 6} to be an inner zero square
ring. Clearly Z, is not an inner zero square ring but is a S-inner square ring.

In view of this we have the following,

THEOREM 3.10.7: Let R be a inner zero square ring then, R in general need not
be a S-inner zero square ring. Further if R be a S-inner zero square ring. R is not
an inner zero square ring.

Proof: By the above example, now even if R is a inner zero square ring we may not

have R to be a S-inner zero square ring for if R is to have S-subring A — R then A
should contain a field as a proper subset. So if R is a S-inner zero square ring R is
never a inner zero square ring.
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We define Smarandache weak inner zero square ring.

DEFINITION 3.10.4: Let R be a ring. We say R is a Smarandache weak inner

zero square ring (S-weak inner zero square ring) if R has atleast a S-subring A
R such that a subring B of A is a zero square ring.

THEOREM 3.10.8: Let R be a S-inner zero square ring. Then R is a S-weak
inner zero square ring.

Proof: Let R be a S-inner zero square ring then obviously by the very definition, R is a
S-weak inner zero square ring.

THEOREM 3.10.9: Let G be any group and R a S-inner zero square ring. The
group ring RG is a S-weak inner zero square ring.

Proof: Since R — RG; we have R to be S-inner zero square ring so RG is a S-weak
inner zero square ring.

Example 3.10.10: Let G be a torsion free abelian group and R a S-inner zero square
ring. The group ring RG is only a S-weak inner zero square ring,

The concept of S-inner zero square ring is important as we see a same S-subring; has
two subsets one a field one a zero square ring. Except for Smarandache notions, this
is an impossibility in the same substructure.

In case of semigroup ring we have the following theorem for which we need to define
a new Smarandache notion about semigroups.

DEFINITION 3.10.5: Let S be a multiplicative semigroup with 0, we say S is a
Smarandache null semigroup (S-null semigroup) if we have a proper
subsemigroup P — S such that in P we have

1. p’=0foreveryp Pand

2. pp;=p;p,=0foreveryp, p, € P.

We say S is a Smarandache strong null semigroup (S-strong null semigroup) if
every subsemigroup P of S satisfies 1 and 2.

Example 3.10.11: Let Z, = {0, 1, 2, 3} be the semigroup under multiplication
modulo 4. Z, is a S-null semigroup; for {0, 2} = P is such that 2" = 0(mod 4).

Example 3.10.12: LetZ, = {0, 1, 2, 3, 4, 5} be the semigroup under multiplication
modulo 6. Z, is not a S-null semigroup.
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Example 3.10.13: Let Z, = {0, 1, 2, ..., 7} be the semigroup under multiplication
modulo 8. P = {0, 4} is such that 4* = 0(mod 8) so Z, is a S-null semigroup.

DEFINITION 3.10.6: Let R be a ring. R is said to be a Smarandache null ring
(S-null ring) if R has a S-subring A and A has a subring P such that in P we bave

1 p'=0fordlp P
2 pl.pj=pjpl.=0f0mllpl.pjeP.

Thus S-null ring localizes the null ring property.

THEOREM 3.10.10: Let R be a commutative ring of characteristic zero. R is a
S-zero square ring if and only if R is S-null ring.

Proof: Left for the reader to prove.

It is also important to state, if R is a2 non-commutative ring, the above result may not
in general be true.

Example 3.10.14: Let Z,, = {0, 1, 2, ..., 23} be the ring of integers modulo 24.
ClearlyA = {0, 2,4, 6,8, ..., 20, 22} is a S-subring of Z,,. Z,, is a S-null ring as B =
{0, 12} is a null ring in A.

THEOREM 3.10.11: The semigroup ring RS is a S-zero square ring if and only if
1 or2or3is true.

1. Ris a S-null ring and S any semigroup.

2. R is any S-zero square commutative ring of characteristic zero and S any
commutative semigroup.

3. Rany ring and S a S-null semigroup.

The proof is left as an exercise to the reader as the proof requires vitally only the
definitions and a logical use of them.

A recent paper [27] which studies strictly wild algebras with radical square zero may
give more innovative ideas when applied to Smarandache concepts.

DEFINITION [29]: A4 ring R is said to be a p-ring if o’ = x and px = 0 for every x
ER

We define here Smarandache p-rings as follows.
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DEFINITION 3.10.7: Let R be a ring. R is said to be a Smarandache p-ring (S-p-
ring) if R is a S-ring and R has a subring P such that x’ = x and px = 0 for every x
eP.

THEOREM 3.10.12: Let G be the cyclic group of order p-1 and Z, be the ring of
integers modulo p, p a prime. The group ring Z,G is a S-p-ring.

Proof: Z,G is obviously a S-ring for we have Z, < Z G and Z_ to be such that X =x
and px = 0, so the group ring is a S-p-ring.

THEOREM 3.10.13: Let R be a S-p-ring; R need not be a p-ring.

Proof: Let G be any group and Z,, = {0, 1, 2, ..., 11} be the ring. The group ring Z,,G
is a S-ring; consider A = {0, 4, 8} = {0, 2,4, ..., 10} = Z,,G. Ais a p-ring for p = 3.
So Z,,G is a S-p-ring which is not a p-ring.

In view of this we have the following,

THEOREM 3.10.14: Let G be any torsion fiee group. Let R be a S-ring if R is a
S-p-ring then the group ring RG is a S-p-ring.

Proof: Since given R is a S-ring which is a S-p-ring we see A — R is a subring such that
X =xand px = 0 for all x € A. Now consider A — R < RG, so RG is a S-p-ring. Thus
we see the group ring RG is not a p-ring but it is a S-p-ring,

THEOREM 3.10.15: Let R be a S-ring which is a S-p-ring. P any semigroup, the
semigroup ring RP is a S-p-ring if and only if P bas identity.

Proof: Given R is S-p-ring let A — R be a S-subring of R. We see in A, X’ = x and px =
0 forall x € A. Nowif 1 € Pthen, A R. 1 < RP; so RP is a S-p-ring. If 1 ¢ P then
even if R is a S-p-ring. RP in general is not a S-p-ring so RP is a S-p-ring if and only if
1 € P for any semigroup P.

DEFINITION [95]: 4 ring R is called an E-ring if " = x and 2x = 0 for every x
in R and n a positive integer. The minimal such n is called the degree of the E-
ring. It is interesting to note that an E-ring of degree 1 is a Boolean ring.

Now we proceed on to define Smarandache E-ring.

DEFINITION 3.10.8: Let R be a ring. P a subring of A and A a S-subring of R. if
forall x e P, X" = x and 2x = 0 then we say R is a Smarandache E-ring (S-E-

ring).
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THEOREM 3.10.16: Let R be a S-E-ring then R is a S-ring.

Proof: Follows by the very definition of S-E-ring.

THEOREM 3.10.17: Let R be E-ring. If R has S-subring then R is a S-E-ring.
Proof: Obvious by the very definition of S-E-rings and E-rings.

Example 3.10.15: Consider the group ring Z,S, of the group S, over the ring Z,. P =
{0,p, +p, + P, 1 +p, +p;, 1 +p, +p, +p, +p, + P;} be aS-subring of Z,S,. P is
a subring, which is E-ring so Z,S, is a S-E-ring. But Z,S, is not an E-ring as (1 + p) =
0inZS, .

THEOREM 3.10.18: Let R be a S-E-ring, then R in general is not an E-ring.

Proof: The above example 3.10.12 is a S-E-ring which is clearly not a E-ring as (1 +
p) =0and1+p, € ZS,

DEFINITION [46]: Let R be ring. R is said to be a pre J-ring if d'b = ab’ for any
paira, b € R and n a positive integer.

To localize this property we now define Smarandache pre J-ring as follows:

DEFINITION 3.10.9: et R be a ring. P a subring of a S-subring A of R. We say R
is a Smarandache pre J-ring (S-pre J-ring) if for every pair a, b < P we have a'b =
ab’ for some positive integer n.

Example 3.10.16: Let Z,, = {0, 1, 2, ..., 11} be the ring of integers modulo 12. § =
{0, 2, 4, 6,8, 10} is a S-subring. But S is a pre J-ring. So Z , is a S-pre J-ring.

Example 3.10.17. Let Z,,G be the group ring of the group G = S, over Z,,. Z,,G is a
S-pre J-ring.

THEOREM 3.10.19: Let R be S-pre J-ring and G any group. The group ring RG is
a §-pre J-ring.

Proof: Since R is a S-pre J-ring, we have S — R such that S is a S-subring which has a

subring to be a pre J-ring. So S.1 — R.1 < RG. Hence for any group G, RG is a S-pre J-
ring. It is important to note RG in general is not a pre J-ring.

THEOREM 3.10.20: Let R be a S-pre J-ring and P any semigroup with identity.
The semigroup ring RP is a S-pre J-ring.
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Proof: Obvious from the fact if S = R and S a S-subring which has a subring P to be a
pre J-ring, then S = R — RP. So RP is a S-pre J-ring.

DEFINITION 3.10.10: Let R be a ring. R is said to be a Smarandache semi
prime ring (S-semi prime ring) if and only if R has no non-zero S-ideal 1(1l) with
square zero.

We have the following nice theorem about S-ring I.

THEOREM 3.10.21: Let R be a ring, if R has a S-ideal I then R is a S-semi prime
ring.

Proof: Follows from the fact that if R has a S-ideal I say A then A has a subset which is
afield so A” = (0) is impossible. Hence the claim.

In view of this we have the following.

THEOREM 3.10.22: All non-simple S-ring I are S-semi prime.

Proof: Follows from the definition. Left for the reader to prove.

DEFINITION [42]: A commutative ring with 1 is called a Marot ring if each
regular ideal of R is generated by a regular element of R. (The author means by a
regular element a non-zero divisor and by a regular ideal the elements of the

ideal must be non-zero divisors).

For more about Marot rings please refer [42]. We define Smarandache Marot rings as
follows.

DEFINITION 3.10.11: Let R be a ring. If every S-ideal I or (S-ideal II) of R is
generated by a regular element and these ideals are regular then we call R
Smarandache Marot ring (S-Marot ring).

Example 3.10.18: 7 the ring of integers is a S-Marot ring,.

Example 3.10.19: Let Z,, = {0, 1, 2, ..., 9}. Z,, is a S-Marot ring. For the only S-
ideals of Z, is {0, 2, 4, 6, 8} which is regular.

For more about semigroup rings, which are Marot rings please refer [96].
DEFINITION [102]: Let R be a ring. S a proper subring of R. Let I = {0} be a

proper subset of S. 1 is called a subsemi ideal of R, related to the subring S if and
only if 1'is a proper ideal of S and not an ideal of R.
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DEFINITION [102]: The ring R which contains a subsemi ideal is called a
subsemi ideal ring.

Example 3.10.20: Let Z, = {0, 1} be the prime field of characteristic 2. G = (g / g
= 1) The group ring Z,G is a subsemi ideal ring. Let H = (1, gz) nowl =401+ g2> is
an ideal of the group ring Z H and is not an ideal of Z.G.

THEOREM [102]: Let G be any finite group, having a proper sub group H. Then
the group ring KG is a subsemi ideal ring.

Proof:LetH = {1,h,, ..., h_} be the subgroup of G. ThenI = {0,r (1 +h, +...+h )
/ r € K} is an ideal of KH where KH is a subring of KG and I need not be an ideal of
KG. Hence KG is a subsemi ideal ring.

THEOREM [102]: Let G be an infinite group having atleast one element g = e of
finite order. Then for any field K: the group ring KG is a subsemi ideal ring.

Proof- Giveng € G, g=eand g = 1. Let H = (g) the cyclic group generated by H. KH

is a subring of KG and I = (0, k(1 + g + ... +g" ')/ k e K) is an ideal of KH and not
an ideal of KG. Hence the claim.

Now we define Smarandache subsemi ideal and Smarandache subsemi ideal rings.

DEFINITION 3.10.12: Let R be a ring. Let A be a S-subring I or Il of R. Let I A
be an S-ideal 1 or 11 of the S-subring A. Then 1 is called the Smarandache sub semi
ideal I or II (S-sub semi ideal) (I must not be an ideal of R).

DEFINITION 3.10.13: Let R be a ring if R has a S-subsemi ideal I (II) then we
say the ring R is a Smarandache subsemi ideal ring (S-subsemi ideal ring).

Using the theorem of [102] and the definition of S-subsemi ideal and S-subsemi ideal
ring the reader is requested to construct examples and related theorems.

Next we define yet another new notion called Smarandache pre-Boolean ring. A ring R
is pre-Boolean ring if xy (x +y) = 0 for everyx and yin R.

DEFINITION 3.10.14: Let R be a ring. R is said to be a Smarandache pre
Boolean (S-pre Boolean) ring if R is a S-ring and has a subring A — R where for
all x,y € Awe havexy (x +y) = 0.

THEOREM 3.10.23: Let R be a S-ring; if A — R is a S-subring then A does not
satisfy xy (x +y)=0forall x,y € A.
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Proof: Since if A itself is a S-subring A contains a field so xy (x +y) = 0 may not be
possible for all x, y € Aunless x + y = 0 for all x, y € A. Hence the claim.

That is why in the definition of S-pre Boolean ring, we demand R to be a S-ring and A
a subring not necessarily a S-subring,

THEOREM 3.10.24: Let R be a pre-Boolean ring then R is never a S-pre-
Boolean ring

Proof: R is a pre Boolean ring then we have xy (x + y) =0 for all x, y € R So R
cannot contain a proper subset, A which is a field. For xy (x + y)= 0 forcesx +y=0
or xy is a zero divisor.

DEFINITION [5]: A ring R is called filial if the relation ideal in R is transitive,

that is if a subring ] is an ideal in a subring I, and 1 is an ideal in R, then ] is an
ideal of R.

We define Smarandache filial ring as follows.

DEFINITION 3.10.15: Let R be a ring. We say R is a Smarandache filial ring (S-
Sfilial ring) if the relation S-ideal in R is transitive, that is if a S-subring, ] is an §-
ideal in a S-subring I and 1 is a S-ideal of R, then ] is an S-ideal of R.

Example 3.10.21: LetR =Z, x Z, x Z, be aring. J = ((0, 0, 0) (0, 0, 1)) is an ideal
inI=(0,0,0), (0,0, 1), (0,1,0), (0, 1, 1)) but I is an ideal of R and we see J is an
ideal of R. Hence R is a filial ring.

DEFINITION [100]: A ring R is called an n-ideal ring if for every set of n-
distinct ideals 1, I, ..., I, of R and for every set of n-distinct elemenis x,, x, ...,
x, eR\(I, v, ... U1 ) webhave &, I, 0I,U... VI )=k, VI, U
Loul) == vl Ul oL U where () denotes the ideal generated

byx, oI, v, v... Ul I<i <n (By an ideal we mean only a two sided
ideal).

Now we proceed on to define Smarandache n-ideal rings.

DEFINITION 3.10.16: Let R be a ring. We say R is a Smarandache n-ideal ring
(S-n-ideal ring) if for every set of n-distinct S-ideal I (II), I,, ... , I, of R and for
every distinct set of n elements x,, x,, ..., x, e R\ (I, U1, U... U1 ) we have
w vl vlhu...ul)=x vl vLu... U )=... =& Ul U.. Ul)
denotes the S-ideal generated by x, U1, U1, U ... Ul ;1 <i<n,
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Example 3.10.22:1etZ, = {0, 1, 2, ..., 11} be the ring of integers modulo 12. Z ,
is a 3-ideal ring and a 4-ideal ring. Z, is not a S-n-ideal ring for Z , has only one S-
ideal.

Example 3.10.23: Let 7, = {0, 1, 2, ..., 14}. The ideals of Z , are {0, 5, 10} and
{0,3, 6,9, 12}; clearly Z  is not a S-2 ideal ring.

DEFINITION [21]: A non-empty set S of a ring R is called a generalized left
semi ideal of R if S is closed under addition and x’s is in S for any s € S and x €
R. Similarly one can define generalized right semi ideal and the generalized
semi-ideal when it is both a generalized left and right semi ideal.

Now we define the concept of Smarandache right (left) generalized semi-ideal and
Smarandache generalized semi-ideal.

DEFINITION 3.10.17: Let R be a S-ring I. A generalized right (left) semi ideal I
of the S-ring R are called Smarandache generalized right (left) semi ideals (S-
generalized right (left) ideals). The Smarandache generalized semi-ideal (S-
generalized semi-ideal) is one which is both a S-generalized left and right semi-
ideal.

If R is a S-ring and R has generalized semi-ideal I, then I is called the
Smarandache generalized semi-ideal (S-generalized semi-ideal).

THEOREM 3.10.25: Let R be a ring; if R is a S-ring having generalized semi-
ideals then R has S-generalized semi-ideals.

Proof: By the very definition the result follows.

THEOREM 3.10.26: All rings which are generalized semi-ideal rings need not
in general be S-generalized semi-ideal rings.

Proof: By example. Z, = {0, 1, 2, 3} is not a S-ring. Here Z, has a generalized semi-
ideal but Z, is not a S-generalized semi-ideal ring.

Example 3.10.24: 1et Z, = {0, 1} and G = (g / g' = 1) be the group. The group
ring Z,Gis a S-ring. I = {0, 1 + g’} is not a S-ideal but is a S-generalized semi-ideal of
7.G.

THEOREM 3.10.27: Let K be a non-prime real field of characteristic zero. K has
S-generalized semi-ideals.
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Proof: K is a non-prime field so K has subfield. Hence K is a S-ring. Take S = K U
{0} only positive elements. S is closed with respect to addition. For any s € Sand x €
K:x’s e S. Hence the claim.

If Kis a complex field the result may not be true.

DEFINITION [25]: A ring A is s-weakly regular if for each a € A, a € aAd’A.

Example 3.10.25: 1et G = (g/¢" = 1) and Z, = {0, 1}. The group ring Z,G is not s-
weakly regular ring.

DEFINITION 3.10.18: Let R be a ring A be a S-subring of R. We say R is
Smarandache s-weakly regular (S-s-weakly regular) ring if for eacha € A. a €
AAdA,

DEFINITION [77]: Let R be a ring. A right ideal I of R is said to be quasi
reflexive if whenever A and B are two right ideals of R with AB I then BA 1.

A ring R is said to be right quasi reflexive if (0) is a right quasi reflexive ideal of R.
Similarly one defines the concept of left quasi reflexive ring. Semi prime rings are left
and right quasi reflexive.

One knows the group ring KG is left and right quasi reflexive where K is a field of
characteristic 0. The result follows from the fact the group rings KG is semi prime. For
more about these results please refer [61, 62]. We just recall: a ring R is semi prime
if and only if R contains no non-zero ideal with square zero. We define Smarandache
semi prime rings.

DEFINITION [77]: A ring R fo be strongly sub commutative if every right ideal
of it is right quasi reflexive. (A right ideal I of a ring R is called right quasi
reflexive if whenever A and B are right ideals of R with AB < I then BA cI).

We define Smarandache strongly sub commutative rings.

DEFINITION 3.10.19: Let R be a ring. R is said to be a Smarandache strongly
sub commutative (S-strongly sub commutative) if every S-right ideal I(1l) of it is
right quasi reflexive.

DEFINITION [7]: A commutative ring R is said to be a Chinese ring if given
elements a, b € R and ideals I, ] — R such that a = b (I + ]) there exists ¢ € R
such that ¢ =a (1) and ¢ =b (]), ¢ =a (1) implies (1, a) = (I, c)i.e., generated by |
+ a and I + ¢, for more about Chinese rings refer Aubert.
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DEFINITION 3.10.20: et R be a ring. R is said to be a Smarandache Chinese
ring (S-chinese rings) I(1l) if given elements a ,b € R and S-ideal I(1l) in R such
that (1 U] va)= (I Jb) there exist an element ¢ € R such that (I Ca) =
(lTuc)and (Jub)= (] uc)

Example 3.10.26: Let Z, = {0, 1} be the prime field of characteristic two. S = {a, b,
0/a’=a,b’=b,ab = ba = 0}. Clearly Z,S, the semigroup ring is a S-Chinese ring I.

The author has defined group rings, which is a direct sum of subrings.

DEFINITION [105]: 4 group ring RG is s-decomposable if RG = S, + ... +,

where S;'s are subrings of RG with §; N S, = R and every element in RG has a
unique representation as a sum.

Example 3.10.27: 1et 7,5, be the group ring of the group S, over the field Z,={0,1}.

Let
H. (1 23
1—P0—125,P1,

Hy ={py,p,}, H3 = {py,p3} and Hy = {py,ps,p4}

be the subgroups of S,. Then Z,S, = ZH, + ZH, + ZH, + ZH, as a direct sum of
subrings. ZH, N ZH =7, i=jfor 1 <i,j<4.

Now the author defines strongly s-decompsable group rings.

DEFINITION 3.10.21: Let RG the group ring of the group G over the ring R. RG
is strongly s-decomposable if RG = S, + ... + S with S, N §; = {0, 1} or {0} and
every element of RG has a unique representation as a sum of elements from S,
S S

o o0y Op

Now we define Smarandache s-decompossible and Smarandache strongly s-
decomposable ring as follows:

DEFINITION 3.10.22: Let RG be the group ring of the group G over the ring R.
We say RG is Smarandache s-decomposable (S-s-decomposable) if RG = S, + ...

+ 8, where S, are subrings such that atleast one of the S, is a S-subring of RG with
S, N S; = R and every element of RG has a unique representation as a sum of
elements from S, S,, ..., S..
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THEOREM 3.10.28: Let RG be the group ring such that R is any field and if RG
is s-decomposable then RG is S-s-decomposable.

Proof: Since R is a field we see every subring S, contains R as a subset so every

subring S, is a S-subring of RG so if RG is s-decomposable then it is a S-s-
decomposable.

DEFINITION 3.10.23: The group ring RG is Smarandache strongly s-
decomposable (S-strongly s-decomposable) if RG is strongly s-decomposable in

which at least one of the S’s is a S-subring of RG.

THEOREM 3.10.29: If RG is S-strongly s-decomposable then RG is strongly s-
decomposable.

Proof: Obvious by the very definitions of S-strongly s-decomposable and strongly s-
decomposable.

DEFINITION [105]: The group ring RG is weakly s-decomposable if we can find
subrings s, ..., S, Of RGwithRG =S, + ... + 8, such that §; NS, = G; i # J

DEFINITION 3.10.24: The group ring RG is Smarandache weakly s-
decomposable (S-weakly decomposable) if we can find subrings S, S,, ..., S, of
RG of which atleast one of the S,'s is a S-subring of RG withRG =S, + S, + ... +
S,and ;= G if i =]

The reader is requested to develop relations between weakly s-decomposable and S-
weakly s-decomposable group rings. They are also advised to formulate definitions in
case of semigroup rings and study them.

DEFINITION [108]: Let R be a ring not necessarily commutative. Let L denote
the collection of all right ideals of R.

IfA+B) (A+C) (A+D) =A+BC(A+D) +BD (A+C) +DC (A +B)" for all
right ideals A, B, C, D in L; where A+B denotes the right ideal generated by A B
and AB denotes A N B. Then we call R a strong right s-ring.

* - This identity is known as the supermodular identity and such lattices are
known as supermodular lattices [30].

The motivation for doing so is from [23], for he called the lattice of ideals, which is
distributive to be the strong right D-domain.

We define Smarandache strong right s-ring.
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DEFINITION 3.10.25: Let R be a ring not necessarily commutative. Let L
denote the collection all right ideals of R if A+ B) (A+C) (A+D) =A+BC (4

+D) +BD (A + C) + DC (A + B) for all right ideals A, B, C, D € L of which one of
the ideals must be a S-right ideal I(1l), then we say R is a Smarandache strong
right s-ring (S-strong right s-ring).

Example 3.10.28: Let Z, = {0, 1} be the ring of integers modulo 2 and § = {1, a,b
/a8 =ab =bab=aba=Db la=1a=aand 1.b = b.1 = b} be the
multiplicative semigroup. The semigroup ring Z.S is a S-strong right s-ring, for the
ideals of Z,S are A, = {0, a}, A, ={0,b}, A, ={0,2+ b}, A, ={, 1 +a,1 +b,a+
b} and A, = {0, a, b, a + b} of these 5 right ideals any four of them will be S-ideal I,
s0 Z,§ is a S-strong right s-ring.

LS

2

{0,1+a,1+b,a+b}

{0,a,b,a + b}

{0,a+Db}

{0, b}
{0}

Figure 3.10.1

DEFINITION 3.10.26: Let R be a ring if all the right ideals form a distributive
lattice and if in this collection of right ideals we have atleast a right ideal to be a
S-ideal I(I1) then we call the ring R as the Smarandache strong right D-domain
(S-strong right D-domain).

THEOREM 3.10.30: Every S-strong right-D-ring is a S-strong right s-ring.

Proof: By the very definition; the collection of ideals have S-ideals I(II) so if we put D
= C in the supermodular identity we get the result.

THEOREM 3.10.31: If the set of right ideals in a S-strong right s-ring is not a S-

strong right D-ring it does not imply the set of two sided ideals of this ring is not
a D-ring.
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Proof: By an example. Clearly the ideals do not form a S-D-ring. Now consider the set
of two sided ideals of Z.S given in example 3.10.28.

B,={0,1+a,1+b,a+b}
B,=10,a,b,a + b},
B, ={0,a+b}

form a distributive lattice so the ring is a S-strong-D-ring

THEOREM 3.10.32: If the set of right ideals of a ring R is not a S-strong r-ring
still it does not imply the set of two sided ideals is not a S-strong-r-s-ring.

Proof: By an example consider Z, = {0, 1} and S = {a, b, ¢, 1/ a=ab=bc=c
ab=aba=b,ca=c,cb=c,ac=a,bc=b,la=al=a1lc=cl=c 1lb=b.l
= b} be the multiplicative semigroup. Z,S be the semigroup ring of S over Z,

TakeA={0,1+a+b+cb+ca+ca+b1+a1+c 1+b},B={0,a},C=
{0, b}, D ={0, 2+ b + c} be the right ideals of Z,S. Clearly (A + B) (A + C) (A+D)
=75,A+BC A+D)+CDA+B)+DBA+0C) =A Since Z,S # AZS is not a S-
strong-r-s-ring.

Consider the two-sided ideals of Z,S.

A={0,a+b+c},B={0,a+b,a+c,b+c},C={1+a+b+ca+ba+cb
+¢1l+a,1+b1+c0landD=1{a,b,ca+ba+cb+ca+b+c 0}
Clearly the set A, B, C, D, {0}, Z,S form a supermodular lattice given by the following
diagram.

7S

2

{0}
Figure 3.10.2

N.Jacobson calls a ring R to be a J-ring if X' = x for every x € R, n an integer, n > 1,
we motivated by this define Smarandache J-ring as follows:
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DEFINITION 3.10.27: Let R be a ring. R is a said to be a Smarandache J-ring
(S-J-ring) if R has a S-subring A such that for all a € A we have a’ = a, n > 1 (n
an integer).

In view this we have the following.
THEOREM 3.10.33: et R be a J-ring. If R has S-subring then R is a S-J-ring.

Proof: Obvious by the very definition of J-ring and S-J-ring. It is well know that all J-
rings are commutative but we see a S-J-ring need not be commutative.

Example 3.10.29: Let 7.5, be the group ring of the group S, over Z,. Z,S, is a S-J-
ring. For Z,S, contains a S-subring A = {0, p, + p, + p;, L +p, +p;, L +p, +p, + p;
+ 1, + s} Itis easily verified A is J-ring so Z,S, is a §-J-ring. Hence the claim.

THEOREM 3.10.34: Let Z, be a S-ring. S is a semigroup such that $:8,=01fi =
788, =, Then the semigroup ring Z S is a S;J-ring.

Proof: 1t is left for the reader to verify.
The author has defined for any ring R the strong ideal property as follows.

DEFINITION [122]: et R be a ring. If every distinct pair of ideals of R generate
R, then the set of ideals of R is said to satisfy the strong ideal property.

DEFINITION [122]: Let R be a ring; if every distinct pair of subrings of R
generate R then the set of subrings of R is said to satisfy the strong subring
Dproperty.

DEFINITION [122]: Let R be a ring. If {1} denote the collection of all ideals
and (S, } the collection of all subrings and if ( S, 1,/1 e {1} and S e {S,})

generate R for every pair (S, 1) € {S,} x {1, } then we say the subrings and

ideals of R satisfy the strong sul;ring ideal property.
Example 3.10.30: Let G = (g / ¢’ = 1) and Z, = {0, 1} be the ring of integers
modulo 2. The group ring Z,G satisfies strong subring property but does not satisfy

strong ideal property. But Z,G satisfies strong subring ideal property as S, = {0, 1}
and I, = {0, 1 + g} be the subring and ideal of Z,S. We see S, U I, generates Z,G.

Example 3.10.31: Let G = (g/ ¢’ = 1) be the cyclic group of order three and Z =

{0, 1} be the ring of integers modulo 2. The group ring Z,G = {1,0,g ¢, 1 +g 1 +
¢ g+, 1+g+g}. The subrings of ZGareS, ={0,1},S,={0, 1 + g+ g}, S, =
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{O,g+g2},S4={O,1+g, 1 +g2,g+g2}andSS={0, 1,g+¢,g+g +1}. The
ideals of Z,G are 1, = {0, 1 + g + g}, 1, = {0, 1+ ¢ 1 + g, g + g'}; thus clearly Z,G
satisfies strong ideal property. It is easily verified that Z,G does not satisfy strong
subring property further Z,G does not satisfy the strong subring ideal property.

THEOREM [122]: Let R be a ring. R does not satisfy strong subring property
even if a pair of subrings S, S; € {S, } is such that S, =S,or S, = ;

Proof: Since S, § € {§ }if S, Sor§cs then (S, §)=S$, if S, S, and (S, 8 =S§,
if S]. .

THEOREM [122]: Let R be a ring. R is not a strong ideal ring if there exists a
pair of ideals 1, 1, such that I, cI,or [, I,

Proof: As in case of subrings.

Now we define S-strong ideal rings, S-strong subring rings and S-strong subring ideal
rings.

DEFINITION 3.10.28: Let R be a ring. Let (S, } denote the collection of all S-
subrings of R. We say R is a Smarandache strong subring ring (S-strong subring
ring) if every pair of S-subrings of R generate R.

DEFINITION 3.10.29: Let R be a ring. Let {1} denote the collection of all S-
ideals of R. We say R is a Smarandache strong ideal ring (S-strong ideal ring) if
every pair of S-ideals of R generate R.

DEFINITION 3.10.30: Let R be a ring. (S} and {1} denote the collection of all
S-subrings and S-ideals of R. if every pair {S, I} generate R then we say R is a
Smarandache strong subring ideal (S-strong subring ideal) ring. If we do not
have S-subrings and S-ideals in a ring then we do not have the concept of S-
strong subring ideal or S-strong ideal ring or S-strong subring ring.

Example 3.10.32: Let Z, = {0, 1, 2, 3, 4, 5} be the ring of integers modulo 6. S, =
{0, 3} and S, = {0, 2, 4} are subrings as well as ideals. Clearly Z is not a S-strong
ideal ring and not a S-strong subring ring and not a S-strong subring ideal ring, since
this ring has no proper S-subrings or S-ideals.

Example 3.10.33: Let .S, be the group ring of the group S, over Z,. Clearly Z,S, is
not a strong subring. For take the two distinct subrings, S, = {0, 1 + p,} and S, = {0,
1+p2}- <Sl,Sz> = {O) 1 +p1’ 1 +p2)p1 +p2)p4+p5’p2+ 1 +p1+p5’ 1 +p1 +p2 +
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Py D, + Dy +Ds+D,, ...} =4S, asin (S, S,) i.e., the ring generated by S, and S, we
cannot find elements whose support is odd i.e., single term, sum of three terms or
sum of five terms. Hence Z,S, is not a strong subring ring. Also Z,S, is not a strong
ideal ring. For take I, = {0, 1 + p, +p, + ... + p;}and L, = {0, 1 + p, + p,, p, + P,
+D, 1+, +p,+p; +p, + s}, I, U L) does not generate Z,S,. Hence the claim.

Is 7.8, a S-strong ideal ring?

.S, = (LM, v Z,H,) where H, = (1, p,) and H, = (1, p,, p,) are subgroups of Z,S,.
Clearly both Z,H, and Z,H, are S-subrings of Z,S,. The S-subrings of Z,S, are A = {0, 1
+ D+ Dy + Py + Dy + Py Py + D5 + 1Dy + p, + i} for {0, L+ p, +p, +ps+p, +
ps} acts as the proper subset which is a subfield of A — Z,S,. Also B = {0, 1, p,, 1 +
p,} is a S-subring of Z,S,. Similarly we have S-subrings B, = {0, 1, p,, 1 + p,}, B, =
{0, 1, p,, 1 +p,}, it is once again easily verified (B,\UB, ) = Z,S,.

Now the natural question is, will every pair of S-subrings generate Z,S,. To this end we
propose some open problems in chapter 5 and define a weaker Smarandache
concept.

DEFINITION 3.10.31: Let R be a ring; we say R is a Smarandache weak ideal
(S-weak ideal) ring if there exists a pair of distinct S-ideals I, , 1, in R which
generateRi.e,R= (I, UI,)

DEFINITION 3.10.32: Let R be a ring; we say R is a Smarandache weak subring
(S-weak subring) ring if there exists a distinct pair of S-subrings S, , S, in R
which generateR. i.e, R = (S, US,)

DEFINITION 3.10.33: Let R be a ring we say R is a Smarandache weak subring
ideal (S-weak subring ideal) ring if there exist an S-ideal I and S-subring A
(which is not an S-ideal) such that I A generate R i.e., R=(1 UA )

The following three results can be easily verified; hence the proof is left as an exercise
to the reader.

THEOREM 3.10.35: Let R be a ring.
1. Every S-strong ideal ring is a S-weak ideal ring.
2. Every S-strong subring ring is a S-weak subring ring

3. Every S-strong subring ideal ring is a S-weak subring ideal ring.

Further we leave it as an exercise to the reader to obtain examples to show S-weak
structures in general are not S-strong structures.
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Example 3.10.34: Let Q be the field of rationals. S, be the group of degree 3. QS, is
a S-weak subring ring. For A = QH, and A, = QH, are S-subrings and QS, = (QH, U
QH,).

DEFINITION [123]: Let R be a ring we say R is a weakly Boolean ring if X''* =
X forall x € R and, for some natural number n(c) > 1.

Example 3.10.35: 7, = {0, 1, ..., p—1} be the prime field of characteristic p.
Clearly Z is a weakly Boolean ring.

Now we proceed on to define Smarandache weakly Boolean ring.

DEFINITION 3.10.34: Let R be a ring we say R is a Smarandache weakly
Boolean ring (S-weakly Boolean ring) if we have a S-subring A of R such that A is
a weakly Boolean ring.

Example 3.10.36: Let Z,, = {0, 1, 2, ..., 14} where G = (g/ g = 1). Clearly the
group ring Z .G is not a weakly Boolean ring. But Z,.G is a S-weakly Boolean ring. For
take B = {0, 5, 10}; BG is a S-subring of Z G which is a S-weakly Boolean ring but
Z,G is not a weakly Boolean ring.

DEFINITION [67]: R is a weakly regular ring if for each right (left) ideal I of R;
we have I’ = I

Example 3.10.37: Let Z, = {0, 1} be the prime field of characteristic two and G =
(g/g = 1) be the cyclic group of order 3. The group ring Z,G is weakly regular. For
[ ={0,1+g+ g}, L={0,1+g 1+ o’ g+ ¢’} are such that 112 =1, and 122 =1.
Hence the claim.

Now we see all ideals I in every ring need not satisfy I = 1.

Example 3.10.38: Z, = {0, 1} be the prime field of characteristic 2 and G = (g/ g’
= 1), the group ring; .G = {0, 1, g, 1 + g}. The ideal I = {0, 1 + g} is such that I' =
{0}. So Z,G is not a weakly regular ring.

DEFINITION 3.10.35: Let R be a ring, we say R is a Smarandache weakly

regular ring (S-weakly regular ring) if each S- right (left) ideal I of R satisfies I
=1
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DEFINITION 3.10.36: Let R be a ring. If R has atleast one S-ideal I such that I
= [ then we say R is a Smarandache weakly weak regular ring (S-weakly weak
regular ring).

It is easily verified that :

THEOREM 3.10.36: Let R be a S-weakly regular ring then R is a S-weakly weak
regular ring.

DEFINITION [1]: 4 ring R of characteristic p is said to be a pre-p-ring if ¥’y =
xy/ forevery x,y €R.

DEFINITION 3.10.37: Let R be a ring of characteristic p; R is said to be a
Smarandache pre-p-ring (S-pre-p ring) if R has a nontrivial S-subring A such
that a subring B of A is a pre-p-ring i.e., in Bwe have 'y = x/ forall x, y < B

Example 3.10.39: Let Z, = {0, 1} be the prime field of characteristic 2 and G = (g
/g6 = 1). The group ring Z,G is a S-pre-p-ring for take A = {0, 1, 20 1+¢,2¢ 2+
¢’ 28 + 1,2g" +2}. S0 Z,G is a S-pre-p-ring.

DEFINITION [22]: Let R be a commutative ring, an ideal I of a ring R is said to
be the multiplication ideal if for each ideal] — I we have J= IC for some ideal C.

DEFINITION 3.10.38: Let R be a S-commutative ring. An S-ideal I of R is said
1o be the Smarandache multiplication ideal (S-multiplication ideal) if for each S-

ideal ] I thereis ] =IC for some S-ideal Cin R.

DEFINITION [134]: A two sided ideal I of a non-commutative ring R is called a

right multiplication ideal, if for each right ideal ] < I there is ] = IC for some
right ideal C in R.

DEFINITION [134]: Let R be a ring. A right ideal I of a non-commutative ring

is called a right multiplication right ideal if for each right ideal ] — I there is ] =
IC for some right ideal C in R.

DEFINITION [134]: Let R be a ring. If every proper two sided ideal of R is a
right multiplication ideal of R then we call R as a right multiplication ideal ring.

DEFINITION 3.10.39: Let R be a ring. If every proper two sided S-ideals of R is

a right multiplication ideal of R. We call the ring as a Smarandache right
multiplication ideal ring (S-right multiplication ideal ring)
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DEFINITION [3]: Let R be a partially ordered ring without non-zero nilpotents.
R is said to be a f-ring if and only if for any a € R, there exists a, a, in R with a,
>0,a,>0,a=a,—a,andaa,=aa,=0.

We define Smarandache f-rings as follows.
DEFINITION 3.10.40: Let R be a ring. Let A be a S-subring of R. R is said to be
a Smarandache f-ring (S-f-ring) if and only if A is a partially ordered ring

without non-zero nilpotents and for any a € A we bave a,, a,in R witha, >0, a,
>0, a=a,—a,andaa,=an,=0.

DEFINITION [20]: Let R be a ring. R is said to be a chain ring if the set of ideals
of R is totally ordered by inclusion.

For more properties about chain rings please refer [20].

THEOREM [121]: Let Z, = {0, 1} be the prime field of characteristic 2. G = g/
& = 1)and p an odd prime. The group ring Z,G is not a chain ring.

Proof: Consider I = {0, 1 + g+ ... + ¢ } and J = the augmentation ideal of Z,G.
Clearly I and J are ideals such that they are not comparable so Z,G is not a chain ring.

THEOREM [121]: Let G = ¢/ g™ = 1) be a cyclic group of order p + 1, Z, be
the prime field of characteristic p. The group ring Z,G is not a chain ring.

Proof: Consider the ideals I = {0, n(1 + g+ &' + ... +¢)},1 < n < p-1 and J the
augmentation ideal. Clearly I and J are not comparable; so Z G is not a chain ring.

THEOREM [103]: Let Z, be the prime field and G be a finite group of order n,
such that (n, p) = 1. Then the group ring Z,G is not a chain ring.

Proof- Take ] = {0,t(1 + g +... +g )}, 1 <t<p-Iand] the augmentation ideal. I
and ] are incomparable so Z G is not a chain ring.

DEFINITION [103]: Let R be a ring. R is said to be a strictly right chain ring
only when the right ideals of R is ordered by inclusion.

DEFINITION 3.10.41: Let R be a ring. If the set of S-ideals of R is totally
ordered by inclusion, then we say R is a Smarandache chain ring (S-chain ring).
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DEFINITION 3.10.42: Let R be a ring. If the set of all S-right ideal of R is totally
ordered by inclusion then we say R is a Smarandache right chain ring (S-right
chain ring).

DEFINITION 3.10.43: Let R be a ring, A, a S-subring of R. If the set of S-ideals
of the S-subring A of R is totally ordered by inclusion then the ring is said to be
Smarandache weakly chain ring (S-weakly chain ring).

THEOREM 3.10.37: Let R be a ring, if R is a S-weakly chain ring then R need
not be a S-chain ring.

Proof: By an example the above result can be proved.

DEFINITION [127]: Let R be a ring, 0 =1 be an ideal of R. If for any nontrivial

ideal X and Y of RX =Y we have X NI, Y n1)= (X, Y) N1 then I is called the
obedient ideal of R.

Example 3.10.40: et Z,, = {0, 1, 2, ..., 11}, I ={0, 6} is an obedient ideal of Z,
for if we take X = {0, 4, 8} and Y = {3, 6, 9, 0} two ideals of Z,,. We see XN L, Y N
) =(0,0,6){0,6} =L, (X, Y) "I =Z, " 1=1{0, 6}. Hence the claim.

DEFINITION [127]: If every idedl I of a ring R is an obedient ideal of R, then
we say R is an ideally obedient ring.

DEFINITION 3.10.44: Let R be a ring. Let I be an S-ideal of R. We say I is a
Smarandache obedient ideal (S-obedient ideal) of R if we have two ideals X, Y in

R X =Ysuchthat X "LINY)=X., Y)NI

Note: We do not demand that X and Y to be S-ideals of R. It is sufficient if they are
distinct ideals but we demand I to be a S-ideal of R.

DEFINITION 3.10.45: Let R be a ring, if every S-ideal I of R is a S-obedient
ideal of R then we say R is a Smarandache ideally obedient ring. (S-ideally
obedient ring)

DEFINITION [49]: Let R be an associative ring in which for every x, y in R there
exists a positive integer n = n(x, y)>1 such that either (xy — yx)" = xy — yx or

(xy +x)" = xp + .

In honour of Lin we call these rings as Lin rings. For more about these structures
Dlease refer [49].
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THEOREM [129]: Let F be a field and G any finite non-abelian group. If the
group ring FG is a Lin ring then

1. 1t has zero divisors
2. FG is a Lin ring having elements of finite order.

Proof: Given FG is a ring which is a Lin ring. Hence (xy —yx)" = xy — yx or (xy + yx)"
= xy + yx. Now (xy — yx)" = xy — yx implies (xy — yx) [(xy —yx)"'—1] = 0. Since xy
# yx; we have if FG is a Lin ring, FG has zero divisors provided (xy —yx)"" # 1. Clearly
if the ring FG has no zero divisors then FG has elements of finite order i.e., (xy —yx)""
= 1 for atleast some pairs x, y € FG.

THEOREM [129]: If FG is the group ring of a non-commutative group G over
the field F. FG has zero divisors or elements of finite order then FG is not in
general a Lin Ring.

Proof: By an example. Consider Z, = {0, 1} be the prime field of characteristic two
and S, be the symmetric group of degree three.

To show Z,S, is not a Lin ring, it is sufficient to prove that there exists atleast a pair of
elements x, y in Z,S, such that (xy + yx)" # xy + yx. Consider p,, p, € Z,8,. Clearly

p,p; + PP, =P, +p;and (p, + ps)Z = p, + p;. Since (p, + ps)2 = p, + p;. We have
(p, +p,)"; for no integer n>1 can be equal to p, + p,. Hence Z,S, is not a Lin ring.

In view of this we can prove.

THEOREM [129]: Let Z, = {0, 1} and S, be the permutation group of degree n.
The group ring Z,S, is not a Lin ring.

The proof of this theorem is left for the reader as an exercise.
Now we proceed onto define Smarandache Lin rings.
DEFINITION 3.10.46: Let R be a ring. R is said to be a Smarandache Lin ring

(8-Lin ring) if R contains a S-subring B such that B is a Lin-ring. We do not
demand every element of R to satisfy the Lin identity viz

(xy —yx)’; = xy—yxor
(xXp +)x)" =Xy + ).

but only if elements of B satisfy the Lin identity then it makes R a S-Lin ring.
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THEOREM 3.10.38: Let R be a Lin ring having a S-subring then R is a S-Lin
ring.

Proof: Follows from the very definition of S-Lin ring and Lin ring.
THEOREM 3.10.39: Let R be S-Lin ring then R is a S-ring.

Proof: By the very definition of S-Lin ring it should have a S-subring so R will be a S-
ring.

DEFINITION [160]: A ring R with 1 is said to satisfy the right super ore
condition if for any r, s € R there is some r' € R such that rs = sr'.

For more about these concepts please refer [160, 126].

THEOREM [126]: Let F be any field or a ring and G = S, n > 3 be the
symmetric group of degree 3. FS, does not satisfy super ore condition.

Proof: To show FS, does not satisfy super ore condition it is enough if we show for
someXx, y € FS_we have xy = yo is not true for any o € FS .
Take

(1 2 3 4 . .. nj (1 2
Xx=1+ and y=1+
3214 .. .n 13

Clearly yx = xt for no t e FS; hence the claim.

3 4 . . . n
2 4 . . . n)

DEFINITION 3.10.47: Let R be a ring. We say R satisfies Smarandache super
ore condition (S-super ore condition) if R bas a S-subring A and for every pair x,

y € Awe haver € R such that xy = yr.

THEOREM 3.10.40: Let R be a ring which satisfies super ore condition. If R has
a S-subring then R satisfies the S-super ore condition.

Proof. By the very definition of S-subring and S-super ore condition the results are
easily proved.

DEFINITION [138]: Let R be a ring. R is said to be idedlly strong, if every
subring of R not containing identity is an ideal of R.
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Example 3.10.41: Let Z,G be the group ring of the group G = (g / g’ = 1) over Z,
Z,G is an ideally strong ring.

THEOREM [138]: Let Z,= {0, 1} and G = ¢/ g" = 1). The group ring Z,G is not
an ideally strong ring.

Proof The set S = {0, 1 + g'} is a subring of Z,G but is not an ideal of Z,G. Hence the
claim.

DEFINITION 3.10.48: Let R be a ring. We say R is a Smarandache ideally strong
(S-ideally strong) ring if every S-subring of R is a S-ideal of R.

DEFINITION [137]: Let R be a ring; {Ij } be the collection of all ideals of R. R is
said to be a I'-ring if every pair of ideals I, I, & {I.} in R and for every a € R \
(1,v1,) we bave @ U1,)= (a v I,)where () denotes the ideal generated by a
and L, j=12

Example 3.10.42: 7., = {0, 1, 2, ..., 11} ring of integers modulo 12, is not a I
ring for I, = {0, 6} and I, = {0, 4, 8} are two ideals of Z,, and we have (3 U L) = {0,
3,6,9} whereas 3 U L)y =7,

DEFINITION 3.10.49: Let R be a ring {A, } be the collection of all S-ideals of R.
If for every pair of ideals A,, A, € {A.} we bave for every x € R\ {A,UA,}, (A,
x) = @A, x) and they generate S-ideals of R, then we say R is a Smarandache I'-
ring (S-I ring).

DEFINITION 3.10.50: Let R be a ring {A.} be the collection of all S-ideals of R if

JorA, A, € [A}, we bave some x € R\ {A, UA,} such that 4, ©x)= A, U x)
are S-ideals of R then we say R is a Smarandache weakly I -ring (S-weakly I'-
ring).

THEOREM 3.10.41: Al S-I rings are S-weakly I -rings.
Proof: Follows by the very definitions of $-I' ring and S-weakly I -ring.

Here we demand the ideals generated by (A, L x) to be S-ideals. Further we have the
following,.

THEOREM 3.10.42: IfR is aS-I ring or a S-weakly I -ring then R is a S-ring
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Proof: Follows from the fact that for R to be a S-I ring or S-weakly I ring; R must
contain nontrivial S-ideals which in turn will imply R is a S-ring.

DEFINITION [136]: Let P and V be any two non-isomorphic finite rings, if
there exists non-maximal ideals I of P and ] of V such that P/l is isomorphic to
V/J. The finite rings P and Q are called Q-rings.

Example 3.10.43: Let Z, = {0, 1, 2, 3} be the ring of integers modulo 4. Z, = {0, 1,
2, ..., 7} be the ring of integers modulo 8. Z, /] = Z, / T where J = {0, 4} and I = (0).
So Z, and Z are Q rings. Similarly we can prove Z, and Z,, are also Q-rings.

THEOREM [1306]: et Z, = {0, 1,2, ..., n— 1}, be the ring of integers modulo
n, n not a prime then Z  is always a Q-ring.
Proof: Left for the reader as an exercise to prove.

DEFINITION [136]: Suppose R is a ring such that all of its ideals are maximal
and if we have R /(0) is isomorphic to some ring then we call R a weakly Q-ring.

DEFINITION 3.10.51: Let R be a ring. A a S-ideal of R. R/A is defined as the
Smarandache quotient ring (S-quotient ring) related to the S-ideal A.

DEFINITION 3.10.52: Let R and S be two rings; if we bave S-ideals A and B of R
and S respectively, such that the Smarandache quotient ring R/A is S-isomorphic
with the Smarandache quotient ring S/B then we say the ring R is a Smarandache

Q-ring (8-Q-ring).
We assume the S-ideals A and B need not be S-maximal ideals of R and S respectively.

DEFINITION [13]: A ring R is called a F-ring if there is a finite set X of non-

zero elements in R such that aR N X = ¢ for any non-zero a in R. If in addition X
is contained in the center of R; R is called a FZ-ring.

Example 3.10.44: Let Z, = {0, 1} be the field and G = (g / g = 1). The group ring
Z,GisaF-ring X = {1 + g}  Z,G. Clearly 2.Z,G " X # ¢ for any non-zero ain Z.G.

THEOREM [135]: Let Z, = (0, 1) be the field of characteristic 2 and S, be the
symmetric group of degree n. The group ring Z,S is a F-ring.
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Proof: Take X = {oc = Zsi /s; € Sn} with Isupp ol = 2m and 1 < 2m < n!. For any
i=1

aeZS \{0}; aZS N X # ¢; hence ZS, is a F-ring.

DEFINITION 3.10.53: Let R be any ring; A a S-subring of R. We say R is a
Smarandache F-ring (S-F-ring) if we have a subset X in R and a non-zero b € R

such that bA N X = ¢. It is pertinent to mention here that we need not take X as a
subset of A but nothing is lost even if we take X to be a subset of A. Similarly b
can be inAorinR.

DEFINITION [145]: Let R be a ring we say an element a < R\ {0, 2} is an SS
element ifd’ = a + a.

DEFINITION [145]: Let R be a ring if R has atleast one SS-element other than 0
and 2 then we say R is a S5-ring.

Now we proceed onto define Smarandache SS-elements.

DEFINITION 3.10.54: Let R be a ring an element x € R is said to be a

Smarandache SS element (SSS-element) of R if there exists y € R\ {x} with x.y =
X+ 9.

Example 3.10.45: LetZ,, = {0, 1, 2, ..., 9} be the ring of integers modulo 10. 4.8
=4 + 8 (mod 10). So 4 is a SSS element of Z, .

DEFINITION 3.10.55: Let R be a ring if R has atleast one nontrivial
Smarandache SS-element we call R a SSS ring.

Example 3.10.46: 7, is a SSS-ring for 4, is a SSS-element as 4 + 6 = 4.6 = 10
(mod 14).

Example 3.10.47: et 7 = {0, 1, 2, ..., 14} be the ring of integer modulo 15, 3 is
4 SSS element for 3.9=3 + 9= 12 (mod 15).

Example 3.10.48: 7, be the ring of integers modulo 9. 3.6 =3 + 6 =0 (mod 9),
5.8=5+8=4 (mod9). This ring has two SSS-elements.

Example 3.10.49: 7, has S85-element.

Here we solve the problem proposed by [16]: “He asks whether there exists a
commutative ring R with the property satisfying the following condition: R* = R and a
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+a=0=a foralae R Now if R is a commutative ring in which x* = 0 for all x
&R then we have xy = 0 for all x, y € R or characteristic R = 2. For (x +y)* = 0 but
X +V + 2xy = 0soxy =0 forall x, y € R or characteristic of R is two. So we prove
that such rings do not exist. For the rings R, which satisfy the given condition, cannot
contain 1, the identity. Secondly R’ = Ris impossible as a + a = 2 =0s0R ={0}.
Hence the claim; thus the answer to the question in [16] is answered in the negative.

DEFINITION [35]: Let R be a ring. A subring S = {0} of R is said to be a trivial
subring of R of S’ = (0).

Example 3.10.50: Let Z.G be the group ring of the group G = (g / g" = 1) over Z,
This has trivial subrings, for S={0,1 +g+ ... + gzn_l} is such that 8’ = (0) and S,
= (1+¢',0) is such that Slz=(0).

DEFINITION 3.10.56: Let R be a ring, we say R has a Smarandache trivial
subring (S-trivial subring) if R bas a S-subring A such that A has a subring B (B

cA) with B = (0).

We have to make this form of definition as S-subring A has a subfield in it, so A ={0)
is impossible, so to overcome this we have to define a subring B — A such that B' =

(0).

We leave it for the reader to obtain some interesting results in this direction.

DEFINITION [65]: Let R be a ring, we say R is a y -ring, n > 1, n an integer if
x" —x is an idempotent for all x € R.

Example 3.10.51: Let Z, = {0, 1} be the field and G = (g / g'=1), the group ring
Z.G is a y_-ring. For more about y_-ring refer [65].

DEFINITION 3.10.57: Let R be a ring. If X' — x is a S-idempotent for some
integer n > 1, for all x € R then we say R is a Smarandache y -ring (S-y, ring).

It is left for the reader to obtain some nice examples of S-y, -rings.

THEOREM 3.10.43: Let R be a field of characteristic 0 and G be a torsion fiee
abelian group. The group ring KG is not a S-y,-ring.

Proof: KG is a domain, hence the claim.
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The concept of demi modules is a generalization of modules. For every module is a
demi module and not conversely. To define demi module we define demi subring.

DEFINITION [148)]: Let R be a commutative ring with unit. A non-empty subset
Vof R is said to be a demi subring of R if V is closed with respect to '+' and " of
R

Example 3.10.52: Let 7 be the ring of integers, Z" is a demi subring (Z" set of
positive integers).

Example 3.10.53: Let Z, = {0,1,2,...,p— 1}, p aprime, Z, does not have a demi
subring.

DEFINITION [148]: Let R be a commutative ring with unity; P is said to be a
demi module over R if P is a semigroup under '+' and ' and there exists a
nontrivial demi subring V of R such that for every ve Vand p € P, vp and pv € P:

0 EP&lﬂdl)@] +pJ= ”pl-ijzz ”1(”2[)) = (7}1”2)p'f0"p1) pzp EP; v, 0,V € V.

DEFINITION [148]: Let R be a commutative ring and let P be a demi module
relative to the demi subring V. Then a non-empty subset T of P is a subdemi
module, if T is a demi module for the same demi subring.

DEFINITION 3.10.58: Let R be a commutative ring with 1. A subset S of R is
said to be a Smarandache demi subring (S-demi subring) of R if

1. (S, +) is a Smarandache semigroup.
2. (S, .) is a Smarandache semigroup.

THEOREM 3.10.44: All S-demi subrings of the ring are demi subrings.
Proof: Left as an exercise for the reader.

DEFINITION 3.10.59: Let R be a commutative ring with 1. P is said to be
Smarandache demi module (S-demi module) over R if

1. PisaS-semigroup under + and *.".

2. There exists a nontrivial S-demi subring V of R such that for every p €
Pandv €V, vpandpv € P

3 ”@1 +p2) =P, +1p,

4. v,p) = (w,) pforallp,, p,, p €Pandv, v, V.

THEOREM 3.10.45: Let R be a ring; P be a S-demi module relative to V, then P
is a demi module relative to V, V a subring of R.
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Proof: Left as an exercise for the reader to prove.

DEFINITION 3.10.60: Let R be a ring. P a S-demi module relative the S-demi
subring V of R. A non-empty subset T of P is said to be a Smarandache subdemi
module (S-subdemi module) if T is a Smarandache demi module for the same -
demi subring.

The reader is requested to obtain nice results in this direction.

DEFINITION [63]: Let R be a ring, R is said to be locally unitary if for each x
R there exists an idempotent e € R for which ex = xe = x.

Here we define semiunitary ring using semi idempotents.

DEFINITION [152]: Let R be a ring. R is said to be locally semiunitary if for
each x € R there exists a semi idempotent s € R such that xs = sx = x.

THEOREM [152]: Let R be a locally unitary ring then R is a locally semiunitary
ring.

Proof: By the very definition of locally unitary ring and locally semiunitary ring the
result follows.

THEOREM [152]: A locally semiunitary ring in general is not locally unitary
ring.

Proof: By an example; Z, = {0, 1} be the field of characteristic two and G = (g /g’ =
1). The group ring Z,G = {0, 1, g, 1 + g} is locally semiunitary for (1 + g) g = g(1 +
g) = 1 + g where g is not an idempotent as g’ = 1. Thus Z,G is not locally unitary.

DEFINITION 3.10.61: Let R be a ring if for every element x € R there exists a
S-idempotent e in R such that xe = ex = x. Then we call the ring R a
Smarandache locally unitary ring (S-locally unitary ring).

DEFINITION 3.10.62: Let R be a ring. If for every x < R there exists a S-semi
idempotent s of R such that xs = sx = x then we call the ring R a Smarandache
locally semiunitary ring (S-locally semi unitary ring).

DEFINITION [151]: Let (R, +, .) be a ring. A non-empty subset S of R is called a

closed net of R if S is a closed set of R under the operation ‘" and is generated by
a single element. That is S is a semigroup under multiplication *.’.
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DEFINITION [151]: Let (R, +, .) be a ring. If R is contained in a finite union of
closed nets of R then we say the ring R has a closed net.

DEFINITION [151]: et R be a ring we say R is a CN-ring if R = U S, where S,'s
are closed nets such that S, NS =gor {1} or {0} ifi=jand 1 € R and §, NS =
S if i =j and each S, is a nontrivial closed net of R.

Example 3.10.54: Let Z, = {0, 1, 2, ..., 7} be the ring of integers modulo 8. Clearly
Ris not a CN-ring for take 8, = {4, 6}, S, = {1, 3}, S, = {5, 1}, §, = {1, 7} and S, =
{0, 2, 4}. Easily verified.

DEFINITION [151]: Let R be a ring. If R — /S, with S, N S, #gor {1}. Then we
say R is a weakly CN-ring.

We have rings which may not even be a weakly CN-ring.

Example 3.10.55: Let Z, = {0, 1, 2, ..., 8} be the ring of integers modulo 9. It is
easily verified Z is a CN-ring. For S, = {0, 3}, S, = {0, 6} and S, = {2, 4,8, 7, 5, 1}
closed nets of Z,.

THEOREM [151]: Every CN-ring is a weakly CN-ring. But a weakly CN-ring in
general is not a CN-ring.

Proof: Left as an exercise to the reader.

THEOREM [151]: Z, be the prime field of characteristic p. Z, is not a CN-ring
and not even a weakly CN-ring.

Proof: Left for the reader to prove.

Now we proceed onto define Smarandache CN-rings and Smarandache weakly CN-
rings to this end we define Smarandache closed net in rings.

DEFINITION 3.10.63: Let R be a ring, we say a subset S of R is said to be
Smarandache closed net (S-closed net) if

1. §is a semigroup.
2. §is a S-semigroup.

From this we easily see that all S-closed nets are closed nets but every closed net in
general is not a S-closed net.
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DEFINITION 3.10.64: Let R be a ring. If R is contained in the finite union of S-
closed nets of R then we say the ring R bas a Smarandache closed net (S-closed
net).

DEFINITION 3.10.65: Let R be a ring, we say R is a Smarandache CN-ring (S-
CN-ring) if R = U S, where S,'s are S-closed nets such that §; NS, =4, i #j, A =S,
orA =S, where A is a subgroup of S,

DEFINITION 3.10.66: et R a ring, if R — U S, where S,'s are Smarandache
closed nets then we say R is a Smarandache weakly CN-ring (S-weakly CN ring).

THEOREM 3.10.46: Let R be a S-CN-ring. Then R is a weakly CN-ring.
Proof: By the very definition the result is straight forward.

THEOREM 3.10.47: Every S-weakly CN-ring is a weakly CN-ring and not
conversely.

Proof: 1t can be proved by simple working, hence left for the reader as an exercise.

DEFINITION [153]: Let R be a ring. A subset M of R with WM <2, M + M <2
and W <2 is called the tight subset of R

DEFINITION [153]: Let R be a ring. R is said to be a tight ring if we can find a
subset M of R which is a tight subset of R.

Example 3.10.56: Let G = (g/ g'=1) and Z,={0, 1} the ring of integers modulo 2.
The group ring Z,G is a tight ring for it has the tight subset M = {0, 1 + g} such that
IMI <2, M + M < 2and IM'| <2.

DEFINITION [153]: Let R be a ring R; is said to be a strong tight ring if every
subset M with \M < 2 of R is a tight subset of R.

Example 3.10.57: The group ring R = Z,G where G = (g / g = 1) is a strong tight
ring,

THEOREM [153]: Every strong tight ring is a tight ring but every tight ring need
not be a strong tight ring.

Proof: By the very definition of tight ring and strong tight ring. To prove the converse
we see Z, = {0, 1, 2, ..., 7} is a tight ring which is not a strong tight ring.

THEOREM [ 153 ]: No ring of characteristic 0 is a tight ring.
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Proof: Left as an exercise for the reader to prove.

DEFINITION [153]: Let R be a ring; R is said to be r-tight ringi.e., T -ring, r >2
if R contains a subset M with M\ < r implies M + M\ <r and M| <r. Clearly
when r = 2 we get the tight ring.

Every T -ring is a T-ring for all i <r. Thus we have T-ring c Tqring ... < T -
ring.

THEOREM [153]: Every T, ring is a T, ring but all T; rings need not be T ,-rings.

Proof: By the very definition every T, ring is a T, ring, to prove the converse we give an
example. Consider Z = {0, 1,2, ..., 8}, is a T,-ring but it is not a T,-ring.

THEOREM [ 153 ]: The ring of integers is not a T -ring for any finite i > 2.
Proof: Left for the reader as an exercise to prove.

DEFINITION 3.10.67: Let R be a ring we say a non-emply subset M of R is said
1o be a Smarandache tight set (S-tight set) if

1. M contains a subset S where S is a semigroup under "' of R.
2 IfM<2WM+M<2 WM <2

DEFINITION 3.10.68: Let R be a ring. R is said to be a Smarandache tight ring
(S-tight ring) if we can find a subset M of R which is a S-tight set of R.

THEOREM 3.10.48: Every S-tight set of R is a tight set of R.
Proof: Obvious by the very definitions.

THEOREM 3.10.49: Every S-tight ring R, is a tight ring.
Proof: Left as an exercise to the reader to prove.

DEFINITION 3.10.69: et R be a ring, R is said to be Smarandache strong tight
ring (S-strong tight ring) if every subset M of R is a S-tight set of R.

DEFINITION 3.10.70: Let R be a ring, R is said to be Smarandache r-tight ring
ora S-T, ring r >2 if R contains a subset Mwith \M| <r, \M + M <r, W< r and
Mis a S-tight set of R.
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Now we proceed on to define the concept of finite quaternion rings and skew fields as
this concept would help in defining in chapter IV Smarandache rings of level II and
Smarandache mixed direct product of rings.

DEFINITION [149]: Let Z, be the ring of integers modulo n. Let P = {p, + pi +
PJ+DkR/D, D, Dy Dy €2, 1 finite, n > 2} Define ‘+ and . on P as follows

X=p,+pji+pj+pk and

Y=q,+q,i+qj+qk beinP

X+Y=(,+q) +Q,+4)i+ QO+ +b;+q)k

X.Y= (po +p1i +p97 +p3k)(q0 + qzl + qz] + q3k) = [poqo + (7’2 _])pIqI +
(n—=1) pg, + (n—=1) pgy]+ P, + P4, (n—1D + g, + A1 + (DA, + A, +
(n—Dpgs+Ppa)i+ (Ofs + 4, +Pd; + (-Dpg )k

where i =f =k = (n—1)=ijkand ij = (n — 1)ji = k whereji = (n—1) kj = i
and ki = (n—1) ik =j.

Clearly in P, 0 = 0 + 0i + O] + Ok is the identity with respect to '+' and 1=1 + 0i
+ Of + Ok is the identity with respect to ".".

Now P is a ring called the ring of real quaternion of characteristic n,n a finite

prime. If n is a composite number then we have P to be a ring with divisors of
2ero.

THEOREM [149]:Let P = (o, + aji + a)f + o,k / @, @, @, 0y €2,= {0, 1, 2
..., p— 1} be defined as above. Then P is a prime skew field.

Proof: Please refer [149] for proof.

THEOREM [149]:Let P = (o, + ai + o) + auk/ o0, a0, 0, €7, = {0, 1, 2,
..., n— 1}] ring of integers modulo n, n a composite number withi’ =7 =¥ =n
— 1 =1djk. ij = (n— 1)ji = k and so on. Then P is a ring with divisors of zero.

Proof: Left as an exercise for the reader to prove.
Let P be a ring defined as above. Let G = {a, + o i + o,j + o.k/ a, o, o0, 0, =m
where m is a zero divisor in Z, o, o, o, o, € Z } denote the set of nilpotent

elements of P or zero divisors of P.

LetV={a, + oi+o,j+ok/o,+a, +o,+a,=twheretisaunitinZ ; o, o,
a,, a, € Z } denote the set of all units of P. Then it has been verified if n = p’ where
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p is a prime then P = G U V. In view of this we propose a few problems in Chapter 5,
using the notation P, G and V.

PROBLEMS:
1. IsZ, the ring of integers modulo 25 a reduced ring?
2. Find all the S-nilpotent elements of the group ring Z,S..
3. Test whether the semigroup ring ZS(4) is a reduced ring.
4. Find all S-nilpotent elements in QS(5), the semigroup ring of the semigroup
S(5)over the field of rationals Q.
5. IsZ,,aS-zero square ring?
6.  Can a S-zero square ring be of order 19?
7. Isthe group ring Z ,S, a S-zero square ring?
8. Give an example of a S-null semigroup.
9. 1sZ,aSnull ring?
10.  Prove Z is a S-null ring.
11.  Prove the group ring Z G, for any group G is a S-p ring.
12. Show the semigroup ring Z.S(5) is a S-p-ring.
13.  Give an example of a semigroup ring, which is a S-E ring,
14.  Is the group ring Z,S, a S-E-ring?
15.  IsZ;aS-pre J-ring?
16.  Is the semigroup ring Z ,S(5) a S-pre J-ring?
17.  Show Z,, is a S-inner zero square ring.
18.  Give an example of a S-inner square ring which is not an inner zero square
ring,
19.  IsZ,, aS-weak inner zero square ring?
20.  Give an example of S-semi prime ring,
21.  IsZ, aS-Marot ring?
22.  Prove or disprove: Z, is a S-Marot ring.
23.  ISZG, where G = (g/ g’ = 1) is a S-subsemi ideal ring?
24.  Give an example of a S-pre-Boolean ring.
25.  IsR=1Z,x 7, x Z, aSHilial ring?
26.  ShowZ,, is a S-ideal ring.
27.  Give an example of a S-generalized ideal ring.
28.  Is the group ring Z,S, a S-s-weakly regular ring?
29.  Tllustrate by an example the S-strongly sub commutative ring.
30.  Give an example of a S-Chinese ring of finite order.
31.  Give an example of group ring which is S-strongly s-decomposable.
32.  Tlustrate the definition of S-strong right D-domain by an example.
33.  Show the group ring Z.S, is a S-J-ring.
34.  CanZyS, be a S-strong subring ring?
35.  IsZS$,aS-strong ideal ring?
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30.
37.
38.

39.
40.
41.
42
43.
4.
45.
40.
47.
48.
49.
50.
51.
52.

53.
54.
55.

56.
57.
58.
59.

01.
62.
03.
04.
05.
60.
67.
68.

09.
70.

Prove Z. is a S-weakly Boolean ring.

Give an example of a S-pre p-ring.

Mlustrate by an example S-multiplication right ideal.

Is Z,; a Sf-ring?

Give a pair of S-obedient ideals in Z,.

Mlustrate by an example the S-obedient ideal ring.

Show Z,S, is not a S-Lin ring.

Can My, = {(a,lj) / a, €Z,} be a $-Lin ring?

Hlustrate the definition of S-super ore condition in a ring by an example.
Show Z,G, where G = (g/ g’ =1) is not a S-ideally strong ring.

Can Z,, be a -1 -ring?

Prove the group ring Z,S, is a S-F-ring.

Can Z,, have SSS-elements?

Show by an example, a ring, which is not a S-y,_-ring.

Give an example of a S-y -ring.

Give a ring R which has a S-demi subring,.

Is the group ring Z.S,, S-locally semiunitary?

Can the semigroup ring ZS(3) be S-locally unitary?

Does there exist a locally unitary ring, which is not S-locally unitary?
Does there exist a locally semiunitary ring, which is not a S-locally semiunitary
ring?

Giv% an example of a weakly CN-ring, which is not a CN-ring.

Prove Z,, is not even a weakly CN-ring.

Is Z,, a CN-ring? Justify your answer.

Find whether Z,S, is a S-CN-ring.

Give an example of a CN-ring, which is not a S-CN-ring,

Give an example of a weakly CN-ring, which is not a S-weakly CN-ring,
Prove in a E-ring every prime ideal is maximal.

Is the semigroup ring Z,S(5) an E-ring?

Is the group ring Z.S, a E-ring?

Give an example of a 5-tight ring which is not a 2-tight ring

Show by an example that a tight ring in general is not a S-tight ring.
Show by an example that a tight set in general is not a S-tight set of R.
Give an example of a semi idempotent in a ring R that is not S-semi
idempotent.

Give an example of a ring in which every set is a S-tight set.

Give an example of a division ring of order 81.
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Chapter four

SOME NEW NOTIONS ON
SMARANDACHE RINGS

In this chapter we introduce several new notions and concepts in ring theory to
Smarandache rings. This chapter is organized into five sections. In section one we
introduce the concept of Smarandache mixed direct product of rings which alone
helps us in the building of Smarandache rings of level II, which is dealt in section two.
It is noteworthy and important here that several concepts enjoyed by the ring
introduced by researchers in different nations have not been consolidated or taken
notice of by many books on ring theory. So in this book section three, four and five
are especially devoted to the recalling of these concepts and also simultaneously
defining the Smarandache analogue of them. The concepts which are taken from
different researchers in ring theory are listed in the references/bibliography. Thus at
this juncture it is pertinent to mention this book will become an attraction
simultaneously to both the ring theorist and Smarandache algebraist.

Section three of this chapter separately gives the introduction and study of elements
which enjoy new special properties in a ring like magnifying elements, shrinking
elements, semi idempotents and so on. The localization or the Smarandache
analaogue is carefully brought out at every stage.

Section four is devoted to the study of new or special properties enjoyed by the
substructure of a S-ring like subsets, semigroup (with respect to '+' or '.')
subgroups, subrings, ideals etc.

Many new concepts are defined and Smarandache analogue of them are obtained. The
importance of these Smarandache analogue or Smarandache notions is that even
when a ring fails to enjoy certain property fully, it can enjoy the same property
sectionally. So except for these Smarandache notions such local study or a sectional
study in a ring would be impossible.

The final section of the chapter entitled miscellaneous properties of Smarandache
ring introduces and studies several concepts; the prominent among them are
hyperrings, lattice substructures of S-ideals, S-rings etc.

4.1 Smarandache Mixed Direct Product Rings
In this section we define what are called Smarandache mixed direct product rings.
Only this concept of rings paves way for the introduction of S-rings of level II. For a

ring to be a S-ring of level I where we have not mentioned level T we see the ring
should contain a subset which is a field. This condition makes the ring of integers Z,
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the field of rationals to be useless in the analysis of S-rings. So we have used S-ring
level T to overcome this problem, which is done by introducing the concept of
Smarandache mixed direct products. We just recall the definition of S-ring II, S-
subring IT and S-ideal II.

DEFINITION 4.1.1: Let R = R, x R, where R, is a ring and R, is an integral
domain or a division ring. Clearly this product is called the Smarandache mixed
direct product (S-mixed direct product) of two rings which is easily verified to be
aring.

It is to be noted if both R, and R, are just rings then we don't call the direct product
as a Smarandache mixed direct product. We extend it to any number of rings and
integral domains or division rings.

DEFINITION 4.1.2:Iet R =R, xR, x ... xR is called the Smarandache mixed
direct product of n-rings (S-mixed direct product of n-rings) if and only if at
least one or some of the R;'s is an integral domain or a division ring.

Example 4.1.1: 1et R = 7 x Q. Ris a S-mixed direct product of rings. Clearly R is a
S-ring as {1} x Q is a field contained in R.

Example 4.1.2: 1et R = Z x R, where R, = {0, 2} modulo 4. Clearly R is a S-mixed
direct product of rings, but R is not a S-ring.

Example 4.1.3: Let R =78, x Z. Clearly R is a S-mixed direct product of rings but is
not a S-ring.

DEFINITION 4.1.3: Let R be a ring. R is called a Smarandache ring of level II or
in short S-ring Il if R contains an integral domain or a division ring.

Example 4.1.4: 7S, the group ring is a S-ring I, for Z < ZS, is an integral domain.
Example 4.1.5: 7.is a S-ring IT and never a S-ring I.

Example 4.1.6: R =7 x 7 x Zis a S-ring IT and never a S-ring I.

THEOREM 4.1.1: Every S-ring I is a S-ring Il and not conversely.

Proof: By the very definition of S-ring I and S-ring IT we see every S-ring I is a S-ring II
as all fields are trivially integral domains or division rings.

To prove the converse we give the following example. The ring of integers Z is a S-ring
IT but is never a Smarandache ring I. Hence the theorem.

116



THEOREM 4.1.2: Z[x], the polynomial ring is a S-ring II.

Proof: Easily verified.
THEOREM 4.1.3: The class of rings Z,, p a prime are not S-ring I or S-ring I1.

Proof: Obvious by the very definition, as Z_ has no non-trivial subfields.
THEOREM 4.1.4: Q the field of rationals is not a S-ring but is a S-ring II.

Proof: Q has no proper subsets which is a field so is not a S-ring, but Z < Q is an
integral domain so Q is a S-ring II.

COROLLARY : Qfx/ is a S-ring [ and S-ring II.
Proof: Obvious as Q — Q[x].

DEFINITION 4.1.4: Let R be a ring. We say a subset A of R is said to have a
Smarandache subring of level II (S-subring II) if

1. Ais a subring of R.
2. A has a proper subset P where P is an integral domain or a division ring
under the operations of R.

Example 4.1.7: Let Z be the ring. Z a S-subring of level II for take A = 27, A is a
subring and P = 8Z is an integral domain contained in A. Hence the claim.

THEOREM 4.1.5: Let R be a ring which has a S-subring Il then R is a S-ring II.

Proof: Since R contains a S-subring II, say A and has a proper subset P which is an
integral domain or a division ring, we see P — A — Rso P — R. Hence Ris a S-ring II.

THEOREM 4.1.6: Let R be a S-ring Il then R need not in general have a S-
subring 11.

Proof: Consider Z, = {0, 1, 2, ..., 5}. Clearly A = {0, 2, 4} is a field so Z is a S-ring IT
but Z, has no proper subring which contains an integral domain or a field or a

division ring. Thus Z, doesn't contain a S-subring II but Z is a S-ring II.

Example 4.1.8: Let R = Z, x Z clearly R has S-subring II.
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Example 4.1.9: Let R = Z x Z x Z,, R has S-subring II and no S-subring L. In fact R
is not a S-ring only a S-ring II.

DEFINITION 4.1.5: Let R be a ring. A non-empty subset I of R is said to be a
Smarandache ideal of level 11 (S-ideal I1) if

1. 1isaS-subring II.
2. riandir elforallr eRandi €1

The notion of Smarandache right/ left ideal of level II can be defined as in the
case of right/ left ideals.

Example 4.1.10: Let Z be the ring of integers, Z has S-ideal 1I.
THEOREM 4.1.7: Let R be a ring if R has a S-ideal II, then R is a S-ring II.
Proof: By the very definition of S-ring II and S-ideal II, the result follows:

THEOREM 4.1.8: Let R be a S-ring II, R need not have S-ideal II.

Proof: By an example. Consider the ring Z, = {0, 1, 2, 3, 4, 5}. Clearly Z is a S-ring IT
but Z has no S-ideal II.

It is left as an exercise for the reader to prove the following theorem:
THEOREM 4.1.9: Every S-ideal 11 is a S-subring Il and not conversely.

It is to be noted that as in the case of S-rings the notion of S-idempotents, S-units and
S-zero divisors are defined we do not see any distinction of them in case of S-rings I
or S-ring II.

PROBLEMS:

1. ShowS$ =Zx Qis a S-ring II. Find a S-subring.
2. IsR=1Z,xZ, aS-ringII? Substantiate your claim.
3. Give an example of a S-ring II which is not a S-ring I (Examples should be
other than the ones discussed in this section).
4, Can My, = {(a,lj) /a; € Z.}, the ring of 3 x 3 matrices with entries from Z,
be a S-ring I1?
5. Does My, given in problem 4 have
a. S-ideal I1?
b. S-subring IT?
6.  Give an example of a S-subring IT which is not an S-ideal II.
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Can the group ring Z.S, be a S-ring II? Justify your answer.

Prove Z.8(3) is a S-ring II. Find an S-ideal IT of Z.S(3).

Can Z.S(3) have S-ideals I?

Find an S-subring II which is not an S- ideal Il of R = Z; x Z, x Z,.

S o »

4.2 Smarandache rings of level Il

In the previous section we just defined the concept of S-ring II. Here we discuss some
important and interesting properties about them and we illustrate them by examples.
We request the reader to find and introduce and study all the properties existing in S-
ring I to the case of S-ring II. Though we had introduced S-commutative rings in
Chapter III we recall it in this section.

DEFINITION 4.2.1: let R be a S-ring Il. We say R is a Smarandache

commutative ring I (S-commutative ring Il) if R has a proper subset A where A is
a S-subring 1l and A is a commutative ring.

Example 4.2.1: Let R = ZS,. The ring R is non-commutative. Clearly R is a S-ring II.
But R is a S-commutative ring II.

THEOREM 4.2.1: If R is a commutative ring and bas a S-subring Il then R is a
S-commulative ring I1.

Proof: Left for the reader to verify as it is an easy consequence of the definition.

THEOREM 4.2.2: Let R be a ring. If R is a S-commutative ring Il then R in
general need not be a commutative ring.

Proof: The ring Z,S, = R given in example 4.2.1 is a non-commutative ring but R is
clearly a S-commutative ring,

S-mixed direct product of rings will help us to get several examples of such rings.
DEFINITION 4.2.2: Let R be a ring. If every S-subring II of R happens to be a
commulative subring then we say R to be a S-strongly commutative ring II. (S-

strongly commutative ring II)

THEOREM 4.2.3: Every S-strongly commutative ring Il is a S-commutative ring
11 and not conversely.

Proof: Follows from the very definitions of these concepts. We prove the converse by
an example. Let R = ZS,. Clearly the group ring ZS, is not a commutative ring but it is
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a S-commutative ring II. Further ZS, is not a S-strongly commutative ring II as ZA, is a
S-subring II but ZA, is not commutative. Hence the claim.

Thus we have the following relational chain. That is all commutative rings with S-
subrings II are both S-commutative rings II and S-strongly commutative rings II.

The proof of the following theorem is left as an exercise to the reader.

THEOREM 4.2.4: Let R be a ring. If R has S-ideal 1l then it need not imply R has
a S-ideal .

While defining the concept of A.C.C. and D.C.C. to S-ring of level II, i.e. in case of
Smarandache A.C.C. (S.A.C.C) on rings of level II we consider only chain of S-ideals
II. Similarly for Smarandache D.C.C. (S.D.C.C) on rings of level II we take only S-
ideals II. So it is easily seen even if a ring satisfies A.C.C. or D.C.C. on ideals it need
not have any relevance for S.A.C.C. or S.D.C.C. of level IT on S-ideals II.

DEFINITION 4.2.3: et R be a ring. A be a S-ideal Il of R. We say A is a

Smarandache maximal ideal I (S-maximal ideal Il) of R ifA = S < R where S is
another S-ideal I1 of R then either S =A or S = R.

DEFINITION 4.2.4: Let R be a ring. A be a S-ideal Il of R. We say A is a §-
minimal ideal II (S-minimal ideal Il) of R if for any S-ideal Il B of R if B cA R
implies B = A or B is empty.

DEFINITION 4.2.5: Let R be a ring. Let A be a S-ideal Il of R; we say A is a
Smarandache principal ideal 11 (S-principal ideal Il) of R if A is itself a principal
ideal of R.

DEFINITION 4.2.6: et R be a ring. A be a S-ideal Il of R. A is said to be a S-
prime ideal if A is a prime ideal of R.

DEFINITION 4.2.7: Let R and R, be two Smarandache rings II. We say a map ¢ :
R — R, is a Smarandache ring homomorphism Il (S-ring homomorphism 1) if ¢
restricted fo the integral domain or division rings A and A, of R and R,
respectively is a integral domain homomorphism or division ring
homomorphisms i.e. ¢ (a+b) = ¢ (a) + ¢ (b), and P(ab) = (a) H(b) for all a,
b € A ¢ may or may not be even defined on other elements of R. ¢ the
Smarandache ring homomorphism II, is a Smarandache ring isomorphism I if ¢
: A —A, is an isomorphism from A to A,

From this we see certainly the kernel of any homomorphism will be an ideal. "Is it a
S-ideal I or S-ideal II?" is an open problem for the reader to solve.
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DEFINITION 4.2.8: Let R be a ring. I be a S-ideal Il of R. The Smarandache
quotient ring Il (S-quotient ring II) is defined as R / I (R / I defined in a similar
way as that of quotient rings).

Once again will R/ I given in definition 4.2.8 be a S-ring II is an open problem. It may
be or it may not be. If I is 2 maximal ideal and R/ I is not a prime ring certainly R / I
is a S-ring I as well as S-ring II.

The polynomial rings P[x] will be S-rings IT provided P is a S-ring I or S-ring II. The
question, when are matrix rings M, S-ring I or S-ring II is yet another interesting
study.

PROBLEMS:

Can Mg = {(au. )/ a, € Z} be a S-commutative ring IT?
2. Can My,y4 in problem 1 have S-subring II?

3. Find conditions on the group ring Z G to have
i. S-subrings II.
ii. S-idealsTL.
Give at least examples of group rings which have S-subrings IT and S-ideals II.
Give an example of a S-subring IT which is not a S-ideal II.
Does there exist a ring in which all S-subrings II are S-ideals I1?
Does there exist a ring in which all subrings are
i. S-subrings I?
ii. S-subrings II?
7. IsMy, = {(au. )/ a, € Z,} aS-ring I?

8. Does the ring My, given in problem 7 have
i. S-subrings II?
ii. S-ideals I1?
9. CanMs,3 = {(311 )/ 2, € Z.} be a S-ring II? Does it have S-subring I which are
not S-ideals I1?
10.  Find all S-subrings I and S-ideal II for the mixed direct product R = Z, x Z, x
Z

SNV

12°

4.3 Some New Smarandache elements and their properties

This section is completely devoted to the study of properties of elements in rings and
their Smarandache analogue. Several properties introduced on elements of a ring are
not found in any ring theory texts but only in research papers published by journals.
So some of these concepts, which may be really good, do not find adequate
importance among researchers in ring theory. So this section uses these and gives a
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Smarandache analogue so that not only a Smarandache algebraist but any researcher/
student in ring theory can find it useful and interesting. We define in rings new

notions like super idempotent, shrinkable element, dispotent element, super-related
elements, magnifying element, friendly and non-friendly shrinkable and magnifying
element, n-like ring and the Smarandache analogue of them.

DEFINITION 4.3.1: Let R be a ring. An element 0 = o € R is called a super
idempotent of R, if & — a is an idempotent of R.

THEOREM 4.3.1: If a ring R bas nontrivial super idempotents then it has
nontrivial idempotents.

Proof: By the very definition the result follows.

Example 4.3.1: 1et 7,= {0, 1} and G = (g/ g’ = 1). ZG be the group ring, (1 +
o) e Z,G is a super idempotent for (1 + ) —(1+g)=1+g+1+g=(g+
). Now (g + &) = ¢+ g hence 1 + ¢ is a super idempotent which is not an
idempotent.

THEOREM 4.3.2: et R be a ring. Every super idempotent in general need not be
an idempotent of R.

Proof: By an example; in example 4.3.1, 1 + g is a super idempotent which is not an
idempotent as (1 + gz)2 =1+g

THEOREM 4.3.3: Let R be a ring. An element 0 = o € R is a nontrivial super
idempotent if and only if either a(a’ =20’ +1) =0or &’ —2d +1 =0,

Proof: Given 0 # o € R is a nontrivial super idempotent of R. So [} —a)]’ = o

. 4 3 2 2 . 4 3 . 3 2
—aiea —20°+0a —a +a=0ie o -2 +a=0ie ala —20 +
1) =0ora’ —2a’ + 1 =0. Hence the claim.

Conversely if for some o # 0 in R we have aled =205 +1) =00ra’ =20 +1=

0. We get o —2a’ + o =0 add to this o on both sides so that o — 20’ + & + o’
2., 4 3 2 2 . 2 2 2 .

=o leo —20+a =o —aie (0 —a) =a —o. Hence the claim.

THEOREM 4.3.4: Let R be a ring; « =0 in R be a super idempotent then either
aor a —11s a zero divisor or a(a — 1) = 1is a unit in R.

Proof: From the above theorem we have a(a’ —=2a’ + 1) = 050 o is a zero divisor.
If o is not a zero divisor then we have o’ —20” + 1 = O thatiso’ — o’ + 1 —a’ = 0.
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oo =)=’ =1)=0
o =1 =(a =1) (a+1)=0

ie (o —1) [of = (o +1)] = 0,50 either o — 1 is a zero divisor or o* — (o + 1)
= 0.fa’ —o. =1 = 0thenwehave (o, —1) = 1. Hence the claim.

THEOREM 4.3.5: Let G be torsion free abelian group and R any field. The group
ring KG has no nontrivial super idempotents.

Proof: We know by theorem 4.3.4, if KG has super idempotents then it has nontrivial
zero divisors or units, but KG is a domain. Hence KG has no super idempotents.

DEFINITION 4.3.2: Let R be a ring 0 # o € R is called a Smarandache super
idempotent (S-super idempotent) if & — o is a S-idempotent of R.

Thus we see superidempotents guarantees the existence of zero divisors or units.
Obtain analogous results for S-super idempotents as S-idempotents are introduced
and studied in chapter 3.

Example 4.3.2: Let 7., be the ring of integers modulo 12. 5 € Z , is such that 5-5
=25+20=45=9.Now (5' = 5) =5 —5 (mod 12), here 5 is unit of Z,,. 5 is a
super idempotent of Z , which is also a unit. All units of Z , are not super idempotents
for 7 is a unit but 7 is not a super idempotent of Z,,.

Now we proceed onto define a new relation in rings called superrelated elements of a
ring and also we define Smarandache superrelated elements of a ring. Such relations
bring in a interrelation between elements in a ring.

DEFINITION 4.3.3: Let R be a ring. An element a < R is said to be weakly
superrelated if there exists atleast three distinct elements b, c, d in R such that (a
+b)(a+c)(a+d)=a+bc(a+d)+cd(a+b) + bd(a+c).

Example 4.3.3: LetZ, = {0, 1,2} and G = (g /g’ = 1). Consider the group ring LG.
2 + 2g € 7,G is weakly superrelated element of Z,G. For takeb =1,c =g + 1 and d
=1 + 2g. We see 2 + 2g satisfies the condition for it to be superrelated.

DEFINITION 4.3.4: Let R be a ring. An element x < R is said to be a

superrelated element of R if (x + a)(x + b) (x +¢) = x + bc(x + a) + ab(x +
¢) +ac(x+b) foralla, b, c eR.
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Example 4.3.4: Let Z, = (0, 1) be the prime field of characteristic two, G any
group. The element 0 of Z,G is a superrelated element. For (0 + 2)(0 + b)(0 + ¢) =
abc, 0 + abc + abc + abc = abc as characteristic of Z,G is two.

THEOREM 4.3.6: Let R be a ring of characteristic two then 0 is a superrelated
element of R.

Proof: Left for the reader to prove.

THEOREM 4.3.7: Every superrelated element of R is a weakly superrelated
element of R but every weakly superrelated element of R in general need not be a
superrelated element of R.

Proof. Follows from the very definition of superrelated element and weakly
superrelated element of R.

The reader is requested to prove the converse by giving examples.

DEFINITION 4.3.5: Let R be a ring. R is said to be weakly superrelated ring if
every element of R is a weakly superrelated element of R.

DEFINITION 4.3.6: Let R be a ring. R is said to be a superrelated ring if every
element of R is a superrelated element of R.

THEOREM 4.3.8: Every superrelated ring is a weakly superrelated ring.
Proof: Obvious.
THEOREM 4.3.9: Let ZG be the group ring. ZG is not a weakly superrelated ring.

Proof: 0 € ZG is such that 0 cannot be weakly superrelated as the identity becomes
afy = 3apy.

Now we proceed to define the Smarandache analogue.

DEFINITION 4.3.7: Let R be a ring an element x in R is said to be a
Smarandache weakly superrelated (S-weakly superrelated) in R if there exists o,

B yedAsuchthat (x + &)(x + p)(x + p) =x + af(x + y) + ay(x + p) + Pr(x
+ ) where A is a S-subring of R. Note if R has no S-subring but R is a S-ring then
we say x in R is Smarandache weakly superrelated in R.

DEFINITION 4.3.8: Let R be a ring. An element x in R is said to be a
Smarandache superrelated in R if for all o, 5, y € A, where A is a S-subring such
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that (x + a)(x + f) (x + ) =x+ afi(x + y) ay(x + f) + pr(x + ). If R bas
no S-subring but R is a S-ring then we say x € R is a Smarandache superrelated
ink.

THEOREM 4.3.10: If R is a superrelated ring and if R is a S-ring then R is a S-
superrelated ring.

Proof. Easily proved by using definitions and properties of superrelated elements.

THEOREM 4.3.11: If R is a superrelated ring and if R has a S-subring then R is
S-superrelated ring.

Proof: Straight forward.

DEFINITION [28]: A ring R is said to be bisimple if it has more than one
element and satisfies the following conditions:

1. Foramnya € Rwe havea € aR N Ra.

2. For any non-zero a, b € R there is some ¢ € R such that aR = cR and
Rc = Rb.

For more about bisimple rings please refer [28].

Example 4.3.5: Let G = (g/ ¢ = 1) and Z, = {0, 1} be the prime field of
characteristic two. Z,G = {0, 1, g, 1 + g} is the group ring. For any g, 1 + g € Z,G
there is no ¢ in Z,G such that Z,Gc = Z,G(1 + g), ¢Z,G = gZg. Thus ZG is not
bisimple, but for 1, g € Z,G we have no c in Z,G such that

c.2G =g
2G.1 =17

THEOREM 4.3.12:let G = (g/g' = 1)and Z, = {0, 1}. The group ring Z,G is not
bisimple.

Proof: Left for the reader to prove.

DEFINITION 4.3.9: Let R be a ring, we call R semi bisimple if for any a, b € R
we have ¢ € R such that aR = cR and Rb = Rc.

THEOREM 4.3.13: Let R be a zero square ring. R is semi bisimple.

Proof: Obvious asin R, ab = O foralla,b € R.
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DEFINITION 4.3.10: Let R be a ring. R is said to be weakly bisimple if for every

a € R, a € aR  Ra and for every pair of elements a, b € R aR — cR and Rb —
Ke.

THEOREM 4.3.14: A weakly bisimple ring need not in general be bisimple.

Proof: Consider the ring Z, = {0, 1, 2, 3, 4, 5}. Clearly for everya € Z as 1 € Z,
{(1,2);c=5}, ..., {(2,4); c=5};itis easily verified Z, is weakly bisimple.

Remark: A ring without 1 can be weakly bisimple.

Example 4.3.6: Let P = {0, 2, 4, 6} modulo 8. Clearly P has no unit it is easily
verified P is weakly bisimple and not bisimple.

DEFINITION 4.3.11: Let R be a ring, we say R is Smarandache bisimple (S-
bisimple) if it has more than one element and satisfies the following conditions:

1. Forany a € Awe have a € aA N Aa where A is a S-subring.

2. For any non-zero a, b € A (A a S-subring) there is some c € A such that
aA = cA and Ac = Ab.

DEFINITION 4.3.12: Let R be a ring, we call R a Smarandache semi bisimple

(S-semi bisimple) if for any a, b € A where A is a S-subring, we have ¢ € A such
that aA = cA and Ab = Ac.

DEFINITION 4.3.13: Let R be a ring not necessarily commutative. R is said to
be a Smarandache weakly bisimple (S-weakly bisimple) if for every a € A, A a §-
subring of R we bave a € aA M Aa and for every pair of elements a, b € A, aA —
cA and Ab < Ac for some ¢ € A.

All properties parallel to bisimple rings can also be studied and obtained with
modification for S-bisimple rings, S-weakly bisimple rings and S-semi bisimple rings.

Now we proceed onto define trisimple ring and S-trisimple rings.

DEFINITION 4.3.14: Let R be a ring. R is said to be trisimple if R has more than
one element and satisfies the following conditions:

1. Foranya €R, ac aR N Ra Maka.

2. For any non-zero a, b € R there is some ¢ € R such that aR = cR and Rc =
Rb.

126



THEOREM 4.3.15: Let R be a commutative ring with 1. If a & R is such that a
= 0 then R is not trisimple.

Proof: Left for the reader to verify.

THEOREM 4.3.16: Let Z,, = {0, 1} and S, the permutation group of degree n.
The group ring Z,8, is not trisimple.

Proof: Take 1 + p € Z,S_ where

p'=1land (1+p) =050 Z,S, is not trisimple.
Now we define semi trisimple rings.

DEFINITION 4.3.15: Let R be a ring. R is said to be a semi trisimple if for any a
e R: a € Ra n ak M aRa the second condition need not be true.

DEFINITION 4.3.16: Let R be a ring. If for any a € A where A is a S-subring, we
have a e aA N Aa M aAa and for any non-zero a, b € A there is some ¢ € R such

that aA = cA and Ac = Ab then we call R a Smarandache trisimple ring (S-
trisimple ring).

DEFINITION 4.3.17: Let R be a ring. R is said to be Smarandache semi
trisimple (S-semi trisimple) if R has a S-subring A such that for any a € A we
have a e aA N Aa N aAa.

THEOREM 4.3.17: The group ring Z,S, is not S-trisimple ring.

Proof: Follows easily.

Example 4.3.7: The ring of integers Z is not S-semi trisimple.

Now we proceed on to define n-like rings.

DEFINITION [34]: A ring R is called a generalized n-like ring if R satisfies:
()" —=xy" ="y +xy =0 forall x, y € R. If characteristic of R = n, R is called a

n-like ring.

Example 4.3.8: The group ring Z,G where G = (g/ g’ = 1) is a 2-like ring.
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Example 4.3.9: The group ring Z,S, is not a n-like ring.

THEOREM 4.3.18: The group ring KG of a torsion free abelian group G over any
field K is not a n-like ring.

Proof Take g, h € G < KG clearly if (gh)'— g'h — gh + gh 0 1mphes gh [(gh)Il 1

¢ W "+1]=0since gh = Oweseeg 'h ' —g ' —hT+1=0;
e g "M =1]-[0""" —1] =0thatis 0" ~' = 1D(@ "' —1) = 0 which is
impossible as G is torsion free. Hence the claim.

THEOREM 4.3.19: Let Z,= {0} and G = (g/g = 1). The group ring Z,G is a
(n —1)-like ring.

Proof: Left as an exercise for the reader to verify.

DEFINITION 4.3.18: Let R be a ring we say R is a Smarandache n-like ring (S-
n-like ring) if R has a proper S-subring. A of R such that (xy)" —xy" —x"y + xy
=0forallx,y €A

THEOREM 4.3.20: R is a n-like ring with a S-subring A c R (A #R) then R is a
S-n-like ring.

Proof: Follows from the very definition.
Construct an example of a S-n- like ring, which is not a n -like ring.

Now we proceed on to define triple identity in rings which is analogous to the identity,
X +Y =7 forx,y, zintegers; the famous last theorem of Fermat.

DEFINITION 4.3.19: Let R be a ring. If there exists a triple {v, v, @} € R\ {0}
such that v, vand o are distinct elements of R \ {0} which satisfy the identity v'
+ @ = U (n>1), wecall R atriple identity ring or TI- ring.

Example 4.3.10: Let Z, = {0, 1, 2, ..., 5} be the ring of integers modulo 6. It is
easily verified Z is a TI- ring.

Example 4.3.11: The ring Z is a TI -ring for 2'+5'=4"3"=2"+ 5" and s0 on.

Example 43 12:The group ring Z,S, is a Tl-ring. For p% +(p, + pS) = (1+p,+
p) andp + (p,+p)’ = (1+p, +p,)"
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DEFINITION 4.3.20: Let R be a ring we say R is a Smarandache TI-ring (S-TI-
ring) if R has a S-subring, A and in A we have 3 distinct elements, v, v, @ such
that V' + ' = V.

The reader is requested to prove the following theorems:
THEOREM 4.3.21: If R is a S-TI-ring then R is a TI-ring.
THEOREM 4.3.22:ZS, is a S-TI-ring.

Now we proceed onto define the concept of power joined ring and their Smarandache
analogue.

Now in case of integers (a, b) = 1,a" = b" is impossible but we have such identities
to be true in ring so we proceed on to define such related elements to be power
joined elements.

DEFINITION 4.3.21: Let R be a ring. If for every a < R there exists atleast one b

e R, (b za) such that a" = b" for some positive integers m and n then we say R
is a power joined ring.

Example 4.3.13: Let Z, = {0, 1, 2, 3, 4} be the ring of integers modulo 5. Z is a
power joined ring.

Example 4.3.14: Let Z, = {0, 1} and G = (¢/¢’ = 1). The group ring Z,G is not
power joinedas 1 + g + g’ € Z,G cannot be represented as a power of some other

element as (1 + g + ¢)* = 1+ g+ g But this does not imply no idempotents can
be expressible as power joined elements.

Example 4.3.15: Let .G be the group ring where G = (g / g = 1). Clearly (2 +
29)° = 2 + 2g, but we have 2 + 2g = (1 + )*. Hence the claim.

DEFINITION 4.3.22: Let R be a ring if for every x & R there exists some y € R
such that X" = y" for some integers m and n and if the integers m and n happen
to be the same for all x, y € R we say R is a (m, n)—power joined ring.

THEOREM 4.3.23: A Boolean ring can never be a power joined ring.

Proof: Left as an exercise.
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DEFINITION 4.3.23: Let R be a ring in which we have for every x < R there
exists y € R such that X" = y" (x #y) and m > 2. Then we say R is a uniformly
power joined ring.

THEOREM 4.3.24: Every prime field K = Z, of characteristic p, p =2 is a power
Joined ring.

Proof: Obvious by the definition of K =7 .
Now we proceed onto define Smarandache analogue.

DEFINITION 4.3.24: Let R be a ring. If for every a € A — R where A is S-subring
there exists b € A such that d" = b" for some positive integers m and n then we
say R is a Smarandache power joined ring (S-power joined ring).

DEFINITION 4.3.25: Let R be a ring. If for every x € A R there exist somey e
A R such that X" = y" where A is a S-subring of R then we say the ring R is a
Smarandache-(m, n)-power joined ring (S-(m, n)-power joined ring).

DEFINITION 4.3.26: Let R be a ring if for every x € A < R where A is a S-
subring there exists some y € A R such that X" = y" (x zy) and m >2. Then
we say R is a Smarandache uniformly power joined ring (S-uniformly power
Joined ring).

THEOREM 4.3.25: If R is a ring which is power joined, then R is a S-power

Joined ring only if for x € A R, y also belongs to A. If y & A then R cannot be a
S-power joined ring.

Proof: We seek the proof to be supplied by the reader.

Thus we see the Smarandache notions in this case has made R a locally power joined
ring.

Now we discuss about the types of commutativity right commutativity and quasi
commutativity and obtain the Smarandache analogue.

DEFINITION 4.3.27: Let R be a ring. If for every pair of elements a, b in R we
have ab = (ba)’, r > 1 then we say R is conditionally commutative. If r = 1 for all

a, b € R, then R is obviously commutative. Thus every commutative ring R is
conditionally commutative.

If in a ring we have a pair of elements a, b & R such that ab = (ba)’; r > 1 we say
the pair is conditionally commutative.
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We can define a group G to be conditionally commutative if xy = (yx)", n > 1 for
everyx, y € G.

By our Smarandache notions we will localize the property.

DEFINITION 4.3.28: Let R be a ring. We say R is a Smarandache conditionally
commutative ring (S-conditionally commutative ring) if for every x, y € A where
Ais a S-subring of R, we have xy = (yx)” forn > 1.

THEOREM 4.3.26: If R is a conditionally commutative ring baving a S-subring
then R is a S-conditionally commutative ring.

Proof: Follows from the very definitions.

However it is left for the reader to construct an example of a S-conditionally
commutative ring which is not a conditionally commutative ring. Yet another
interesting result is semi right commutativity of rings which leads to give conditions
for the existence of zero divisors.

DEFINITION 4.3.29: Let R be a ring. R is said to be a strongly semi right
commutative ring if for every triple of elements x, y, z we have atleast one of the
Jollowing three equalities to be true.

i. xy = zyx (oryx =zxy).
ii. yz = xzy (orzy = x)2).
i, zx = yxz (orxz = yzx).

We can define a strongly semi right commutative triple x, y, z € R if atleast one
of the following three equalities is true.

i xy = yxz (oryx = xyz) or
ii. yz = zyx (orzy = yzx) or
0. zx = xzy (orxz = 2xy).

Similarly we can define strongly semi left commutative ring in a similar way.

THEOREM 4.3.27: No commutative ring without divisors of zero is strongly
semi right commutative.

Proof: Obvious from the very definition, for if x = 1 or 0,y 0 or 1,z 0 or 1 where
R is commutative. If R is strongly semi right commutative then we have xy = zyx so

that xy = zyx = z(xy) as xy = yx we have (1—z) xy=0x=0,y=0and z= 0. So (1—-
z) xy = 0 must be a zero divisor.
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DEFINITION 4.3.30: Let R be a ring. R is said to be a Smarandache strongly
semi right commutative ring (S-strongly semi right commutative ring) if for
every triple of elements x, y, z in A, A a S-subring of R we have atleast one of the
Jollowing three equalities to be true.

i Xy = zyx (oryx = zxy) or
ii.  yz = xzy(orzy = xyz) or
. zx = yxz (orxz = yzx).

Similarly we define Smarandache strongly semi left commutative ring (S-strongly
semi left commutative triple) if for every triple x, y, z € A; A a S-subring of R if at
least one of the following three equalities is true.

g xy = yxz (oryx = xyz) or
ii. Yz = zyx (orzy = yzx) or
. zx = xzy (orxz = zxy).

Finally we define a Smarandache strongly semi right (left) commutative triple
(S-strongly semi right (left) commutative triple) only when the triple x, y, z
satisfies the above conditions the elements must be only from a proper S-subring
AofR

Now we proceed on to define right commutativity in rings.

DEFINITION 4.3.31: Let R be a ring. R is said to be strongly right commutative
ifa(xy) =a(yx) forall a, x, y €eR.

Similarly we define a ring R to be strongly left commutative if (xy)a = (yx)a. for
alla, %,y €R.

THEOREM 4.3.28: Every strongly right or left non-commutative ring has
nontrivial divisors of zero.

Proof: From the definitions we have for a, X, y €R; xya = (yx)a in both case this
implies (xy —yx) a =0 ora (xy —yx) = 0 as xy # yx and a = 0 we have non-trivial
zero divisors in R.

THEOREM 4.3.29: A group ring KG of a group G over any field K can never be a
strongly right (left) commutative ring.

Proof: 1f a, %,y € G — KG, then axy = ayx forces xy = yx.
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Thus it is important to note that this property can only be defined for rings and never
for groups. Now we proceed onto define Smarandache analogue.

DEFINITION 4.3.32: Let R be a ring we say R is a Smarandache strongly right
commutative (S-strongly right commutative) ring if a(xy) = a(yx) for all a, x, y
€ A where A is a proper S-subring of R. Similarly we define Smarandache strongly
left commutative elements.

The goodness about the Smarandache structures is that we saw no group rings can be
strongly right (left) commutative, but we see the following theorem:

THEOREM 4.3.30: Let R be a S-ring and G any group. RG is a S-strongly right
(left) commutative ring provided the following holds good:

g R is a right (left) commutative ring.
ii.  RisaS-strongly right (left) commutative ring.

Proof: Clearly by the very definition of Smarandache strongly right (left) commutative
ring, we get the theorem to be true under the given conditions.

We see in rings, we can have centre but not notions analogues to commutator in
groups; here we proceed onto define a new concept called quasi semi commutator
and the quasi semi commutative element.

DEFINITION 4.3.33: Let R be a ring. An element x & R is said to be quasi semi

commutative if there exists y € R (y = 0) such that (xy — yx) commutes with
every element of x. Trivially if y = 0 then we have xy — yx = 0 which commutes
with every element of R.

DEFINITION 4.3.34: Let R be a ring. For a quasi-semi commutative element x
of R we define the quasi semi-commutator to be the set of all p € R such that xp
— px commutes with every element of R and denote it by Q(x) i.e. Q(x) = {p € R

/ xp — px commutes with every element of R}. Clearly Q(x) = ¢ for 0, 1 € Q(x), if
R is aring with 1.

DEFINITION 4.3.35: Let R be a ring. R is said to be a quasi semi commulative

ring if every element in R is quasi semi commutative. Every commutative ring is
obviously quasi semi commutative.

DEFINITION 4.3.36: Let R be a ring. The quasi semi center of R denoted by
0x) = {x e R/xp — px is quasi semi commultative}; clearly Q(R) = ¢.

THEOREM 4.3.31: Let R be a non-commutative ring. Z(R) denote the center of
R. Then we have Z(R) < Q(R).
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Proof: Clearly Z(R) = {x e R/xy =yx forally € R} Now Q(R) = {x € R/ xy — W
commutes with every element of R}. So Z(R) = Q(R) asxy—yx = 0 for all x € Z(R).

DEFINITION 4.3.37: Let R be a ring. An element x € A < R where A is a §-
subring of R is said to be a Smarandache quasi semi commutative (S-quasi seni

commutative) if there exists y € A (y # 0) such that xy — yx commutes with
every element of A.

DEFINITION 4.3.38: et R be a ring, x € A — R (A a S-subring of R) is a
Smarandache quasi semi commutative element (S-quasi semi commutative

element) of R if x is quasi semi commutative for some y € A. The Smarandache

semi commutator (S-semi commutator) of x denoted by SQ(x) = {p €A/ xp —
px commutes with every element of A}. R is said to be a Smarandache quasi semi
commutative ring (S-quasi semi-commutative ring) if for every element in A (A

CR) (A a S-subring) is a S-quasi semi commutative.

DEFINITION 4.3.39: Let R be a ring. The S-quasi semi center (S-quasi semi
center) of R denoted by SQ(R) = {x € A/ xp — px is S-quasi semi commutative;.

The reader is requested to derive interesting results about these concepts.

The concept of magnifying and shrinking elements in a ring is an interesting feature.
However the notion of magnifying elements was introduced to semigroups by
researchers. We introduce them to rings.

DEFINITION 4.3.40: Let R be a ring. v is called left magnifying element of R (v
need not be in R) if for some proper subset M of R we have vM = R.

Similarly we define right magnifying element of R. In case of commutative rings
the notion of right and left magnifying elements coincide. Even if R is a non-
commutative ring we may have vM = My = R that is v may serve as a magnifying
element.

Ifvis in R we say v is a friendly magnifying element of R; if v & R still vM = My =
R for some proper subset M in R then we say v is a non-friendly magnifying
element of R. The concept of friendly and non-friendly magnifying elements plays
a vital role only when we define the Smarandache notions of them.

Example 4.3.16: Let 7 be the ring of integers Let P = {0, 2, +4, ...}. Clearly P is
a proper subset of Z. Take v = 1/2 clearlyv ¢ Zbutv.P =P .v =Zso vis a non-

friendly magnifying element of Z.
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Now the nontrivial question is why should one study only magnifying elements so we
introduce the concept of shrinking elements of a ring.

DEFINITION 4.3.41: Let R be a ring. An element x of R is called a shrinking

element of R if xR = P where P is a proper subset of R. If x € R we say x is a
friendly shrinking element; otherwise we say x is a non-friendly shrinking
element of R. The concept of shrinking element is, in a way, just the opposite of
magnifying elements.

Here also the concept of right shrinking, left shrinking and shrinking can be defined
as in the case of magnifying elements.

DEFINITION 4.3.42: If in a ring, if every element other than unity shrinks R,
we call the ring R as a shrinkable ring (i.e. xR =R for x € R).

THEOREM 4.3.32: A field has no shrinkable elements other than {0].
Proof: Obvious by the very definition.

THEOREM 4.3.33: Let KG be the group ring of the group G over the field K. G a
finite group. The group ring has shrinkable elements.

Proof-Takeo. = (1 + g + ... +g) where {1, g, ..., g } = G then aKG # KG; hence
KG has shrinkable elements.

Now we localize this property.

DEFINITION 4.3.43: Let R be a ring. A < R be a proper S-subring of R. An
element v is called Smarandache left magnifying (S-left magnifying) element of R
if M = A for some proper subset M of A, we say v is Smarandache right
magnifying (S-right magnifying) if My = A for some proper subset M, of A. v is
said to be Smarandache magnifying (S-magnifying) if vM = Mv = A for some M
a proper subset of A. If v € A, then v is said to be a Smarandache friendly
magnifying (S-friendly magnifying) element. If v # A we call v a Smarandache
non-friendly magnifying (S-non-friendly magnifying) element even if v € R\ A
we still call v a S-non-friendly magnifying element.

DEFINITION 4.3.44: Let R be a ring. An element x is called a Smarandache lef
shrinking element (S-left shrinking element) of R if for some S-subring A of R we
have proper subset M of R such that xA = M (M =A)or M = R. We define similarly
Smarandache right shrinking (S-right shrinking) and Smarandache shrinking (S-
shrinking) if xA = Ax = M.
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If x € A we call x a Smarandache friendly shrinking element (S-friendly

shrinking element); if x # A we call x a Smarandache non-friendly shrinking
element (S-non-friendly shrinking element).

Obtain analogues and interesting results about S-shrinking and magnifying elements
of aring R.

Finally we conclude this section by just defining some new concepts viz. semiunit,
dispotent elements of a ring and a dispotent ring,

DEFINITION 4.3.45: Let R be a commutative ring with unit 1. An element x of
R is said to be a semiunit of R if there exists y € R such that (x + 1)(y + 1) = 1.

This method can make even zero divisors and idempotents into semiunits hence the

study of them is important or to be more specific it makes nilpotent elements into
semiunits. For example consider the ring Z ,.

Example 4.3.17: Let Z,, be the ring of integers modulo 12. 6 is a zero divisor but 6
is also a semiunit of Z , for (6 + 1)(6 + 1) = 1 (mod 12).

THEOREM 4.3.34: Let R be a ring. An element x is a semiunit if and only if
there exists y € Rwithx +y +xy =0,y 0.

Proof: (x + 1)(y + 1) = 1 forces xy + x + y = 0. Now if xy + x + y = 0 then we have
X +y+xy+ 1=1forcing (x+ 1)(y+ 1) = 1. Hence the claim.

In case of rings, which are non-commutative, we can also define right semiunit and
left semiunit and obtain similar characterizations about them.

Example 4.3.18: Let Z, = {0, 1, 2, 3, 4, 5}, 4 € Z_ is an idempotent of R. But 4 is
also a semiunit as (4 + 1) (4 + 1) =1 (mod 6).

Thus we see nilpotents, zero divisors and idempotents can be semiunits of R.

THEOREM 4.3.35: Let K be a field of characteristic 0. Every element is a
semiunit.

Proof: Letx € K. Consider
—-X 1
(x+l){—+1}=(x+l)—=l.
x+1 x+1
Hence the claim.
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DEFINITION 4.3.46: Let R be a ring; x € R is said to be a Smarandache
semiunit (S-semiunit) if there exists y € R such that x + 1 and y + 1 are S-unit

of R.

The reader is advised to develop interesting results as the notion of S-units are dealt in
an entire section in chapter 3 of this book.

[72] had defined the concept of dispotent semigroups. Here we define dispotent rings
and their Smarandache analogue.

DEFINITION [72]: A semigroup S is a dispotent semigroup if and only if it has
exactly two idempotents.

DEFINITION 4.3.47: Let R be a ring. R is said to be a dispotent ring if R has
exactly two nontrivial idempotents.

Example 4.3.19: Let .G be the group ring where G =(g/g = 1). This group ring
has only two 1demp0tents viz,1+g+g andg +¢"

Example 4.3.20: 7 is a dispotent ring.

Example 4.3.21: 1.8, is not a dispotent ring.

DEFINITION 4.3.48: Let R be a ring if R has a proper S-subring A of R such that
the S-subring A has only two S-idempotents then we call R a Smarandache
dispotent ring (S-dispotent ring).

The study of S-idempotents has been carried out in a sole section in chapter 3 of this
book. The reader is requested to study and get some interesting results.

DEFINITION 4.3.49: Let R be a S-ring. If every S-subring A of R has exactly two
S-idempotents then we say R is a Smarandache strong dispotent ring (S-strong
dispotent ring).

Can we obtain any relation between S-dispotent rings and S-strong dispotent rings.

PROBLEMS:
1. Does the ring Z,, have super idempotents?
2. Find whether the group ring Z.A, has super idempotents?
3. Can the ring Z have S-super idempotents?
4. Can the semigroup ring Z,S(3) have S-super idempotents?
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Prove a S-superrelated ring in general need not be a superrelated ring.
Give an example of a S-weakly superrelated ring which is not a weakly
superrelated ring.
Give an example of a bisimple ring.
Can Z_be a weakly bisimple ring?
Give an example of S-bisimple ring.
Can Z_for any suitable n be S-weakly bisimple? Justify.
Give an example of
i. trisimple ring.
ii. S-trisimple ring.
Find a S-semi trisimple ring which is not a S-trisimple ring.
IsZ8(3) a
i. S-trisimple?
ii. S-semi trisimple?
jii. Trisimple?
iv. Semi trisimple?
Prove Z,G where G = (/g = 1) is a 7-like ring.
Give an example of a semigroup ring which is a n-like ring.
Can ring of matrices with entries from Z, be a n-like ring for any suitable n?
Prove Z.S,, the group ring, is a TI-ring.
Prove the semigroup ring; Z,S(3) is a
i. TI-ring.
ii. Smarandache TI- ring.
Give an example of a power joined ring which is not a S-power joined ring.
Is Z, a S-power joined ring? Justify.
Can we say Z,, is a (m, n) power joined ring or S-(m, n) power joined ring?
Is Z,S, a S-conditionally commutative ring? Justify.
Can Z,S(3) be a conditionally commutative ring? Prove your answer.
Give an example of a S-conditionally commutative ring which is not a
conditionally commutative ring.
Prove Z,S, has atleast a S-semi commutative triple?
Can Z,S, be a strongly semi commutative ring?

Does Z,S(4) have a

i. Strongly semi commutative triple?

ii. S-strongly semi commutative triple?
Give an example of a strongly right (or left) commutative ring,
Give an example of a S-strongly right (or left) commutative ring which is not a
strongly right (or left) commutative ring.
Is Z,S, a quasi semi commutative?
Can Z,S(4) be S-quasi commutative? Can the group ring Z.S; have

i. S-shrinking elements?

ii. magnifying elements?
Can the group ring QG have

138



i. semiunits?
ii. S-semiunits? (Q field of rationals)?

33.  CanZS(4) have
1. semiunits?
ii. S-semiunits?

Find them if they exist.
34. IsZ,,naprime be a dispotent ring?
35.  CanZ,,be a S-dispotent ring? Justify or substantiate your claim.

4.4 New Smarandache substructure and their properties

Here we introduce the notions of quasi ordering, semi nilpotent, normal elements in a
ring, normal ring, G-ring, S-J ring, n-c-s rings, co-rings, iso-rings and their
Smarandache analogues leading to several interesting localized properties on the
substructures.

DEFINITION 4.4.1: A sum quasi ordering in a ring R is a subset T of R
satisfying the condition T+ T  T.

DEFINITION 4.4.2: A product quasi ordering in a ring R is a subset U of R
satisfying the condition U. U c U.

DEFINITION 4.4.3: A quasi ordering in a ring R is a subset I of R which is both
a sum quasi ordering and a product quasi ordering.

Example 4.4.1: Let Z,G be the group ring of the group G = (g/ g = 1) over Z.1=
{0, g} is a sum quasi ordering set which is clearly not a product quasi ordering set.
J=1{0, 1 + g} is both a sum and a product quasi ordering set.

Now we proceed on to define Smarandache analogue.

DEFINITION 4.4.4: Let R be a ring, we say the set T is a Smarandache sum
quasi ordering (S-sum quasi ordering) on R.

a. If T bas a proper subset P, (P — 1) and P is a semigroup under
addition.
b. P+PcT.

DEFINITION 4.4.5: Let R be a ring we say a subset U of R is a Smarandache
product quasi ordering (S-product quasi ordering) on R if
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a. U contains a proper subset X such that X is a semigroup under
multiplication.

b. X.X cU.

DEFINITION 4.4.6: Let R be a ring. A subset Y of R is said to be a Smarandache
quasi ordering (S-quasi ordering) on R if Y is simultaneous a S-sum quasi
ordering and a Smarandache product quasi ordering.

Note: We can have for Y the set, a proper subset P Y, P an additive semigroup and Z

Y where Z is a multiplicative semigroup and P in general need not be the same as
Z.

Example 4.4.2: Let Z,S, be the group ring of the group S, over Z,. Take I = {0, p, +

P, + Py 1 +D,+D,ps+Dps+D, + P, + P, + 1}, P=1{0, 1 + p, + p,} is a semigroup
under addition, P is also a semigroup under multiplication. Clearly Z,S, has a S-quasi
ordering in it.

Example 4.4.3: Let Z,S_be the group ring. Take A = {Zas, /o, € {0, 2}}. The set A

is both S-quasi sum ordering as well S-quasi product ordering. Thus ZS has a S-
quasi ordering on it.

THEOREM 4.4.1: Let Z,S, be the group ring. Then Z,S, is a S-sum quasi ordering
as well as S-product quasi ordering.

Proof: 1t is left for the reader to verify.

Now we proceed on to define a new concept called Smarandache semi nilpotent
ideals.

DEFINITION [24]: An ideal I of R is semi nilpotent if each ring generated by a
finite set of elements belonging to the ideal I is nilpotent. An ideal, which is not
nilpotent, is called semi regular.

Nilpotent ideals are nil.

DEFINITION 4.4.7: Let R be a ring. An S-ideal I of R is Smarandache semi
nilpotent (S-semi nilpotent) if each ring generated by a finite set of elements
belonging to the S-ideal which forms a subring A, contained in I is nilpotent.

THEOREM 4.4.2: Let K be any field and G a torsion free abelian group. KG has
no non- zero S-semi nilpotent ideals.
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Proof: KG has no zero divisors, hence no nilpotents as semi nilpotent ideals are nil. So
KG has no non-zero semi nilpotent ideals.

DEFINITION 4.4.8: et R be a ring. If R is an ideal which is not Smarandache
semi nilpotent then we call the non-S-semi nilpotent ideal to be Smarandache
semi regular (S-semi regular).

DEFINITION 4.4.9: Let R be a ring. M a proper subring of R. I is called a sub
semi ideal of R related to M if and only if I is a proper ideal of M. A ring
containing a sub semi ideal is called a sub semi ideal ring.

An analogue to this is defined for Smarandache rings.

DEFINITION 4.4.10: Let R be a ring. M be a S-subring of R. I is called the
Smarandache subsemi ideal (S-subsemi ideal) of the ring R related to the S-
subring M if and only if 1 is a proper S-ideal of M and not an S-ideal of R.

Example 4.4.4: LetZ, = {0, 1} and S = {g, h, k, 1/ g5 =g K =k, lg=gl=g
h'=h, gh=g=hg hk=kh=kgk=kg =Kk} be a semigroup. LS is the
semigroup ring. Take M = ( g h, 1) = S, Z,Mis a S-subring and Z,I where I = ( g, 1)
is an S-ideal of Z,M.

Now we proceed onto define normal elements in a ring, normal ring and obtain a
Smarandache analogue.

DEFINITION 4.4.11: Let R be a ring an element o R\ {0, 1} is called a
normal element of R if aR = Ra.

DEFINITION 4.4.12: et R be a ring, if aR = Ro for every o € R, we say R is a
normal ring.

Now we just recall the definition of normal semigroups [69].

DEFINITION [69]: Let S be a semigroup, if for every o € S we have oS = S
then S is called a normal semigroup.

Using this definition we define Smarandache normal semigroup as follows.

DEFINITION 4.4.13: Let S be a S-semigroup with A a proper subset of S which

is a group. If cA = Aa for all o € S then S is a Smarandache normal semigroup
(S-normal semigroup).
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DEFINITION 4.4.14: Let R be a ring, X be a S-subring of R. We say R is a
Smarandache normal ring (S-normal ring) if oX = Xa forall o € R.

DEFINITION 4.4.15: Let R be a ring; R is said to be a Smarandache strongly
normal ring (S-strongly normal ring) if every S-subring X of R is such that oX =
Xaforall o € R.

THEOREM 4.4.3: Let K be a field and S a normal semigroup then KS the
semigroup ring is a normal ring.

Proof: Given oS = So for all o € S. Hence oKS = KSa for every oo € KS thus KS is a
normal ring,.

THEOREM 4.4.4: Let R be a ring. Z(R) be the nontrivial center of R and if Z(R)
is a S-subring then R is a S-normal ring .

Proof: By simple techniques we can obtain the result.
The author has defined the concept of a G-ring,.

DEFINITION 4.4.16: Let R be a ring if for every additive subgroup S of R we
have 1S = Sr = S for every (r #0) then we call R a G-ring.

DEFINITION 4.4.17: Let R be a ring. If for every additive subgroup S of R we
have 1S = Sr for every r € R (r #0) then we call R a weakly G-ring.

Example 4.4.5: LetZ, = {0, 1,2, 3} and S = {0, 2}; now Sr = 1S = S thus Z, is a G-
ring,

Example 4.4.6: Let Z, = {0, 1} and G = (g/g’ = 1). The group ring Z,G is 2 weakly
G- ringfor {0, 1, g, g + 1}, {0, 1}, {0, g} and {0, g + 1} are subgroups of Z,G under
addition. Clearly only S = {0, 1 + g} is such that rS = Sr = S for every r = 0. {0, 1}
and {0, g} are such that Sr = rS. Thus Z,G is a weakly G-ring.

THEOREM 4.4.5: Let R be a ring. Every G-ring is a weakly G-ring but a weakly G-
ring is not a G-ring.

Proof: By definition and example 4.4.6 given above.

Now we proceed on to define Smarandache analogue.
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DEFINITION 4.4.18: Let R be a ring. If for every S-semigroup, P under addition

we have rP = Pr = P for every r € R(r #0) then we call R a Smarandache G-ring
(8-G-ring).

DEFINITION 4.4.19: Let R be a ring. If for every additive S-semigroup P of R

and for every r € R we have rP = Pr then we call R a Smarandache weakly G- ring
(S-weakly G-ring).

THEOREM 4.4.6: Every S-G-ring is a S-weakly G-ring and not conversely.

Proof: Left for the reader to verify.

Example 4.4.7: Let M3, 3 = {(a.) / . Z,} be the ring of 3x3 matrices with entries
from the ring of integers modulo 4 Take

a b 0
P?)XS: 0 00 /a,b€Z4
0 00

P, is a S-semigroup under ‘+" clearly M, , is not a Smarandache G-ring. Take

a 0 0
P'SX?): 0 b O /a,b€Z4
0 00
P'3.3 is S-Semigroup ring. M3,3 is not a G-ring.
We define a new property in ring called special identity ring or in short SI -ring.

DEFINITION 4.4.20: Let R be a ring. Let S denote the collection of all proper
subrings of R If (S, + S,) (S, + 8;) =8,(8,+8,) + 8,(S, +S,) + 8, forall S, S,,
S, € Swe say R is a SI-ring.

The Smarandache analogue would be

DEFINITION 4.4.21: Let R be a ring. S denote the set of all proper S-subrings of
RIF(S, +8,)(8,+8,) =S8,(5,+8,) +8,+8,5,+8,) fordl S, S,, S, €S then
we say R is a Smarandache SI-ring (S-SI-ring).

Example 4.4.8: 7, = {0, 1, 2, ..., 11}, the ring of integers modulo 12 is not a SI-
ring,
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Example 4.4.9: Let 7.G be the group ring, where Z, = {0, 1} and G = (g / g =1).
Z2,Gis a §I- ring.

Example 4.4.10: LetZ, = {0, 1} and S = {1, 2, b/ a=a b’ =bab=a ba=b,
la=al=a, 1.b=Db.1=b}. It can be checked ZS, the semigroup ring is a SI-ring.

Example 4.4.11: 7, = {0, 1, 2, ..., 11} is trivially a S-SI-ring as this ring has only
one S-subring viz S = {0, 2, 4, 6, 8, 10}.

Example 4.4.12:7, = {0, 1} and G = (g/ g' = 1), the group ring Z,G is not a S-SI-
ring as it has no S-subrings.

Now we introduce the concept of n-closed additive subgroups in a ring.

DEFINITION 4.4.22: Let R be a ring, if every nonempty additive subgroup A of
R is an n-closed additive subgroup of R i.e, A" A (n > 1) then we say R is a n-
closed additive subgroup ring (n-c- s ring).

Example 4.4.13: et Z, = {0, 1, 2, 3} be the ring of integers modulo 4. S = {0, 2} is
an additive subgroup such that S’  § 50 Z, is a n-c-s ring,

Example 4.4.14:Let Z, = {0, 1} and

1 2 3
832{{1 2 5}:1,P1;P2,P3;P4,p5}

be the symmetric group of degree 3. Z,S, is the group ring which is not a n-c-s ring
for A = {0, p, + p,} is agroup but A"z A, n > 1.

In view of this we have the following theorem:

THEOREM 4.4.7: Let 7, = (0, 1} and S, be the symmetric group of degree n. The
group ring 7,8, is not a n-c-s ring.

Proof: By taking S = {0, p + q} where

_1234...n
p_2314...n

and
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_1254...n
q_3124...n’

we have § is an additive subgroup. But S = Sforr > 1.
THEOREM 4.4.8: 7,8, conlains n-c-s subgroups forn =2, 4, ..., m.

Proof: Let § = {0, o} where o = 1 + s, where s, permutes only an even number of
elements, (1 + si)I =0.%S c S If s, permutes odd number of elements then
(1+si)I+1 =1+s, thusif S = {0, (1 +s,)} we have S e S.. Hence the claim.

THEOREM 4.4.9: Let Z, = {0, 1} and G be a torsion free group. No subgroup of
the form {0, g/ g € G} is a n-c-s subgroup of Z,G.

Proof: Follows from the fact G is a torsion free group.
Now we hint at the Smarandache analogue of these definitions.

DEFINITION 4.4.23: Let R be a ring. If for every additive Smarandache
semigroup A of R we have A' — A (n > 1) then we say R is a Smarandache n-
closed additive subgroup ring. (S-n-closed additive subgroup ring).

Example 4.4.15: Let Z,G be the group ring where G = (g/ g6 = 1). Take A = {0, g4,

2 4 4 2 4 2 2 . . n
g+g,1+g, 1+ +¢g,1+g,1,g};vetclearly A is a S-semigroup, A’ — A (n >
1). Hence A is S-additive subgroup of Z,G. It is easily verified Z,G is not a S-n-closed
additive subgroup ring.

We introduce yet another new concept called co-rings.

DEFINITION 4.4.24: Let R be a ring with identity 1. Two subrings A and B of
same order in R is said to be conjugate if there exists some x € R such that A =
-1

XBx .

DEFINITION 4.4.25: Let R be a ring with 1. R is said to be a conjugate ring (co-
ring) if every distinct pair of subrings of same order are conjugate.

DEFINITION 4.4.26: Let R be a ring, R is said to be a weak co-ring if there is
atleast one pair of distinct subrings of same order which are conjugate to each
other.

THEOREM 4.4.10: Every co-ring is a weak co-ring.
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Proof: Obvious by the very definition.

DEFINITION 4.4.27: Let R be a ring. A ring in which every pair of distinct
subrings of same order are isomorphic is called an iso ring.

DEFINITION 4.4.28: Let R be a ring. R is called a weak-iso-ring if there exists
atleast a pair of distinct subrings of same order which are isomorphic.

THEOREM 4.4.11: Every iso-ring is a weak iso ring.

Proof: Obvious by the very definition.

Recall from [2].

DEFINITION [2]: An arbitrary group G is called a B-group if any two subgroups

of same order are conjugate and G is a iso group if any two subgroups of same
order are isomorphic.

Example 4.4.16: Let G = (g / g2 = 1) and Z, = {0, 1, 2} be the prime field of
characteristic 3. Z,G be the group ring. It is easily verified Z.G is an iso-ring but is not
a co-ring.

In view of this example we propose open problems in chapter 5 of this book.

THEOREM 4.4.12: Let Z, = {0, 1} and S, be the symmetric group of degree n.
The group ring Z,S, is a weak co-ring and a weak iso-ring.

Proof: To prove this we have to find two subrings in Z,S, which are isomorphic and
two subrings which are conjugate. To this end consider the subrings A = {0, 1 + p,}
and B = {0, 1 + p,} where

(r234 . (1234
P s 24 0 )T 204 )
Clearly A and B are isomorphic as subrings. Take X = {1 + q,, 0} and Y = {0, 1 + q,}

where
(123456 .. .n
"Wa14356. . .

and
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— N

(1 2
Q2= 3 4
Y:12345...nX12545...n
1 3245 .. .n 1 3245 .. .n

Thus X and Y are conjugate subrings; hence Z,S_ is a weak co-ring.

THEOREM 4.4.13: Let F be any ring or a field and G a B-group then the group
ring FG is a weak co-ring and a weak iso-ring.

Proof: Left as an exercise for the reader to prove.
Now we proceed onto define Smarandache co-ring and Smarandache iso-ring.

DEFINITION 4.4.29: Let R be a ring if two S-subrings of R of same order are
conjugate then we say R is a Smarandache weak co-ring (S-weak co-ring).

DEFINITION 4.4.30: Let R be a ring if every pair of S-subrings of same order
are conjugate then we say R is a Smarandache co-ring (S-co-ring).

DEFINITION 4.4.31: Let R be a ring, if every pair of S-subrings of same order
are isomorphic then we say R is a Smarandache iso ring (S-iso-ring).

DEFINITION 4.4.32: Let R be a ring if R has a pair of S-subrings of same order
that are isomorphic then we say R is a Smarandache weak iso ring (S-weak iso-

ring).

The following two theorems are left for the reader to prove as an exercise.
THEOREM 4.4.14: Every S-co-ring is a S-weak co-ring.

THEOREM 4.4.15: Every S-iso-ring is a S-weak iso-ring.

We propose simple problems at the end of this section as well as difficult problems in
the last chapter for the reader to solve.

DEFINITION [24]: A ring is e-primitive if every nonzero ideal in R contains a
nonzero idempotent element.

Example 4.4.17: LetZ, ={0,1} and S = {0, 1,a, b/ 2’ =0,b'=1,ab=ba=a).
The semigroup ring Z.S is not e-primitive.
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Example 4.4.18: The ring Z,, = {0, 1, 2, ..., 11} is not e-primitive. For ideals of Z ,
are I, = {0, 4,8}, I, = {0, 2, 4, 6, 8, 10}, I, = {0, 3, 6, 9} and I, = {0, 6}. All the
ideals I, 1, and I, are e-primitive where as I, = {0, 6} is not e-primitive.

DEFINITION 4.4.33: Let R be ring. If R has atleast one ideal which has an
idempotent in it then we say R is weakly e-primitive.

Example 4.4.19: The ring Z,, is weakly e-primitive.

DEFINITION 4.4.34: Let R be a ring. If every nonzero S-ideal in R contains a
nonzero S-idempotent then R is Smarandache e-primitive (S-e-primitive).

DEFINITION 4.4.35: Let R be a ring. If R has atleast one nonzero S-ideal in R,
which contains a nonzero S-idempotent then we say R is a Smarandache weakly
e-primitive (S-weakly e-primitive).

THEOREM 4.4.16: Every S-e-primitive ideal is S-weakly e-primitive.

Proof: Left as an exercise for the reader to prove.

THEOREM 4.4.17: Let R be a field of characteristic 0 and G be a torsion free
abelian group. The group ring KG is never

1. Weakly e-primitive.
2. S-weakly e-primitive.

Proof: Obvious from the fact that KG has no nontrivial idempotents; as KG is a domain
hence has no S-idempotents.

DEFINITION [161]: Let R be a ring. If M =0 is an additive subgroup of a ring R
with zero divisors then M is an SV-group, in case x . y = 0 for all x, y € M and
L,(M) NR,M) =M (L, and R, are the left and right annibilators).

We weaken this concept and define weakly SV-group as follows.

DEFINITION 4.4.36: Let R be a ring. If M = 0 is an additive subgroup of a ring
R with zero divisors then we call M a weakly SV-group.

Example 4.4.20 : 7, = {0, 1,2, 3, 4, 5} is not even a weakly SV-group.

Example 4.4.21: 7., = {0, 1,2, ..., 11} is a weakly SV group. For M = {0, 2, 4, 6,
8} is such that
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2.6=0 (mod 12)
46=0 (mod 12)
8.6=0 (mod 12).

Now we proceed on to define Smarandache parallel.

DEFINITION 4.4.37: Let R be a ring. If M = 0 be a S-semigroup under addition
of the ring R. M is called a Smarandache SV-group (S-SV group) if in case x . y =
0 forall x, ye Mand L,(M) "R, (M)c M.

DEFINITION 4.4.38: Let R be a ring. If M = 0 be a S-semigroup under addition
with S-zero divisors then we call M a Smarandache weakly SV-group (S-weakly
SV-group).

THEOREM 4.4.18: Let R be a SV group then R is a S-weakly SV group only when
every divisor in M is a S-zero divisor.

Proof: Left for the reader to verify using definitions.

THEOREM 4.4.19: Z G where Z, is a prime field of characteristic p and G =

(g6" = I) be the group ring Then Z,G is a weakly SV-group and a S-weakly SV-
group only when all zero divisors in ﬂoe subgroup are S-zero divisor.

Proof Take H = {1, ¢ g T Now Z H is a weakly SV-group. Z G is a §-
weakly SV-group only 1f all zero divisor in ZH are S-zero divisor.,

Now we define radix for rings which once again uses additive subgroup.

DEFINITION [19]: An additive subgroup S of a commutative ring R is called a
Radix provided 13’ and (' —t)x" + £x are in S for every x in S and for every t in
R

Example 4.4.22: 1et Z, = (0, 1) be the field of integers. G = (9/g" =1),{0,1 + g}
is not a radix of Z,G. {0, 1} is not a radix of Z,G.

DEFINITION 4.4.39: Let R be a non-commutative ring. Let S be an additive
subgroup of R. 8 is said to be a left radix of R if tx’, (f —1) X + {x are in S for
every t R and every x < S. Similarly we define right radix of R if Xt, ¥'(f — 1)
+ xf are in S forevery x € Sandt e R. S is called a radix, if S is both a left and
right radix of R.

Example 4.4.23: Every right ideal I of a ring R is a right radix of R.
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THEOREM 4.4.20: Let Z, = {0, 1} be the field of integers modulo 2 and G be a
cyclic group of even order then Z, G has a radix which is not an ideal of Z,G.

Proof LetG=(g/g" =1)andZ, = {0, 1} Take S= {0, 1 + &' + g + ... +g" '}.
Clearly S is a radix which is not an ideal of Z,G.

THEOREM 4.4.21: Let R be a ring then x be an element which annibilates every
element of R. Then S = ({0, x} ) is a radix of R.

Proof: Obvious.
Now we proceed in to define Smarandache radix for a ring.

DEFINITION 4.4.40: Let R be a commutative ring. An additive S-semigroup S of
R is said to be a Smarandache radix (S-radix) of Ris xX't, (f — )X +xt arein S
for every x € S and t € R If R is a non-commutative ring then for any S-
semigroup S of R we say R has Smarandache left radix (S-left radix) if tx’, (f—
DX + Cxarein for every x € Sandt e R. Similarly we define Smarandache
right radix (S-right radix) of R. If S is simultaneously a S-left radix and S-right
radix of a non-commutative ring then we say R has a S-radix.

THEOREM 4.4.22: Let R be a ring and S a radix of R. S in general is not a -
radix.

Proof: By an example. Consider Z,G where Z, = {0, 1} and G = (g / ¢ = 1). The
group ringhas H= {0, 1 + & +¢' + gﬁ} to be radix of Z,G but H is not a S-radix as H
is not a S-semigroup.

THEOREM 4.4.23: Let R be a ring, if H is a S-radix of R then H is a radix of R.
Proof: Clear from the very definitions of the radix and S-radix.

[4] has defined rings which has y-semigroups and obtained some interesting results
about them.

DEFINITION [4]: A multiplicative semigroup M of a ring R is a y-semigroup if
Jor each a e M, the additive subgroup of R generated by a is contained in M.

Example 4.4.24: Let Z, = {0, 1} and G = (g/ g’ = 1). The group ring Z,G has y-
semigroup. For M = {0, 1 + g} is a y-semigroup of Z,G.
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THEOREM 4.4.24: Let G be a group baving an element of finite order and Z, =
{0, 1}. The group ring Z,G has y-semigroup.

Proof letg e Gsuchthatg' = 1. Then M= {0, 1+ g+ g +...+g 'Jisay
semigroup.

THEOREM 4.4.25: Let S(n) be the semigroup and Z, = {0, 1}. The semigroup
ring Z,8(n) bas y-semigroup.

Proof: We know S < S(n), by the above theorem (4.4.24). S(n) has elements of
finite order; hence Z,S(n) has y-semigroup.

THEOREM 4.4.26: Every group ring KG is a y-semigroup.
Proof: Given KG is the group ring. Two cases arise

1. G has elements of finite order.
2. G has no elements of finite order.

If G has elements of finite order then we see by theorem 4.4.25; KG has y-semigroup.
If G has no elements of finite order take g € G and let H be the infinite cyclic group
generated by g. Then KH is a y-semigroup of KG.

DEFINITION 4.4.41: Let R be a ring. A multiplicative S-semigroup M of R is a

Smarandache y-semigroup (S-y-semigroup) if for each a € M the additive
subgroup of R generated by a is contained in M.

THEOREM 4.4.27: Let R be a ring; if M is a S- y-semigroup of R, then M is a y-
semigroup of R.

Proof: Easily derived from the definitions.

THEOREM 4.4.28: Let R be a ring; if M is a y-semigroup of R then M need not in
general be a S-y- semigroup of R.

Proof: By an example. Let Z,G be the group ring with G = {g/g’ = 1}; M = {0, 1 + g}
is a y-semigroup of Z,G, but M is not a S-y-semigroup of Z.G.

Now we proceed on to define yet another new concept called 5-semigroups.
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DEFINITION 4.4.42: Let R be a ring. A non-emply multiplicative semigroup M
not containing 1 is called a &-semigroup if for every a € M; the ideal of R
generated by a is such that aR —M and Ra — M.

Example 4.4.25: Let Z, = {0, 1, 2, 3} be the ring of integers modulo 4. Clearly M =
{0, 2} is a &-semigroup.

DEFINITION 4.4.43: Let R be a ring. R is called a 5-semigroup ring (5-s-ring)
if for every multiplicative semigroup M of R not containing 1, M is a o
semigroup.

Example 4.4.26: Let Z, = {0, 1, 2, 3}, Z, is a 3-s-ring.

Example 4.4.27: 7.,G where G = (g/ g’ =1)isa 5-s-ring.

THEOREM 4.4.29: A field can never have 5-semigroups.

Proof: Obvious by the very structure of fields.
Example 4.4.28:7,,=10,1,2, ..., 11}, Z

., IS not a 6-s-ring,

THEOREM 4.4.30: Let G be a finite group and K any field. The group ring KG
has &-semigroup.

Proof: Take M = {0, cXg./ ¢ € K} where cXg = c(1 + g + g, + ... + &) such that
G={1,g,...,g} ; clearly Mis a 5-semigroup.

DEFINITION 4.4.44: Let R be a ring. A non-empty multiplicative S-semigroup
M not containing 1 of R (unit of R) is called a Smarandache 5-semigroup (S-o-
semigroup) if for every a € M, the ideal generated by a is contained in M.

Example 4.4.29: 7, = {0, 1, 2, 3, ..., 11} be the ring of integers modulo 12. M =
{0, 2, 4, 6,8, 10} is a S-5-semigroup for A = {4, 8} is a group with 4 as identity. M is
a §-0-semigroup.

THEOREM 4.4.31: Let R be a ring. If M is a S-5-semigroup then M is a &
semigroup.

Proof: Obvious by the very definition.

THEOREM 4.4.32: Let R be a ring, if M is a & -semigroup; M in general is not a
§-0 - semigroup.
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Proof: By an example, Z, = {0, 1, 2, 3} is in fact a 8-s-ring but no & semigroup of Z,
is a $-8 semigroup of Z,.

DEFINITION 4.4.45: Let R be a ring. R is called a Smarandache 5-semigroup
ring (S-5-s-ring) if every S-o-semigroup under multiplication of R is a S-65-
semigroup.

Now we recall the concept of SG-rings which also makes use of multiplicative
semigroup.

DEFINITION 4.4.46: Let R be a ring. R is said to be a SG-ring if R = US, where
8;'s are multiplicative semigroups and S; NS, = ¢, if i #j.

Example 4.4.30: Let Z,G be the group ring where G = (g / g = 1); G =S, US,
where S, = {0, 1 + g} and S, = {1, g}, s0 Z,G is a SG-ring.

DEFINITION 4.4.47: Let R be a ring. R is said fo be a weakly SG-ring if R =S,
and$; NS, = P even if i # j.

Example 4.4.31: Let Z, = {0, 1, 2, ..., 7} be the ring of integers modulo 8. Z, is a
weakly SG-ring. For Z, = {0, 2, 4} U {1, 3} U {1, 5} U {1, 7} U {0, 2, 4, 6} = {1,
3} u{l,5}u{l,7}u{0,2, 4, 6}. Hence the claim.

THEOREM 4.4.33: Every SG-ring is a weakly SG-ring but not conversely.
Proof: Obvious by the very definition. Z, is not a SG-ring but only a weakly SG-ring.

Example 4.4.32: 1et 2. = {0, 1,2, ..., 6} be the ring of integers modulo 7. Z. is not
a weakly SG-ring,

DEFINITION 4.4.48: Let R be a ring. R is said to be a Smarandache SG-ring (S-
8G-ring) if R = U S, where S, are multiplicative S-semigroups such that §; N S, =
pifi=].

DEFINITION 4.4.49: Let R be a ring. R is said to be a Smarandache weakly SG-
ring (S-weakly SG-ring) if R = U S, where S;'s are S-multiplicative semigroups
and$; NS, = ¢ even if i =j.

THEOREM 4.4.34: Let R be a SG-ring. Then R need not in general be a S-SG-
ring.
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Proof: By an example; clearly the group ring Z,G is a SG-ring but is not a S-SG-ring.
THEOREM 4.4.35: If R is a S-SG-ring then R is a SG-ring.

Proof: By the very definition of these concepts the result follows.

Another interesting property about multiplicative semigroups is:

DEFINITION 4.4.50: Let R be a ring. Let M be a multiplicative semigroup; we
say R has a 0-semigroup if §° = {0} and idempotent semigroup if §° = S,

A ring which has every multiplicative semigroup to be either a 0-semigroup or an
idempotent semigroup is called a ZI-ring. If R has atleast a 0-semigroup and an
idempotent semigroup then we call R a weak ZI-ring.

THEOREM 4.4.306: Every ZI-ring is a weak ZI-ring.
The proof is left as an exercise to the reader.

DEFINITION 4.4.51: Let R be a ring if in R every multiplicative semigroup M
which is a S-semigroup is such that M° = M or if M has a sub semigroup N such
that N° = 0, then we call R a Smarandache ZI-ring (S-ZI-ring). If R has atleast a
S-semigroup which is such that M° = M and has a S-semigroup which has a

subsemigroup N such that N° = 0 then we say R is a Smarandache weakly ZI-ring
(S-weakly ZI-ring).

THEOREM 4.4.37: If R is a Boolean ring. Then R has multiplicative semigroups
M such that M’ = M.

Proof: Obvious by the very definition of Boolean ring R; a’ = afor alla € R

DEFINITION 4.4.52: Let R be a ring, if R bas a multiplicative semigroup M,
which has nontrivial idempotents or nontrivial nilpotents or both nontrivial
idempotents and nilpotents or S = S or §* = {0} then we call the ring R pseudo
ZI-ring. We say M is a Smarandache pseudo ZI-ring (S-pseudo ZI-ring) if M is a
multiplicative Smarandache semigroup which has nilpotents or S-idempotents,
orS =SorS = {0} or has both nilpotents and S-idempotents.

THEOREM 4.4.38: If R is a ZI-ring then R is a pseudo ZI ring.

Proof: Left for the reader to verify.

154



Example 4.4.33: LetZ,=1{0,1,2, ..., 11}. Now M, = {0, 4, 8}, M, ={0, 2, 4, 6,
8, 10} M, = {0, 6} and M {0, 3, 6, 9} are semigroups under multiplication where
M3 = {0}; M,, M, and M, are S-semigroups. We see Z,, is a S-pseudo ZI-ring as all
the S-semigroups M,, M, and M, have both nilpotents and idempotents, for 6=0
(mod 12), 9" = 9 (mod 12) is such tht 3" = 9 (mod 12) and 3.9 = 3 (mod 12) and
4 =4 (mod 12), 8" = 4 (mod 12) and 4.8 = 8(mod 12).

Now we proceed to define square sets in rings.

DEFINITION 4.4.53: Let R be ring. A non-empty subset A of R, | A | > 1 is said
1o be a square set of R if for every a € A there exists atleast one b € R (b = a)
such that a = b,

Example 4.4.34: Let 7, = {0, 1, 2, 3} be the ring of integers modulo 4. A = {0, 1}
is a square set of Z, as 0 = 2*(mod 4) and 1 = 3°(mod 4), 0°= 0 and 1° = 1 are called
trivial forms.

Example 4.4.35: Let 7, be the prlme field of characteristic p. A = {1} is not a
square set though we have (p - 1)’ =1 (mod P).

THEOREM 4.4.39: Let Z be the ring of integers the square set A of Z is non-
empty.

Proof A = {n’/ne Z} = ¢.For {9, 4, 25,36} =A. 3 € Zissuchthat 3 = 9,3 e Z
is such that 2° = 4, 5 e Z is such that 5° = 25, 6 e Z is such that 6* = 36 and so on.

THEOREM 4.4.40: Let K be a field of characteristic 0 and G a torsion free
abelian group. The group ring KG has a square set which is non-empty.

Proof: Left for the reader to prove using the fact KG is a domain.

DEFINITION 4.4.54: Let R be a ring. R is said to have a Smarandache square
set (S-square set) A if | Al > 1 and A is an additive S-semigroup and a < A is such
that there exist r € R with a =1

Example 4.4.36: Let Z,, = {0, 1 2, ..., 14, 15} be the rmg of integers modulo 16.
{1, 4} = A is a square set for 9 = l(mod 16) and 14° = 4 (mod 16). It is easily
verified 7 = 1 (mod 16) and 10° = 4 (mod 16). Thus a single element can have
several representations. But we see Z , has no S-square set.

THEOREM 4.4.41: Let R be a ring, if A is a S-square set of R then A is a square
set of R and not conversely.
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Proof: Given A — R is a S-square set for A is a semigroup under addition and A is a
square set.

The square set in general need not be a S-square set for in Z,, given in example
4.4.30; A = {1, 4} is a square set but is not a S-square set.

DEFINITION [66]: IfR is a ring and 0 =r & R then a non-empty subset X of R

is said to be a (right) insulator for r in R if the right annibilator r, = {rx/x €
X} = 0. If every non-zero element of R has a finite insulator the author calls the
ring R to be (right) strongly prime i.e., A non-zero ring R is said to be (right)
strongly prime if every non-zero element of R bas finite insulator.

THEOREM 4.4.42: Let G be a torsion firee abelian group and K any field of
characteristic zero. No element in KG have insulators.

Proof: Follows from the fact KG is 2 domain.

DEFINITION 4.4.55: Let R be a ring. We say 0 =r € R is called a Smarandache
insulator (S-insulator) if for r there exists a non-empty subset X of R where X is a

S-semigroup under addition and the right annibilator r, = ({rx/x €X}) = 0.4
non-zero ring R is said to be Smarandache strongly prime (S-strongly prime) if
every non-zero element of R has a finite S-insulator.

Obtain interesting results about them.

DEFINITION 4.4.56: Let R be a commutative ring and P an additive subgroup
of R.P is called the n-capacitor group of R if X'P — P for every x € R and n > 1
and n a positive integer.

Example 4.4.37: Let Z, = {0, 1, 2, 3} be the ring of integers modulo 4. P = {0, 2}
is a n-capacitor group of Z,.

Example 4.4.38: Let R be a ring. Every ideal T of R is called the n- capacitor group
of R.

Example 4.4.39: Let Z,G be the group ring of the group G = (g/ g =1).K={0,1
+g}andI = {0, 1 + g’} are 3k-capacitor group of the group ring, k > 1.

THEOREM 4.4.43: Let Z,G be the group ring where G = (g/d = 1) The group
ring Z,G has pk-capacitor group fork=1,2, 3, ....

Proof Let1 =1{0,1+g+...+¢ '}is pkcapacitor groupfork = 1,2, 3, ...
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THEOREM 4.4.44: Let F be a field of characteristic fwo and G = (g/g' = 1) be
the cyclic group of degree n. The group ring KG has n-capacitor groups which are
not ideals, {(n, 2) = 1 and n not a prime).

Proof: Left for the reader to verify.

THEOREM 4.4.45: Let G be a lorsion free abelian group and K a field of

characteristic zero. ZG the group ring has no n capacitor groups other than the
ideals.

Proof: We know all ideals are n-capacitor groups. But KG has no n-capacitor group.
For if P is a subgroup; for all x € KG we have X'P & P.

Now we define relative Smarandache notions.

DEFINITION 4.4.57: Let R be a commutative group and P an additive S-
semigroup of R. P is called a Smarandache n-capacitor group (S-n-capacitor

group) of Rif x'p =P for every x € R and n > 1 and n a positive integer.

THEOREM 4.4.46: Let R be a commutative ring. If R has S-n-capacitor group
then R has n-capacitor group.

Proof: Follows by the definition.

Just for the sake of completeness we give the definition of semiring as it used to define
semiorder in rings.

DEFINITION [50]: Let S be a non-empty set on which is defined two binary
operation '+' and '.' such that the following are true.

1. (8 +) is a monoid with 0 as the additive idenitity.
2. (S .) is a semigroup under ..
3 s(a+b)=sa+sband (a+b)s=as+bsforalla b s S

then (8, +, .) is a semiring. A proper subset A of S is a subsemiring if (4, +, .) is
itself a semiring.

DEFINITION 4.4.58: Let R be a ring with identity. A non-empty subset S of R is
a semi order in R if S satisfies the following conditions:

1. (8, +) is a semigroup with identity with respect to the operation + of R.

2. (S, .) is a semigroup .’ the operation of R that is (S, +, .) is a semiring in
R which we call as the subsemiring of R.
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3. For every nonzero divisor of S the inverse whenever exists is in R.
, 1 1
4. Anyx € Ris of the form x = sy or x = zs' for some s, s € S and some ), z
inR.

If such a nontrivial S in R exists we call R a semi order ring or a so-ring.

Example 4.4.40: Let 7 be the ring of integers Z =7" U Z "~ U {0}.S=Z"U {0} is
a semiring which is a semi order in Z. So Z is a so-ring.

THEOREM 4.4.47: Every field F of characteristic zero is a so-ring.
Proof: Obvious by the definition.

DEFINITION 4.4.59: Let R be a ring. A nonempty subset S of R is a
Smarandache semi order (S-semi order) in R if S satisfies for the following
conditions.

1. (8 +) is a S-semigroup with identity with respect to ‘+’ the operation in R

2. (8 .) is a S-semigroup °.’ the operation of R and (S, +, .) is a S-semiring
inR.

3. For every nonzero divisor of S the inverse whenever exists is in R.

4. Anyx e Ris of the form x = sy or x = zs' for somes, s' € S and some y, z
eR

For more about S-semigroups and S-semirings please refer [154, 156, 157].
THEOREM 4.4.48: Every S-semi order is a semi order and not conversely.
Proof: Follows easily by the definitions; hence left for the reader as an exercise.

DEFINITION 4.4.60: Let R be a ring. A subset I of R which is closed under '+' of

R is called the square ring ideal of R if /i € Iand i¥' el foralli e land v'r e
R

Example 4.4.41: Let Z,G be the group ring where G = (g / g =1:1={0,glisa
square ideal ring of Z,G.

DEFINITION 4.4.01: Let R be a ring. A subset I of R which is closed under '+ is
called a n-ring ideal of R if v'i € 1and ir" e 1foralli e landr eR (n>1,na
positive integer).

It is important to note that even if n = 1 we see I is not an ideal of R.

158



THEOREM 4.4.49: Let Z,= {0, 1) and G = (g/g" = 1) The group ring Z,G is a
2n-ring ideal of R.

Proof: Take any I = {0, g}; such that g € G. Clearly s™i € Iand is™ e 1 for all i e I
ands € Z,G.

THEOREM 4.4.50: Let G be a torsion fiee abelian group and K any field. No
finite subset of KG even closed under addition is a n-ring ideal for any n.

Proof: Easily evident from the fact that G is torsion free abelian.
Now we proceed on to define the Smarandache analogue.

DEFINITION 4.4.62: Let R be a ring. A subset I of R which is a S-semigroup
under ‘+° of R is called the Smarandache square ring ideal (S-square ring ideal)
of Rif i and i eI foralli € landr e R

DEFINITION 4.4.063: Let R be a ring. A subset I of R which is a S-semigroup
under ‘+ is called the Smarandache n-ring ideal (S-n-ring) of R if for all i € I
and r € R we bave r'i and ir" € 1.

Obtain examples and some interesting results. The following theorem can be easily
proved.

THEOREM 4.4.51: Let R be a ring. If I is a S-square ideal of R then I is a square
ideal of R.

DEFINITION 4.4.04: Let R be a ring. An ideal I of R is said to be quasi nilpotent
if 1 does not contain any semi idempotent elements.

Example 4.4.42: Let .G be the group ring where G = (g/ g = 1); clearly the ideal
I =1{0, 1 + g} has no semi idempotents so I is quasi nilpotent.

DEFINITION 4.4.65: Let R be a ring. A S-ideal I of R is said to be Smarandache
quasi nilpotent (S-quasi nilpotent) if I does not contain any S-semi idempotents.

Example 4.4.43: 7..G be the group ring of the group G = (g/¢" = 1) over the ring of
integers modulo 6; Z, = {0, 1, 2, ..., 5}; clearly Z has S-ideals HG where H = {0, 3}
which is also a S-quasi nilpotent of ZG.

DEFINITION [24]: Gray defined a radical ideal as follows: A subset P of a ring R
is a radical if
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1. Pisan ideal.
2. Pisanil ideal.
3. R/P bas no nonzero nilpotent right ideals.

The sum of all ideals in R satisfying 1) and 2) is the upper radical of R and is

denoted by C (R). The intersection of all those ideals in R satisfying 1) and 3) is
the lower radical of R. L(R).

For more about radical ideals please refer [24].

Example 4.4.44: The group ring Z,G where G = (g/ g = 1) is a radical ideal. It is
important to note that even the subideal of a radical ideal in general need not be a
radical ideal.

Example 4.4.45: Let Z,G be the group ring where G = (g / g =1). Z,G has no
proper radical ideals as Z,G has no nilpotent elements so it cannot have nil ideals
hence the claim.

DEFINITION 4.4.66: Let R be a ring. The Smarandache radical ideal (S-radical
ideal) P of R is defined as follows:

1. PisaS-ideal of R.

2. S cPwhere S is a subideal of P is a nil idedl.
3. R/ P has no non-zero nilpotent right ideals.

The sum of all S-ideal of R satisfying 1) and 2) is called the Smarandache upper

radical (S-upper radical) of R and is denoted by S( U (R)). The intersection of
all those S-ideals in R satisfying 1) and 3) is the Smarandache lower radical (S-
lower radical) of R denoted by S(L(R)).

The reader is requested to study radical ideals and S-radical ideals of a ring R.

THEOREM 4.4.52: The group ring KG of the torsion free abelian group G over
any field K bas no

1. radical ideals.
2. S-radical ideals.

Proof: Follows from the fact that KG has no nilpotent or zero divisors as KG is a
domain.

DEFINITION 4.4.67: Let R be a ring. A be an additively closed subset of R. For
a,b ek a b eA Wesayais right A related to b if a € Ab; a is said to be left A
related to b if a € bA. If a is both right and left A related to b then we say a is A
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related to b. Obviously in case of commutative rings the notion of right and left
related coincides.

Example 4.4.46: Let 7S, be the group ring. Take A = {0, p,}; p, € Ap, = {0, p,} So
p, is right A related to p, but p, is not left A related to p,.

DEFINITION 4.4.08: Let R be a ring. A be a semigroup with respect to '+'. For a,
b R (a, b & A) we say a is both way related to b (or a and b related with respect
to A orrelative to A) ifa € Ab and b € Aa.

THEOREM 4.4.53: Every prime field of characteristic p is relation fiee.
Proof: Left for the reader to prove.
THEOREM 4.4.54: Let R the field of reals. No pair in R can be related.

Proof: Left for the reader to verify.

DEFINITION 4.4.69: Let R be a ring. A be a S-semigroup under '+'. Fora, b
Randa, b & A; we say a is Smarandache right related (S-right related) to b ifa

Ab. a is said to be Smarandache left related (S-left related) if a < bA; if a is both
Smarandache right and left related to b then we say a is Smarandache A related to
b (S-A related to b).

DEFINITION 4.4.70: Let R be a ring. A be a S-semigroup under addition. For a,
b eR a b zAwesayais both way related to b (or a and b are related with

respect to A) with respect to A if a € Ab and b € Aa. The pair (a, b) is called also
as a Smarandache related pair (S-related pair).

Obtain interesting results about S-related pairs. On similar lines when we replace the
semigroup under addition by a subring we define a relation called subring relation on
R. When a ring has this relation the ring has nontrivial divisors of zero (and) or units.

DEFINITION 4.4.71: Let R be a ring. A pair of elements x, y € R is said to have
a subring right link relation if there exists a subring Mof Rin R\ {x, y} i.e, M c
R\ {x, y} such that x € My andy < Mx. Similarly subring left link relation if x

WM andy e xM. If it has both a left and a right link relation for the same subring
M then we have x and y have a subring link relation and is denoted by xMy.

Example 4.4.47: 7, = {0, 1, 2, 3} be the ring of integers modulo 4. No pair of
elements in Z, has a subring link relation.
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THEOREM 4.4.55: Let R be a ring. M a subring such that x, y € R\ M are
subring link related. Then R has nontrivial divisors of zero or a unit.

Proof: Letx,y € Rwithx and y ¢ M, where M is a subring such that x € yM and y €

XM that is x = yt and y = xu for some u, t € M so that x = xut leading to x(1 —ut) =
0. The two possibilities are either x(1 —ut) = 0 is a zero divisor or ut = 1, then R has
a unit.

Example 4.4.48: LetZ, = {0, 1, 2, ..., 5} be the ring of integers modulo 6. M = {0,
2, 4} is a subring of Z. Z, \ {0, 4, 2} has no pair which is linked.

Example 4.4.49: Let 7S, be the group ring. The element p, and p, cannot be
subring related through any subring.

DEFINITION 4.4.72: Let R be a ring. We say a pair x, y in R has a weakly
subring link with a subring P in R\ {x, y} if either y € Px or x € Py, ‘or’ in the
strictly mutually exclusive sense and we have subring Q, Q =P such that y € Qx

(orx € Qy).

DEFINITION 4.4.73: Let R be a ring. We say a pair x, y € R is said to be one
way weakly subring link related if we have a subring P — R\ {x, y} such that x
Py and for no subring S R\ {x, y} we have y € Sx.

DEFINITION 4.4.74: Let R be a ring a pair x, y € R is said to have a
Smarandache subring right link relation (S-subring right link relation) if there
exists a S-subring P in R \ {x, y} such that x € Px and y< Py. Similarly
Smarandache subring left link relation (S-subring left link relation) if x € yP
andy e xP. If it has both a Smarandache left and right link relation for the same

S-subring P then we say x and y have a Smarandache subring link (S-subring
link).

We say x, vy € R is Smarandache weak subring link (S-weak subring link) with a
S-subring P in R \ {x, y} if either x € Py ory € Px (‘or’ in strictly mutually
exclusive sense) we have a S-subring Q =P such that y € Qx (or x € Qy). We say
a pair x, y € R is said to be Smarandache one way weakly subring link related
(S-one way weakly subring link related) if we have a S-subring P — R \ {x, y}
such that x € Py and for no subring Q R\ {x, y} we havey € Qx.

Thus we see that subring link relation between a pair of elements in a ring leads to
either zero divisor or units leading to the following:
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THEOREM 4.4.56: Let KG be the group ring of a torsion free abelian group G
and K any field, the group ring KG has no pair which is subring linked.

Proof: Obvious from the fact a pair is subring link related forces zero divisors or units
and as KG has no zero divisors or units. KG cannot have a pair which is subring
linked.

The same result holds good in case of S-subring related pairs. Now the subrings of a
ring are studied but no inter relation between them are studied. Here we define a
concept called essential subrings and we feel the study of Smarandache essential
subrings will throw more light on the S-subrings of a ring. With this view we just
define the concept of essential subrings.

DEFINITION 4.4.75: Let R be a ring. A subring A of R is said to be an essential
subring of R, if intersection of A with every other subrings of R is zero. By subring
we mean only proper subrings.

DEFINITION 4.4.76: Let R be a ring if every subring of R is an essential subring
of R then we call R an essential ring.

DEFINITION 4.4.77: Let R be a ring. A be a S-subring of R. A is said to be a
Smarandache essential subring (S-essential subring) of R if the intersection of
every other S-subring is zero. By S-subring we mean only proper S-subrings.

DEFINITION 4.4.78: Let R be a ring. If every S-subring of R is S-essential S-
subring then we call R a Smarandache essential ring (S-essential ring).

DEFINITION 4.4.79: Let R be a ring. If for a pair of subrings P and Q of R there
exists a subring T of R (T = R) such that the subrings generated by PI and TQ are

equal i.e. (PT) = (1Q), then we say the pair of subrings are stabilized subrings
and T is called the stabilizer subring of P and Q.

DEFINITION 4.4.80: Let R be a ring. A pair of subrings A and B of R is said to
be a stable pair if there exists a subring C of R (C #R) such that C NA=C NB

and (C UA) = (C U B) where () denote generated by C ~A and C U B. C is
called the stability subring for the stable pair of subrings.

THEOREM 4.4.57: Let R be a ring. If the subring A, B of R is a stable pair then
A, B is a stabilized pair and not conversely.

Proof: Follows by the very definition of these two concepts. To prove the converse is
not true, consider the ring Z,, = {0, 1, 2, ..., 11} be the ring of integers modulo 12.
S, =10,6},5,=1{0,6,3,9},S,={0,4, 8} and S, = {0, 2, 4, 6, 8, 10}. The subrings
S, and S, is a stabilized pair but it is not a stable pair. Hence the claim.
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DEFINITION 4.4.81: Let R be a ring. If every pair of subrings of R is a stable
Dair then we say R is a stable ring.

DEFINITION 4.4.82: Let R be a ring. If for a pair of S-subrings P and Q of R
there exists a S-subring T of R (T = R) such that the S-subrings generated by PT
and 10 are equal i.e. (PT) = (TQ) then we say the pair P and Q is a Smarandache
stabilized pair (S-stabilized pair) and T is called the Smarandache stabilizer (S-
stabilizer) of P and Q.

DEFINITION 4.4.83: Let R be a ring. A pair of S-subrings A, B of R is said to be
a Smarandache stable pair (S-stable pair) if there exists a S-subring C of R (C #
R) such that C VA =C UBand (C UA)= (C UB)where ( ) means the subring

generated by C A and C U B; C is called the Smarandache stability S-subring
(S-stability S-subring) for the Smarandache stable pair (S-stable pair) A and B.

DEFINITION 4.4.84: Let R be a ring if every pair of S-subrings of R is S-stable
pair then we say R is a Smarandache stable ring (S-stable ring).

It is left for the reader to prove that the following theorem:
THEOREM 4.4.58: Every S-stable ring is a S-stabilized ring.
PROBLEMS:

1. Does ZS(5) have a S-quasi ordering?
Can ZS, have a S-product quasi ordering?
3. Find a set Ain ZS, which has S-sum quasi ordering but A is not product quasi
ordering.
4. Find the S-semi regular ideal of ZS,.
5. Can the semigroup ring Z,S(5) have
i. S-semi nilpotent ideals?
ii. Semi nilpotent ideals?
iii. S-Semi regular ideals?
iv. Semi regular ideals?
6.  Find whether the group ring ZD, have
i. S-semi nilpotent ideals.
ii. S-semi regular ideals where D, = {a, b/’ =b° = 1, bab = a}.
7. Is the semi group ring Z,S(5) a
i. S-Sub semi ideal ring?
ii. Sub semi ideal ring?
8. Can the group ring Z.S, be a
i. S-sub semi ideal ring?
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10.

11.

12.
13.
14.
15.
16.
17.
18.

19.
20.
21.
22.
23.
24.

25.
20.
27.
28.

29.
30.
31
32.
33.

35.
30.

ii. Sub semi ideal ring?
Can the semigroup ring ZS(4) be

i. normal ring?

ii. S-normal ring?
IstheringZ,, a

i. normal ring?

ii. S-normal ring?
IsZ,a

i. normal ring?

ii. S-normal ring?
Give an example of S-weakly G-rin,
Is Z,S, a S-G-ring?
Is a Boolean ring a weakly G-ring?
Is ZS, a n-closed subgroup ring?

Can Z,G where G = (g/ g’ = 1) be a n-closed subgroup ring?
Give an example of a S-n-closed subgroup ring.
Give an example of a S-n-closed subgroup ring which is not a n-closed

subgroup ring.

Give an example of a ring which is a co-ring.

Is Z,, a weak co-ring?
Can Z,S, be a S-weak iso-ring?

Give an example of a S-weak iso-ring which is not a S-iso-ring.

Give an example of S-co-ring.
Is the semigroup ring Z,S(3) a
i. S-co-ring?
ii. S-iso-ring?
iii. S-weak iso-ring?
Is the ring Z,, S-e-primitive?
Can Z,, be atleast e-primitive?

Give an example of a weakly e-primitive ring which is not e-primitive.

Can the group ring Z.S, be
i. e-primitive?
ii. S-e-primitive?
iii. S-weakly primitive?
iv. Weakly e-primitive?

Give an example of a ring which is a S-weakly SV-group.

Is Z,, a S-SV-group?
Can Z,, be a SV-group?

Give an example of a ring which has S-radix.

Can Z,, have a radix?

Give an example of ring which has a radix which is not a S-radix.

Prove Z,S, has a y-semigroup.
Prove Z,S(3) has a y-semigroup.

a

g
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37.
38.

39.
40.

41,
42.

43.

45.
40.
47.

48,
49.
50.
51.
52.

53.

54.
55.
56.

57.
58.

59.

00.
01.

02.

Give an example of a ring which has no y-semigroup.
Can M3, 3 = {(311) /e Z,,} the ring of 3 x 3 matrices have y-semigroup?
Give an example of a ring which has &-semigroups.
Does Z,, have
i. O-semigroups?
ii. S-0 semigroups?
Is Z,, a SG-ring?
Give an example of a S-SG ring.
Can Z,, be a weakly SG-ring?
Show Z,, is a pseudo ZI ring?
Is the ring Z,, a S-pseudo ZI-ring?
Will (ZG)” = ZG when G is torsion free abelian?
Prove (KG)® = KG, if K is a field of characteristic zero and G is torsion free
abelian.
Give an example of a ring R which has S-square set.
Give an example of a ring R in which every square set is a S-square set.
Find an example of a ring which has nontrivial insulators.
Give a nontrivial example of a ring which has S-insulators.
Can the group ring Z,(S,) be a
i. S-semi order ring?
ii. Semi order ring?
Can the group ring Z,G where G = (g/ g = 1) have
i. S-n-capacitor group?
ii. n-capacitor group?
Give an example of a semi order ring which is not a S-semi order ring.
Give an example of a ring which has n-ideals but no S-n-ideals.
Can Z,, be a square ideal ring?
Is Z,, a S-square ideal ring?
Does the group ring Z,G where G = (g/ ¢" = 1) have a
i. quasi nilpotent ideals?
ii. S-quasi nilpotents ideal?
Does the semigroup ring Z,(S(4)) have
i. radical ideal?
ii. upper radical ideal?
jii. S-radical ideal?
iv. lower S-radical ideal?
Give an example of a ring which has only radical ideals and does not contain
S-radical ideals.
Can the group ring Z,S_have
i. Smarandache related pairs?
ii. Related pair? (related to any semigroup under '+').
Can Z,, have a pair which is
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i. subring linked?
ii. S-subring linked?
63.  Does Z,S, contain at least one essential subring?
04. IsZG, whereG=(g/ g’ = 1), a S-essential ring?
65.  Can Z,S(n) have at least one S-essential subring?
60.  Does there exist a stabilized pair of subrings in Z, ?
67.  CanZ,be aS-stable ring?
08.  Give an example of a stable ring which is not a S-stable ring.
09.  Is the semigroup ring Z,S(n) a stable ring?
70.  Can the semigroup ring Z,S(n) be a S-stable ring?

4.5 Miscellaneous properties about Smarandache Rings

In this section we introduce several important properties to Smarandache rings like
hyperrings, Hamiltonian rings, J,-group rings, structure of fixed support in group
rings, quasi distributivity, the lattice of S-ideals and S-subrings of a ring and show the
lattice of S-ideals of a ring in general is not a modular lattice.

In this section several new very recently introduced concepts like, integrally closed
semigroup (or rings), system of local units, -regular rings, generalized stable ring
are given together with their Smarandache analogue.

[18] introduces the concept of hypergroups using modulo integers that is for, groups
under addition. Here we introduce hyperrings and Smarandache hyperrings I and
Smarandache hyperrings II.

DEFINITION 4.5.1: Let Z be the ring of integers modulo n. The hyperring (Z,
q) (q <n) obtained from Z, by definingx +y = (x +), x +y +q) and x . y =
(x.y, x.0.q) denoted by (Z,, g, +) and (Z,, q, .) respectively is a subset of Z ... We
say the hyperring (Z, q) bas a ring structure only when (Z, q, +) [(Z, g, .)]
which is a subset of Z, . is a ring under component wise '+' and ' .' modulo n.
(Z, q, +) may partition Z, x Z, or (Z,, q, .) may partition Z, xZ_for varying q €
Z

W

Example 4.5.1: Let Z, = {0, 1, 2, 3} be a ring of integers modulo 4. The hyperrings
for all q € Z, under '+' are

{Z4’ 39 +} = {(O? 5), (1, 0)7 (2? 1)7 (3, 2)}

{Z4, 27 +} = {(07 2)’ (1’ 3)’ (2’ O)’ (3, 1)}
{Z,1,+} ={(0,1}, (1,2), (2,3), 3,0)}
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{Z,0,+}={(0,0),(1, 1), (22), (3,3}

{Z, q, '+'} partitions Z, x Z,. {Z,, +, 0} is a subring all others are not even closed
under '+'.

The hyperrings for all q € Z, under "' are

Z,3,)=10,0),(1,3),2,2),(3 D}
Z,2,)=1{(0,0),(1,2),(20),(3,2)}
@,1,.)=1{0,0), (1,1, 272),33)}
(Z,0,.)={(0,0), (1,0), (2,0), (3,0)}

Thus we see Z, x Z, is not properly partitioned by (Z,, q, '.") defined by x.y = {(xy,
xyr)/reZ}and{Z,1,.} and {Z, 0, .} are the only subrings of Z, x Z,.

THEOREM 4.5.1: Let Z, be a ring of integers modulo n.

1 (Z,1,.), (Z0,.)and (Z, 0, +] are the only subrings of Z, xZ,
2. Z, xZ is never partitioned by the operation ".".
3 Z,1,)={2,0+]

Proof: (Z., 1, .) = {(xy,xy.1) /X,y € Z }. 1t is easily verified (Z , 1, .) is a subring
for Z,1,.) ={(0,0), (1,1, 2,2), ..., (a-1,n-D}. Z,0, )= {(xy,xy.0) /
X,y € Z }is asubring of Z_ x Z . Itis easily verified as (Z , 0, .) = {(0, 0), (1, 0), (2,
0), ..., (n—1,0).}. Now {Z , +, 0} = {(0,0), (1, 1), (2,2), ..., @=L, n-1)} =
(Z,1,.)isasubring of Z xZ .

DEFINITION 4.5.2: Let Z, be a ring with A to be S-subring of Z,. Define the
Smarandache hyperring I (S-hyperring 1) to be a subring of A x A given by for any
geAd Aq+)={(a +a,a +a,+q)/a,a,cAland (@, q,.)={(a,.a,,
a,.a,.q) a,a, €A} Similarly we define Smarandache hyperring II for any S-
subring II of B.

[40] defines a ring R to be a generalized Hamiltonian ring if every non-zero subring
of R includes a non-zero ideal of R.

Example 4.5.2: Let 7 be the ring of integers. Z is a generalized Hamiltonian ring,

THEOREM 4.5.2: Let KG be the group ring of the group G over any field K. The
group ring KG is not a generalized Hamiltonian ring.
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Proof: For K — KG is a subring which cannot include any ideal. Hence the claim.

THEOREM 4.5.3: Suppose the group ring RG is Hamiltonian then we see R is
Hamiltonian.

Proof: Follows from the fact that R — RG is a subring of RG so R should be a ring in
which every non-zero subring includes a non-zero ideal. Hence the claim.

DEFINITION 4.5.3: Let R be a ring. We say R is a Smarandache Hamiltonian
ring (S-Hamiltonian ring) if every S-subring includes a non-zero S-ideal.

DEFINITION 4.5.4: Let R be a ring we say R is a Smarandache Hamiltonian
ring Il (S-Hamiltonian ring II) if every S-subring II includes a non-zero S-ideal
1/

THEOREM 4.5.4: Every S-Hamiltonian ring I is a S-Hamiltonian ring Il and not
conversely.

Proof: By the very definition of S-subrings I and S-subrings II and S-ideals I and S-
ideals II. The result is true. For the converse consider the ring Z. Clearly Z is a
Smarandache Hamiltonian II and is not Smarandache Hamiltonian 1.

We just recall in a group ring KG or in a semigroup ring KS we define for any o € KG
(or KS) Isupp ol = {g/ a. # 0} where o. = >o.g and Isupp ol denotes the number

of elements in o which has non-zero coefficients. It is a subset of G(or S). For more
about these ideas please refer [61, 62].

DEFINITION 4.5.5: Let RG be a group ring of a group G over the ring R. Let N =
{a € RG/\supp ol = n}, n a fixed positive integer. If 0 is adjoined with N and if

N U {0} becomes a subring of RG we call N a fixed support subring of the group
ring RG or n-subring of RG. (The same holds good for semigroup rings).

Example 4.5.3: Let 7,G be the group ring of the group G = S, over Z,. N = {p, + p,,
1+p, 1+p,/lsupp ol =2}; NU {0} is a 2-subring of Z,G. Similarly M = {1 + p, +
p,/ Isupp al = 3} adjoined with 0 gives a 3-subring of Z,G.

DEFINITION 4.5.6: Let RG be the group ring of the group G over the ring R, if A

= {a/Isupp ol = n}, n a fixed number is a semigroup under multiplication then
N is called the fixed support semigroup of the group ring RG or the n-
subsemigroup of RG.
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Example 4.5.4: Let Z,G be the group ring of the group G = (g/ g = 1). Clearly P =
1+g1+¢g g+g}and P ={1+g+ g’} are 2-subsemigroup and 3-
subsemigroup of Z,G respectively.

DEFINITION 4.5.7: Let RG be the group ring of the group G over the ring R. Let
H = {a/Isupp o = m}, m a fixed integer. If H is a subgroup under
multiplication afler adjoining the identity 1 then we call H the fixed support
subgroup of the group ring RG or m-subgroup of RG.

THEOREM 4.5.5: Every group ring RG has a 1-fixed support subgroup.
Proof: Take G = {g/ g € G, Igl = 1}. Clearly G is a 1-fixed support subgroup.

THEOREM 4.5.06: Let KS be the semigroup ring. We have S = {o / lsupp ol = 1
and o € S} is a 1-fixed subsemigroup.

Proof: Obvious by the very definition of KS.

By using Smarandache notions we can combine the concept of fixed support of
subgroup and fixed support of subsemigroup.

DEFINITION 4.5.8: Let RG be the group ring. Let N = {a € RG/ lsupp ol = n}, n
a fixed positive integer. If 0 adjoined in N becomes a S-subring of RG we call N a
Smarandache fixed support subring (S-fixed support subring) of the group ring
RG or S-n-subring of RG.

DEFINITION 4.5.9: Let RG be the group ring of the group G over the ring R if S
= {a/ lsupp o = n}, n a fixed number is a S-semigroup under multiplication

then we call the set S to be the Smarandache fixed support of the group ring (S-
Sixed support of the group ring).
Obtain interesting results about these concepts and study them.

DEFINITION [44]: A ring R is said to be semi-connected if the center of R
contains a finite number of idempotents.

THEOREM 4.5.7: A group ring KG of a finite group G over a field K is semi-
connected.

Proof: Obvious from the fact that K is a field and KG has idempotents as G is finite.
Hence KG is semi-connected.
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DEFINITION 4.5.10: Let R be a ring. We say R is Smarandache semi-connected
(§-semi-connected) if the center of R contains a finite number of S-idempotents.

Once again as the main motive of this book is for researchers to develop
Smarandache concepts we leave it for the reader to study this concept and get some
nice results and examples of rings which are Smarandache semi-connected.
THEOREM 4.5.8: Let R be a S-semi-connected ring then R is semi-connected.
Proof: Follows from the very definitions of these notions.

[70] had defined the concept of J,-ring and has studied them.

DEFINITION [70]: Let R be a ring, k a fixed positive integer. We say R is a -
ring if for each x, x,, ..., x, of R there exists an = n(x, x,, ..., x,) > I such
that (xx,...x,)" =x,... %,

For more about J, rings please refer [70].
THEOREM 4.5.9: The group ring Z,S, is not a J,-ring (k > 1).
Proof: Left for the reader to verify. For 1 + p, € Z,S where
1 23 4 ..n
pl:(z 1 3 4 .. n)

Clearly (1 + pl)2 =0. [A+p)MX+p) ... (A +p)]"=0=1+p, Hence the
claim.

THEOREM 4.5.10: Let G be a torsion fiee abelian group and K any field. The
group ring KG is not a J -ring.

Proof: Obvious from the fact for, if we take g, g,, ..., g € G < KG then forno k > 1
we have (g, ... g)" = g,...g as G is torsion free abelian.

DEFINITION 4.5.11: Let R be a ring. We say R is a Smarandache J,-ring (S,
ring) if R contains a S-subring A, (A #R but A < R) such that A is a ] -ring.

THEOREM 4.5.11: et R be a ring if R is a ], ring and has a non-trivial S-
subring. Then R is a S-],-ring.
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Proof: Obvious by the very definitions.

Now we proceed onto find the nature of the lattice of the substructure of a ring. We
know the set of all two-sided ideals of a ring form a modular lattice. Now we are
interested in studying the following:

1. Let R be a finite ring. M denote the collection of all S-subrings of R including
{0} and R. What is the lattice structure of M?

2. If we replace S-subring of R by S-subrings II of R, what is the structure of the
lattice? Will it be distributive? modular? or non-modular?

3. LetRbe aring M = {Set of all S-ideals of R}. What is the lattice structure of M?

We assume {0} and the ring R are trivially S-ideals, S-subrings, S-ideal II and S-
subring IT which act as the least and the greatest element of the lattice respectively.

Example 4.5.5: Let R = Z xZ, be a ring, the S-subrings of R are {{0}, R, Z x {0},
Z, x {0, 3, 6}}. The lattice diagram is a 4 element chain lattice which is distributive
and hence modular.

R

7, x {0, 3, 6)
Z,x {0}

{0}

Figure 4.5.1
Clearly these S-subrings are also S-ideals of R.

Example 4.5.6: 1et R = Z, x Z,, x Z, be the S-mixed direct product of rings. The §-

subrings of R, are
= Z% X {O} X Z.7
= Zyx L, {0}

7, {0, 6} x {0}
Z,x {0, 4,8} x {0}
2% (0.3,6,9) x {0}
Z,x{0,2,4,...,10} x {0}
Z,x {0, 6} x Z,

= Z,%x{0,3,6,9} x Z,

= Z,x{0,4,8} x Z,

Vi R N S S SN

172



—_
(=]

= Z,x1{0,2, ..., 10} x Z,
= {0} xZ,, x {0}
{0} x {0,2,4, ..., 10} x {0}
{0} xZ,xZ
{0} x {0,6} x Z,
{0} x {0,4,8} xZ,
{0} x{0,3,9,6} xZ,
{0} x{0,2,...,10} x Z,
= Rand
= {0}

Thus we get S = {A, A, ..., A} the collection of S-subrings of R. This is easily
verified to be also S-ideals of R. The lattice representation of them is as follows:

-

&

A

18

Figure 4.5.2
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The set N = {{0}, A,, A, A ,, A,,} forms a pentagon lattice which is non-modular.

A10
A7
A15
A,
A
Figure 4.5.3

Hence N = {{0}, A, A,, A, A,,} and forms a sublattice which is a pentagon lattice.

Thus in case of S-rings the set of S-ideals in general will not form a modular lattice
which is 2 marked difference between ideals of a ring and S-ideals of a ring.

DEFINITION [57]: Let L be a lattice. L is said to be a quasi distributive lattice if
Sordll x, y, z, u in L, satisfies the following:

oy nzow)=xnEzuow} olfynzow} ofznxoy)) ofun
(xoyp)pand (x Ny) vxnNnu) ={xoE@nuw)nlyou@Enuw)niuox
AN} fz o)

Example 4.5.7: LetZ,, = {0, 1, ..., 11} be the ring. For S = H, = {0}, H, = {0, 6},
Hz = {0: 37 6, 9}7 Hg = {0, 47 8}a H4 = {07 2: 4) 87 6; 10} and H5= Zlg-

HS
HZ H4
H, H,
{0}
Figure 4.5.4
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The reader is advised to verify whether the ideals form a quasi distributive lattice.

Example 4.5.8: The lattice of ideals of Z, is a quasi distributive lattice in fact a
chain lattice. Left for the reader to draw the lattice diagram.

Example 4.5.9: Given the lattice diagram of the ring given by the S-mixed direct
product of rings; R= Z, x Z,. The S-subrings of R are A) = {0} x {0}, A, = {0} x {0,
2,4,06,8 10}, A, = {0} x Z,,, A, =7, {0,060}, A, = Z, x {0, 4, 8}, A =17, x {0, 3,
0,9}, A, = Z,x {0,2,6,4,8 10}, A = Z,x1,=R

Figure 4.5.5

Test whether this lattice satisfies the quasi distributive identity

DEFINITION [26]: An element a € R, R a ring is called clean if it can be
expressed as the sum of an idempotent and a unit in R.

A ring is called a clean ring if every element of R is clean.

It has been shown by [26] that "If e is an idempotent in a ring R such that both eRe
and (1 —e)R(1 — e) are clean rings then R is a clean ring,

DEFINITION 4.5.12: et R be a ring. An element a € A where A is a S-subring of
R is said to be a Smarandache clean (S-clean) element of R if it can be expressed
as the sum of an idempotent and a unit in R. A ring R is called a Smarandache
clean ring (S-clean ring) if every element of R is S-clean.

Thus for a ring R to be a S-clean ring it is sufficient if R bas a S-subring A which
is a S-clean ring. We do not demand the whole ring to be clean but it is localized.
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THEOREM 4.5.12: Let R be a ring. If R bas a S-subring and R is a clean ring
then R is a S-clean ring.

Proof: Obvious by the very definitions of clean ring and S-clean ring.

Example 4.5.10: Let Z, = {0, 1, 2, ..., 5}. In this ring every element other than 0
and 1 are clean. But Z is not a S-clean ring.

Further all clean rings R need not be S-clean for that ring R may not have a S-subring.
Now we proceed onto define a concept viz. Smarandache strongly clean rings.

DEFINITION 4.5.13: Let R be a ring. We say a € R is a Smarandache strongly
clean (S-s-clean) element if a can be written as a sum of a S-idempotent and a

S-unit in R. If every a € R is S-s-clean then we call R a Smarandache strongly
clean ring (S-strongly clean ring).

Here it is important to note that R need not be a S-ring.
Further we leave the following theorems for the reader to prove.
THEOREM 4.5.13: If R is S-s-clean ring then it is a clean ring.

THEOREM 4.5.14: Every S-s-clean ring need not be a S-clean ring.

DEFINITION [53]: Let S be a semigroup. S is integrally closed if no. € S for some
integer n € N implies o € S.

[53] has studied the integral closure of semigroup rings. We now proceed onto
define Smarandache integrally closed rings.

DEFINITION 4.5.14: Let S be a S-semigroup. We say S is a Smarandache
integrally closed semigroup (S-integrally closed semigroup) if S has a §-

subsemigroup A which is such that whenever na. € A, n some integer and o € A.

DEFINITION 4.5.15: Let R be a ring we say R is an integrally closed ring if R
has a subset M, such that M is a multiplicatively closed semigroup and M is an
integrally closed semigroup.

DEFINITION 4.5.16: Let R be a ring. We say the ring R is Smarandache

integrally closed (S-integrally closed) ring if R contains a S-semigroup M, M — R
under multiplication and S is an S-integrally closed semigroup.
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DEFINITION [58]: A subset E of a semigroup S is called a system of local units
if and only if the following conditions are satisfied:

1. E consists of commuting idempotents.
2. Forany x € § there exists e € E such that xe = ex = x.

We proceed onto define the concept of Smarandache local units of a semigroup, local
units of a ring and Smarandache local units of a ring.

DEFINITION 4.5.17: Let S be a S-semigroup. A subset M of S is called a
Smarandache system of local units (S-system of local units) if and only if the
Jfollowing conditions are satisfied:

1. M consists of commuting S-idempotents
2. Forany x € S there exists e € M such that ex = xe = x.

DEFINITION 4.5.18: Let R be a ring. A subset P of R is said to be a system of
local units if and only if the following conditions are satisfied:

1. P consists of commuting idempotents.
2. Foranyr € R there exists p € P such that px = xp = x.

We define Smarandache system of local units.

DEFINITION 4.5.19: et R be a S-ring. A subset M of R is called a Smarandache
system of local units (S-system of local units) if and only if the following
conditions are satisfied:

1. M consists of commuting S-idempotents.
2. Forany s € R there exists e € M such se = es = s.

The reader is advised to develop Morita equivalence on semigroups with systems of
local units.

A ring (or semigroup) R is said to be r-regular if some power of every element is von
Neumann regular. If a power of every element in R belongs to a subgroup of R, R is
said to be uniformly 7t regular [8]. This paper [8] is a piece of nice research and the
greatness of the paper lies in its extensive bibliography and the reader is advised to
develop the Smarandache concepts about regularity.

DEFINITION [162]: Let S be an additive subgroup of a finite ring R and

suppose that either S is a subring or S is semisimple. Each of the following
conditions are equivalent to S being a subideal of R.
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1. S'is a subideal of the ring generated by S and r for all r € R

2. SN Tis asubideal of T for all 2-generator subrings T of R.

3 Foralls € Sandr e R there is a positive integer n such that both (sr)"
and r(sr)" lie in S,

DEFINITION [162]: A subring S of R is said to be a subideal if there is a finite
chain.

S=R cR ,c...c=RsuchthatR, is anideal of R, , fori=12, ..., m.
Now we proceed onto define the Smarandache analogue.

DEFINITION 4.5.20: Let A be an additive S-semigroup of a finite ring R and

suppose that either P — A (P a subgroup of A) is a S-subring or P is semisimple.
Each of the following conditions are equivalent to P being a Smarandache
subideal (S-subideal) of R.

1. Pis aS-subideal of the ring generated by P and r for all v € R.

2. PN TisaS-subideal of T for all 2 generator S-subrings T of R.

3 Fordls € Pandr € R there is a positive integer n such that (sr)" and
r(sr)" lie in P.

DEFINITION [163]: A ring R is called weakly periodic if for every x in R can be
written x = a + b where a is nilpotent and b potent in the sense that b"” for
some integer n(b) > 1.

DEFINITION 4.5.21: A S-subring A of R is said to be a S-subideal if there is a
finite chain.

A=R cR , c... cRsuchthat R, is an S-ideal of R, ,fori=1,2, ..., m.

DEFINITION 4.5.22: A S-ring R is called Smarandache weakly periodic (S-
weakly periodic) if every x in R can be written in the form x = a + b where a is S-

nilpotent and b potent in the sense that b =b for some integer n(b) > 1.

The study of stable and stabilizer in rings was introduced earlier. Now we give here
the concept of generalized stable ring as given by [12].

DEFINITION [12]: Let R be an associative ring with 1. K(R) be the set {x € R/
there exists s, t in R such that sxt = 1}. The author defines R to be a generalized

stable ring provided that aR + bR = R with a, b € R implies a + by € K(R) for
somey €R.
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DEFINITION [12]: A ring R satisfies n-stable range condition for whenever a,,
a,, ..,a,, €Rwitha R+ ... +a, R=R thereexisis elemenis b, b,, ..., b, in

n+l

R such that (a, +a, b)R + ... + (a,+a, b )R =R

DEFINITION [12]: R has stable range 1 if and only if whenever a, b < R with ab

and ba strongly 7-regular the Drazin inverses of ab and ba are conjugate via a
unit of R.

For more about stable range please refer [12].

Now when we replace R by a S-ring we get the corresponding results but for stable
range 1 the Smarandache analogue is as follows:

DEFINITION 4.5.23: Let R be a ring. R is said to be a Smarandache stable range

[ (S-stable range 1) if and only if whenever a, b < R with ab and ba strongly -
regular the Drazin inverses of ab and ba are conjugate via a S-unit of R.

Thus we request the reader to develop all these concepts and do research on

Smarandache notions on wt-regular elements as it has not been carried out in this
book.

PROBLEMS:

1. Find a S-hyperring II of the ring Z,,.
. Find the hyperring of Z,,.
3. Can the group ring Z,, have S-hyperring II which is not S-hyperring I? Justify
your claim.
4. Does the semigroup ring Z.S(4) have
i. Fixed support subring?
ii. Fixed support subsemigroup?
iii. S-fixed support subring?
Find a fixed support subring of Z.S,.
Can Z,S, have S-fixed support subsemigroup?
Give an example of a ring which is semi-connected but not S-semi-connected.
Is the group ring Z,S.
i. semi-connected?
ii. S-semi-connected? Justify your claim.
9.  Give a non-trivial example of a J, -ring.
10.  Give an example of a S-J, ring which is not a J, ring.
11.  Find the lattice of S-ideals and S-subrings for the ring R = Zx Z, x Z, x Z..

® oW
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12.

13.
14,

15.

16.

17.
18.

19.

20.
21.

22.
23.
24.
25.

For the S-mixed direct product ring R = Z,, x Z, draw the lattice of S-ideals.
Does it satisfy quasi-distributive lattice identity?
Give an example of a clean ring of order 18.
Show by an example a clean ring need not be a S-clean ring,
IsZ,=10,1,2, ..., 19} the semigroup under multiplication
i. integrally closed?
ii. S-integrally closed?
Can the group ring Z.S be
i. integrally closed?
ii. S-integrally closed?
Give an example of a semigroup which has system of local units.
A semigroup which can never have a system of local units (Will Z* under
multiplication be a system of local units).
Can the ring Z.S, have system of
i. local units?
ii. S-local units?
Give an example of a weakly periodic ring.
Show by an example a S-ring which is not weakly periodic.
Is Z,, a clean ring?
Can Z,, be a S-clean ring?
Give an example of a S-clean ring which is not clean.
Give an example of a clean ring which is not S-clean.
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Chapter five

SUGGESTED PROBLEMS

This section is completely devoted to introducing several problems for researchers
both in ring theory and Smarandache ring theory. Some of the problems are relatively
simple and easily solvable whereas many problems can be treated as serious research
problems. This chapter has 203 problems which are engrossing and an innovative
researcher would certainly find them interesting.

Except for the classical zero divisor conjecture (problem) for group rings (1940) we
have not repeated or included any of the open problems from other texts. Several
problems are termed as characteristly by which we mean only to obtain a necessary
and sufficient condition for the results to be true. If the student/ researcher has solved
all problems at the end of each section in each chapter then certainly the researcher
will not only find problems interesting but may solve them. As the reader is advised to
have a good background in algebra in general and ring theory in particular. Several of
the problems are characterization of S-group rings and S-semigroup rings.

Finally we state that this book gives importance to problems not only related to units,
idempotents, zero divisors but those special elements like semi-idempotents, semi-
units, super-idempotents etc. which indirectly guarantee the existence of units, zero-
divisors, idempotents, etc. Likewise, not only study of ideals or subrings are studied
and their related problems discussed but importance is given to substructure like
additive/ multiplicative subgroups of ring, additive/ multiplicative semigroups and S-
semigroups, S-ideals, S-subrings and so on.

Thus this chapter will be a boon to all researchers in Smarandache algebra and in
ring theory.

Problems:

1. Obtain a necessary and sufficient condition for a unit to be a S-unit in a ring R (R is
not a field).

2. Characterize those rings R in which every unit is a S-unit (R is not a field).

3. Characterize those rings R in which no unit of R is a S-unit of R.

4. Find conditions on the group G so that the group ring KG has S-units (K any field).
5. Find conditions on the semigroup ring FS so that FS has units which are S-units.

6. Characterize those fields of characteristic 0 in which every unit is not a S-unit.
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7. Characterize those group rings in which every zero divisor is a S-zero divisor.
8. Characterize those rings which have zero divisiors but no S-zero divisors.
9. Characterize those semigroup rings.

a. In which every zero divisor is a S-zero divisor.
b. No zero divisor is a S-zero divisor.

10. Characterize those S-integral domains which are not integral domains.

11. Does there exist S-division rings which are not division rings?

12. Let G be a torsion free non-abelian group, R any field of characterize 0; can KG
have S-idempotents? (The existence of S-idempotents in KG will force one to settle the
problem of zero divisor conjecture, for it would imply the existence of zero divisor in
KG which is an open problem from the year 1940). This is an equivalent formulation
of the zero divisor conjecture.

13. Characterize those rings in which every idempotent is a S-idempotent.

14. Characterize those rings in which no idempotent is a S-idempotent.

15. Prove in any ring Z_(Ring of integers modulo n). If a is a S-idempotent and b a §-
co-idempotent of a then a + b = n(mod n).

16. Characterize those rings R in which every S-idempotent has a unique S-co-
idempotent.
17. Can an ={0, 1,2, ..., p'— 1} the ring of integers modulo p" ; p a prime, n > 2

have S-idempotents? Characterize them.

18. Let Z be the ring of integers modulo n. n = p,p,p, (p,,p,,p, are 3 distinct primes)
of which atleast one is an even prime.

a. Can Z have only 6 idempotents of which 5 are §-
idempotents?

b. If p,, p, and p, are all odd primes, can we prove Z_has 6
idempotents all of which are S-idempotents?
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19. Find the number of idempotents in Z ={0, 1, 2, ..., n — 1} (where
n=p;“'py*2... pp™, p, are distinct primes; o, > 1) which are S-idempotents.

20. Let Z G be the group ring of the group G over the ring Z .

a. Characterize those group rings Z G (by giving conditions on
Z. and/or on G) so that every idempotent in Z G is an S-
idempotent of Z G.

b. No idempotent in Z G is a S-idempotent.

21. Let Z § be the semigroup ring of a semigroup S over the ring Z_

a. Characterize those semigroup so that in Z§S, every
idempotent is a S-idempotent.

b. No idempotent in Z S is a S-idempotent.
22. Characterize those rings R in which every ideal is a S-ideal I.
23. Characterize those rings in which no ideal is a S-ideal I.

24. Obtain conditions on rings R so that the concept of S-ideal I and S-subring I
coincide.

25. Can we say the concept of S-rings I and S-rings II coincide on finite rings?
26. Can we say all rings Z_are both S-ring I and S-ring II?

27. Characterize all rings R which are S-ring II and not S-ring I. (Note — Don'’t take Z
or Z[x] or matrices over Z or direct product of Z).

28. Determine those S-rings which have only S-pseudo ideals and no S-ideals I or S-
ideals II.

29. Describe mathematically those group rings which are not
a. S-simple rings I.

b. S-simple rings II.
c. S-pseudo simple rings.

30. Characterize those rings R in which an S-module I M, related to a field F — Ris S-
module I for all fields contained in R.
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31. Do there exist rings R in which all modules M which is a S-module I is also a S-
module I1?

32. In aring R, can the concept of S-module II coincide with S-pseudo module?

33. Does there exist rings for which S-module II can never be defined? If such rings
exists, characterize them.

34. Characterize those class of rings which are S-strong right S-rings.

35. Characterize those class of rings which are precisely S-strong right D-rings.

n!
36. Does there exist a two sided ideal of order p A in the group ring Z S, ?

a. When p is a prime and p/n!

b. When p is a prime and (p, n!) = 1.

c. When p is a composite number and (p, n!) = 1.
d. When p is a composite number and (p, n!) = d.

(Remark. The group ring 7,8, has no two sided ideals of order 8 but has a right ideal
of order 8. Further the group ring Z,S, has two sided ideals of order 2,4,16 and 32

where the order of Z,S, is 64 but has no two sided ideals of order 8). Now we
propose the following:

37. Does there exist a two-sided S-ideal I and II of order p™? in the group ring ZS!

The conditions mentioned as four cases in problems 36 should be discussed in the
case of S-ideals.

38. Study the same problems given in 36 and 37 in case of right ideals, S-right ideals I
(ID), left ideals and S-left ideals I (II).

39. Characterize those group rings which are S-J-rings. [we see Z,S, is a S-J-rings can
we say all rings Z S, will be §-J-ring. Find conditions on p and n, so that the group
ring Z S, is a S-J-ring].

40. Obtain conditions on the semigroup S and on the ring R so that the semigroup
ring RS is a §-J-ring.
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41. Let Z_ be the ring of integers modulo n. §_ be the symmetric group of degree m.

Let Z S be the group ring of the group S_overZ . IsZ S a S-strong subring? Discuss
the cases

a. When n=m = p (p a prime).

b. When n= m = non-prime.

c. When (nm) =1.

d. When (n,m) = p, n > m p — prime.

e. When (n,m) = d, d any non-prime integer.

42. Study problem 41 for S-ideals; i.e., iSZ S_ a S-strong ideal ring?
43. When will Z S_ be a S-strong subring ideal ring?

44. Find conditions on Z_and S_, so that the group ring Z § _ is a S-weakly Boolean
ring,

45. Let Z_ be the ring of integers modulo n which is a S-ring. Characterize those rings
Z, which are S-weakly Boolean.

(Hint: Z,={0,1,2,3,4,5} is a S-ring which is not a S-weakly Boolean ring.)

The group ring Z,; G where G={g/g2=1}, Zs=10,1,2,3, .., 14} is a S-weakly
Boolean ring for it has the S-subring BG where B={0,5,10}.

46. Characterize those group rings Z S, which are S-right multiplication ideal ring.

47. Characterize those semigroup rings Z S(m) (S(m) — symmetric Semigroup)
which are S-right multiplication ideal ring. Discuss atleast the cases

a. Whenm =n,
b. (m,n) =1,
c. nodd prime, m a multiple of n.
d. (m,n) =d (d, a non-prime).
48. Characterize those semigroup rings Z S(m) which are S-weakly Boolean rings?

49. Characterize those group rings Z S_ which are S-pseudo commutative.

50. Characterize those group rings Z S which have a pair which is S-pseudo
commutative relative to a S-subring.
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(Hint: Should discuss when n is a prime and n is a non-prime m is prime or a power
of a prime and m a non-prime and finally (n, m) = n or (n, m) = m, (n, m) = 1 and
(n,m) =d,d<n,d<m).

51. Characterize those semigroup rings Z S(m) which are S-pseudo commutative.

52. Do we have semigroup rings Z S(m) which has a pair which is S-pseudo
commutative relative to a S-subring? Classify and characterize those semigroup rings.

53. Let Z_ be a prime field or a ring of integers modulo n. §_ be the symmetric group
of degree n. Characterize the group ringZ S so that it is

a. Strictly right chain ring.
b. Chain ring.

(Hint: Use conditions on n and m as (n, m)=1, n prime, m composite, (m, n) = 1
both m and n prime n = m, (n, m) = n or m).

54. Characterize those rings which are ideally obedient rings.

55. Characterize those rings which do not have any obedient ideals.
56. Characterize those rings which are S-ideally obedient rings.

57. Characterize those ring which has

a. S-obedient ideals.
b. which has S-ideals but none of them are S-obedient ideals.

58. Characterize those group rings which are S-strongly clean rings.
59. Characterize those semigroup rings which are

a. S-ideally obedient rings.

b. Ideally obedient rings.

c. S-clean rings

d. Clean rings

60. Characterize those group rings

a. Which are Lin rings.
b. Which are S-Lin rings.

61. Characterize those semigroup rings
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a. Which are Lin ring.
b. Which are not Lin rings.

62. Characterize those rings R which are S-Lin rings (R not a group rings a semigroup
ring).

63. Find the class of group rings KG (by giving conditions on the group G and on the
field or ring K) so that they are S-Lin rings.

64. Find the class of semigroup rings FS (S a semigroup, F a commutative ring with 1
or a field) which are S-Lin rings.

05. Let G be torsion free non-abelian group and F any field or a commutative ring with
1. Can the group ring FG satisfy super ore conditions?

06. Characterize those rings which does not satisfy super ore condition but satisfies S-
super ore condition.

67. Obtain a necessary and sufficient condition for a group ring FG to be an ideally
strong ring.

68. Characterize those semigroup rings RS where R is a ring and S a semigroup which
are

a. Ideally strong.

b. Which are not ideally strong.
69. Characterize those rings which are S-ideally strong rings.

70. Find conditions on the group G and on the ring R so that the group ring RG is
both ideally strong and a S-ideally strong ring,

71. Study the same problem of characterization when the group G is replaced by a
semigroup.

72.1sZ, 8, a Q-ring? Discuss all the possible cases when

a. paprime.
b. p/m.
c (pg=1

d. p=2and ma prime.
73. Will the semigroup ring Z S, be a Q-ring

a. p aprime m non-prime (p, m) = 1.
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b. (p, m) = d (p need not be a prime).
C. p =2 many integer.
d. (p,q) =1pand qprimes ?

74. Characterize those rings which are Q-rings.

75. Characterize those group rings which are S-Q-rings.

76. Characterize those semigroup rings which are both Q-rings and S-Q-rings.

77. Can the ring M

nxn

={(a) /a; € Z,, mnot a prime} be

a. 2Q-ring (m = nand m = n)?
b. aS$-Q-ring (m = n, and m = n)?

78.1s the group ring Z S, a F-ring, p an odd prime?

79. Classify those group rings which are S-F-rings.

80. Can the semigroup ring Z 8(n) be a F-ring, p an odd prime?

81. Classify those semigroup rings which are S-F rings and F-rings.

82. Can a group ring KG where K is a field of characteristic 0 and G a torsion free
non-abelian group have semi nilpotent elements. (The solution to this problem is

equivalent to the zero divisor conjecture in group rings proposed in 1940; can KG
have zero divisors if G is a torsion free non-abelian group?)

83. Let Z, be the prime field of characteristic p (p > 2) and G = (g/ g'=1) be a cyclic
group of order q.

a. If (p, @ = 1, can the group ring Z G have nontrivial semi
nilpotent elements?

b. If p/q, can the group ring Z G have nontrivial semi nilpotent
elements?

(We see the group ring Z,G has semi nilpotents where G = (9/¢ = 1). We also observe
that if G = (g/g’ = 1) then the group ring Z,G has no nontrivial semi nilpotents).

84.LetZ ={0, 2, 3, ..., n— 1} be the ring of integers modulo n. Find conditions on n

so that Z_is a SSS ring. Find the maximum number of SS-elements in Z . (Hint: Z9={O,
1,2, ..., 8} has 4-SSS elements or 2 pairs of SS elements viz (3,6) and (5,8)).
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85. Can we have a ring R in which all elements in R\ {0,1} are SS-elements?

86. Let G be a torsion free non-abelian group, K any field. Can KG have nontrivial S-
subrings?

87. Let G be a torsion free non-abelian group and K any field of characteristic zero.
Can KG be

a. Locally semiunitary?
b. Locally unitary?

88. Characterize those group rings KG which are
a. S-locally unitary.
b. S-locally semiunitary.
c. Locally semiunitary.
89. Characterize those semigroup rings KS which are
a. S-locally unitary.
b. S-locally semiunitary.
c. Locally unitary.

90. Let G be a torsion free non-abelian group and K a field of characteristic 0.

a. Can KG be S-semiunitary?
b. Can KG be S-unitary?

91. Let G be a torsion free group and K any field. Can the group ring KG be a

a. CNring?
b. Weakly CN ring?

92. Characterize those group rings KG which are
a. S-weakly CN ring.
b. S-CN ring.
c. Weakly CN-ring.

93. Characterize those group rings which are

a. Tight rings.
b. S-Tight rings.

94. Characterize those rings R which are
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a. Never a tight ring.
b. Never a S-tight ring.
c. S-ight ring.

95. Let G be a torsion free non-abelian group and K any field of characterize 0. Can
the group ring KG be ay -ring?

96. Let G be a torsion free non-abelian group and K any field of characterize 0. Can
the group ring KG be a S-y, -ring?

97. Characterize those semigroup rings KS that are S-y_-rings.

98. What is the condition on the group G and on the field K so that the group ring KG
has

a. S-demi subrings?
b. Demi subrings?

(Study the above problem in case of semigroup rings KS).

99. Give any nice characterization theorem for the S-demimodules to exists for the
group ring KG.

100. Let P={o, + ov,i +o,j + o.k/ o, o, o, 01, € Z ; n 2 composite number}; Can
we have P=G L V?

101. Can P have idempotents other than the ones given in Z ?

102. Can we say by using Z , p a prime we can construct P which is a finite division
ring of dimension p4, p an odd prime?

103. Use P given in problem 100 to define some interesting and innovative
Smarandache notions on rings.

104. Characterize those S-group rings which are S-Artinian.
105. Characterize those S-semigroup rings which are S-Artinian.
106. Determine the class of group rings which are S-Noetherian.

107. Does there exist a class of semigroup rings which are S-Noetherian?
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108. Let the group ring RG be any S-ring. Depending on G and on R is it possible to
find the number of proper subsets of RG which are fields. (Hint: Study this in case of

7.8 and QS,).
109. Let RS be a S-semigroup ring. R any field and S a S-semigroup.
a. Does there exist a2 method by which the number of proper
subsets which are fields can be found out?
b. Characterize those S-semigroup rings which has no proper

subset which is a field (For ZS(3) is S-semigroup ring
which has no proper set which is a field).

110. Characterize the ideals in the ring Z , n a composite number so that Z_has
a. S-ideals.

b. S-A.C.C. condition is satisfied.
C. no S-ideals.

111. Characterize those group rings Z S which satisfy S-A.C.C. condition.

112. Characterize those semigroup rings Z S(m) which satisfy S-A.C.C. IT on ideals.

113. Characterize those group rings (semigroup rings) which satisfy both A.C.C. and
SACC. IL

114. Characterize those group rings (semigroup rings) which satisfy both S-D.C.C. II
and D.C.C.

115. Does there exist a ring R which cannot be S-quasi ordered?
116. Let K be any field. G a torsion free non-abelian group. Can KG have

a. non-trivial semi nilpotent ideals?
b. non-trivial S-semi nilpotent ideals?

117. Can the group ring Z G (G-finite group) have non-trivial S-semi nilpotent ideals?
118. Can the semigroup ring Z S (n) have non-trivial S-semi nilpotent ideals?

119. Let Z.G be the group ring and G is a p-group. Does Z G have non-trivial S-semi
nilpotent ideals not including « (ZPG)?

120. Characterize those rings which are
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a. S-subsemiideal rings.
b. subsemiideal rings.

121. Give a necessary and sufficient condition for the group ring to be

a. S-subsemi ideal rings.
b. subsemi ideal rings

122. Characterize those semigroup rings which are

a. S-subsemi ideal rings.
b. subsemi ideal rings.

123. Obtain conditions on a ring R so that every subsemi ideal ring is a S-subsemi
ideal.

124. Can KG the group ring where K is a field and G a torsion free non-abelian group
have non-trivial super-idempotents?

125. Obtain conditions on the group G and on the ring R so that the group ring RG
has non-trivial super idempotents.

126. Does the group ring ZG when G is a cyclic group of order q have non-trivial
super-idempotents when:

a (p,q=1
b. p/q.

c. p=q.

d (p,q=d

127. Can the semigroup ring Z S (n) have non-trivial S-super-idempotents?
128. Study problems 124 to 126 in the context of S-super idempotents.
129. Characterize those normal rings which are not S-normal rings.

130. Characterize those normal rings which are S-normal rings.

131. Classify those group rings which are

a. normal rings.
b. S-normal rings.

132. Characterize those semigroup rings which are
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a. normal rings.
b. S-normal rings.

133. Characterize those group rings which are

a. S-SIrings.
b. SI rings.

134. Study problem 133 in case of semigroup rings.

135. Classify those SI-rings which are S-SI-rings and those S-SI-rings which are SI-
rings.

136. Can KG where K is a field and G a torsion free non-abelian group be a

a. n-c-s-ring.
b. S-n-c-s ring.

137. Characterize those group rings Z § _ which are

a. n-c-Sring.
b. S-n-c-s ring.

by varying n and m as

(n,m) = 1.

n/m.

(n,m) =d.

n prime, m prime.

n prime, m a non-prime.

ceaen o

138. Characterize those semigroup rings Z S(m) which are

a. n-c-s rings.
b. S-n-c-s rings.

under the conditions mentioned in problem 137.

139. Let G be a cyclic group of order p, p a prime and Z, be the prime field of
characteristic q such that (p, q) = 1. Is Z.G an iso-ring? Can Z G be a co-ring? If p/q
will Z Gbe an iso-ring and co-ring? If q is not a prime will Z G be a co-ring and an iso
ring?
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140. Obtain conditions for the group ring ZS,tobea

iso-ring.
CO-1ing.

not a co-ring,
not an iso-ring.

e o

(by imposing conditions p and n).
141. Characterize those semigroup rings Z S(m) which are

a. S-co-rings.
b. S-weak co-rings.
C. S-iso-rings.
d. S-weak iso-rings.

142. Find condition on n and m so in the group ring Z S_ we have

a. S-co-rings.
b. S-weak co-rings.
C. S-iso-rings.
d. S-weak iso-rings.

143. Let K be a field of characteristic zero and G a torsion free non-abelian group.
Can KG the group ring be

a. S-e-primitive?

b. At least S-weakly e-primitive?
C. e-primitive?

d. At least weakly e-primitive?

144. Characterize those group rings Z ,Gwhich are

S-weakly e-primitive
weakly e-primitive.
e-primitive.
S-e-primitive.

e o

145. Characterize those semigroup rings Z S(m) which are

e-primitive.
S-e-primitive.
S-weakly e-primitive.
weakly e-primitive.

eo o
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146. Obtain conditions on the ring R and the group G so that the group ring RG can
have

a. SV-group.

b. Weakly SV-group.
c. S-SV-group.

d. S-Weakly SV-group.

147. Let R be a ring and S a semigroup. Obtain conditions on R and S so that the
semigroup ring is a

a. S-SV group and
b. not a SV group.

148. Let K be a field and G be a torsion free non-abelian group
a. Can KG have SV — group?
b. Can KG have WSV groups?
C. S-SV-groups?
d. S-weakly SV-groups?

149. Let K be a field of characteristic 0 and G be a torsion free non-abelian group.
Can KG have S-radix? Can KG have radix?

150. Classify those rings R in which no radix is a S-radix.

151. Classify those rings which has no S-radix and no radix.

152. Classify those rings in which every 3-semigroup (under multiplication) is a S-5-
semigroup.

153. Characterize those group rings which are
a. SG-ring,
b. weakly SG-ring.
C. S-SG-ring.
d. S-weakly SG-ring.

154. Study and characterize those semigroup rings which are SG-rings/ S-SG rings/ S-
weakly SG ring/ weakly SG-rings.

155. Classify those rings which are SG-rings and also S-SG rings.
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156. Let KG be the group ring of the torsion free non-abelian group G and K the field
of characteristic 0. Can KG be a

71 ring?

S-71 ring?
Weakly ZI ring?
S-weakly ZI ring?
pseudo ZI ring?

ceaen T

157. Characterize or classify all semigroup rings Z S(P) that are

a. pseudo ZI ring.
b. S-pseudo ZI ring.
. Zlring.

d. S-ZIring.

158. Let K be a field of characteristic 0 and G a torsion free non-abelian group. Can
the group ring KG have non-empty square sets?

159. Let K be a prime field of characteristic zero and G a torsion free non-abelian
group. Can the group ring KG have insulators?

160. Let Z_ be the ring of integers modulo n and G be an abelian group. When does
the group ring Z G have n-capacitor groups

a. If(IGl,n) =1.
b. If (n, IGl) # 1.
c. Ifo/IGl.

161. Characterize those group rings (semigroup rings) in which all n-capacitor
groups are S-n-capacitor groups.

162. If R is a ring without nilpotent elements of order 2. Does it imply R is trisimple?

163. Z.G be the group ring where G = (g/ g'=1). Can Z,G be trisimple if (p, n) =
(p,n) = dand (p, n) = p?

164. Characterize those group rings and semigroup rings which are
a. Trisimple.
b. S-trisimple.

c. S-semi trisimple.

165. Can Z be a S-semi-order ring?
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1606. Give a complete characterization of group rings (semigroup rings) which are

a. So-ring.
b. S-so-ring.

167. Let Z , be the prime field of characteristic p. G = (g/ g'=1).7 ,G be the group
ring. For what values of p and q will the group ringZ G be a

a. Square ideal ring?
b. S-square ideal ring?
c. S-n-ideal ring?

d. n-ideal ring?

168. Let G be a torsion free non-abelian group and K any field. Can the group ring KG
be a

Square ideal ring?
S-square ideal ring?
S-n-ideal ring?
n-ideal ring?

e o

169. Characterize those group rings (semigroup rings or rings) in which all square
ideals are S-square ideals and all n-ideals are S-n-ideals.

170. Let G be a torsion free non-abelian group. K any field of characteristic 0 or p.
Can the group ring KG be a n-like ring for any n?

171. Let Z, be a prime field of characteristic p, p = 2 and G = (g / g' = 1. Is the
group ring Z G a n-like ring

a. when (p, @) =17

b. p=q

c. pisamultiple of q or q is multiple of p.
172. Let G be a finite group. K any field of characteristic 0. Can KG the group ring be a

a. TIring?
b. S-TI ring?

173. Let G be a torsion free group and K any field characteristic zero or p. Can the
group ring KG be a

a. TIring?
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b. S-TlI-ring?
174. Characterize those rings which are power joined is also S-power joined.

175. Obtain a necessary and sufficient condition for the (m, n) (uniformly) power
joined ring to be S-(m, n) (uniformly) power joined.

176. Characterize those group rings and semigroup rings which

a. has quasi nilpotent ideals.
b. S-quasi nilpotent ideals

177. Characterize those group rings (semigroup rings) which have

a. radical ideals.
b. S-radical ideals.

178. Characterize those group rings (semigroup rings) in which

a. radical ideal coincides with upper radical.
b. S-radical ideals which coincides with S-upper radical.

179. Does there exist a method by which we can find whether the ring contains at
least a

a. related pair?
b. S-related pair?

180. For what group G, the group ring QG (Q the field of rationals) has related pairs.

181. Can we ever find a ring R in which subring link relation happens to be an
equivalence relation?

182. Can reals or ring of integers have pairs which are subring linked?
183. Characterize those group rings (semigroup rings) in which at least a pair can be

a. Subring linked.
b. S-subring linked.

184. Characterize those rings in which both the notions of

a. stable and stabilized pair of subrings coincide.
b. S-stable and S-stabilized pair of subring coincides.
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185. Classify those rings which are

a. stable rings.
b. S-stable rings.

186. Can a torsion free non-abelian group be conditionally commutative?

187. Let G is a conditionally commutative group and R a conditionally commutative
ring. Can the group ring RG be a conditionally commutative ring?

188. Let RG be a group ring; obtain a necessary and sufficient condition so that the
group ring RG is a generalized Hamiltonian ring.

189. Characterize those semigroup rings RS so that they are generalized Hamiltonian
rings.

190. Classify those group rings and semigroup rings which are

4. S-Hamiltonian.
b. S-Hamiltonian II.

191. Classify those rings in which every S-Hamiltonian 11 is also S-Hamiltonian I.

192. Characterize those group rings (semigroup rings) which has fixed support
subring,

193. Classify those group rings (semigroup rings) which has fixed support
semigroup.

194. Classify those group rings (semigroup rings) which have S-fixed support
subring.

195. Classify those group rings (semigroup rings) which are

4. semi connected.
b. S-semi-connected.

196. Classify those rings which are

a. J, ring.
b. S, ring.

197. Find conditions on the ring so that every S-J, -ring is a J, ring and every J, ring is
a§J,-ring.

199



198. Find conditions on the ring R to have the S-ideals I and S-ideals II to be modular.
199. Find conditions on the ring so that all S-ideals IT are S-subrings.
200. Find those S-rings whose S-subrings forms a quasi distributive lattice.

201. Characterize those S-mixed direct product rings using only modulo rings which
has the

a. lattice of S-ideals to be a quasi distributive lattice.

b. lattice of S-subrings to be a quasi distributive lattice.
c. those rings in which all S-ideals form a modular lattice.

202. Does there exist a ring R in which every triple X, y, z € R\ {0} satisfies the
identityx' +y =7;n>1,2.

203. Find Smarandache analogue of classical theorems in ring theory.
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Abelian group, 8, 9, 22, 35, 66
Absorption law, 15
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Additive semigroup, 140
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right, 36
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S-bisimple, 126
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S-semi, 126, 138
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S-weakly, 114, 185
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descending (D.C.C.), 10, 35, 37, 191
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S-descending IT (S.D.C.C. IT), 191
Chain lattice, 172, 175
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zero, 22, 24, 33, 44-45, 51, 54-55, 79-
80, 155-157
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Clean
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S-clean ring, 175-176, 180
S-s-clean element, 176, 186
S-strongly clean ring, 176, 186
Closed net, 108-109
CN-ring, 109, 114
Co-ring, 139, 145-146, 193-194
Complex field, 32
Conditionally commutative, 130-131,138,199
Conjugate subring, 147
Cyclic group, 8-10, 19, 53, 83, 86, 94, 97,
99, 150-151,157, 188, 192-193,206-207

D

d-semigroup, 152

Demi module, 107-108

Demi subring, 107-108, 190

Descending Chain Condition (D.C.C.), see
Chain Condition
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Direct product of rings, 30, 32

Distributive lattice, 16-17, 92-93

Distributive law, 21, 29

Dispotent ring, 136-137, 139

Dispotent semigroup, 137, 205

Division ring, 21, 23-24, 29, 39, 40, 64, 67,
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Division ring homomorphism, 120
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E-ring, 83-84, 113-114, 207
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Epimorphism, 28
Equivalence relation, 14, 198
Equivalence class, 14
Essential ring, 163

Essential subring, 163

F

f-ring, 99, 201
F-ring, 104-105, 135, 188, 201
Field, definition of, 22
Finite
ring, definition of, 22
semigroup, 11
group, definition of, 7
Filial ring, 87, 201
Fixed support semigroup, 169, 199
Fixed support subgroup, 170
Fixed support subring, 169-170, 179, 199
Friendly magnifying element, 134
Friendly shrinking element, 135
FZ-ring, 104

G

y-semigroup, definition of, 150
v, —ring, definition of, 106
G-ring, 139, 142
Gaussian integer, 30, 32
Gaussian ring, 32, 210
Generalized Hamiltonian ring, 168, 199, 203
Generalized n-like ring, 127
Generalized semi-ideal, 88, 202, 207
Generalized stable ring, 167, 178, 201
Group ring, definition of, 32
Group
abelian, see Abelian group
alternating, see Alternating group
commutative, definition of, 8; see also
Abelian group
cyclic, see Cyclic group
dihedral, see Dihedral group
finite, definition of, see Finite group
infinite, definition of, 7-8
n-capacitor, 156-157, 196
non-abelian, 8, 23, 33, 101
non-commutative, 9, 40, 80, 101
normal series, 10
normal subgroups, 9-10
permutation group, 8, 101, 127
simple, definition of, 8
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SV-group, 148, 165, 195

subgroup, definition of, 9

subnormal series, 9-10

symmetric, 8, 10, 54, 61, 64-66, 70,

101-104, 144, 185, 206

torsion free element, 10

torsion free, 10

torsion free abelian, 10, 33, 51, 55, 77,
81, 106, 123, 128, 140, 148, 155-
157, 159-163, 166, 171

torsion free non-abelian, 33, 76, 187-
197

weakly SV-group, 148-149, 195

H

Hamiltonian ring, 167-168, 199, 203
HioMAN. G., 33, 203
Homomorphism
automorphism, see Automorphism
division ring, see Division ring
homomorphism
endomorphism, see Endomorphism
epimorphism, see Epimorphism
integral domain, 120
isomorphism, 28
kernel of, 28, 120
monomorphism, 28
ring, 28
R-module, 34
S-ring homomorphism II, 120
Hyperring, 115, 167-168, 179

I

I*-ring, 103

Inner zero square ring, 80

Insulator, 156, 196

Integral domain, 21-23, 25, 30, 39-41, 50,
62, 64-65, 117, 120, 182

Integral domain homomorphism, see

Homomorphism

Integrally closed ring, 176

Integrally closed semigroup, 167, 176

Iso-ring, 139, 146-147, 193-194

Isomorphism, see Homomorphism

Ideal
augmentation, see Augumentation ideal
left, 12, 14, 26, 28, 34-36, 59, 184
maximal, definition of, 27
minimal, definition of, 27
multiplication ideal, 98, 209



nil, 27, 160

nilpotent, 140

prime, 27-28, 114, 120

principal, 27

right, 12, 14, 26, 28, 34, 184

S-ideal, 57-63, 65-68, 72-73, 85-88, 95-
100, 103, 114-120, 158, 160-169,
183, 185, 200,

S-maximal ideal, 60-61, 104

S-maximal ideal II, 120

S-minimal ideal, 60-61

S-minimal ideal I1, 120

S-pseudo, 58, 60-63, 65, 183

S-pseudo left, 58-60

S-pseudo right, 57-60

Ideally obedient ring, 100, 186

J

J-ring, 93-94
J,-ting, 171, 179, 200
Jacosson. N., 93, 203
Jacobson radical, 27-28

K
Kernel, see Homomorphism
L

Lattices
algebraic, see Algebraic lattice
chain, see Chain lattice
diamond, see Diamond lattice
distributive, see Distributive lattice
modular, 14, 16-18, 91-93, 167, 172,

174, 200-201, 203, 206, 208

pentagon, 16, 17, 174
quasi distributive,174-175, 200
sublattice, 17, 174
supermodular, 91-93, 203

Left commutative element, 133

Left ideal, see Ideal

L. J. S., 100

Lin ring, 100-102, 186-187

Local ring, 29-30

Locally semi unitary, 211

Locally unitary, 108, 114, 189

Lower radical, 160
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M

(m, n) power joined ring, 129, 138
Marot ring, 85, 113, 203, 207
Maximal ideal, see Ideal
Minimal ideal, see Ideal
Modular lattice, see Lattice
Module
left, definition of, 34
homomorphism, see Homomorphism
right, definition of, 34
simple, 35
submodule, 34-35
Monoid, 11-13, 40, 157
Monomorphism, see Homomorphism
Multiplication ideal, see Ideal
Multiplicative semigroup, 81, 92-93, 140,
150, 152-154, 181

N

n-capacitor group, see Group

n-c-s ring, 139, 144, 193

n-c-s subgroup, 145

n-ideal ring, 87, 197, 207

n-like ring, 123, 127-128, 138, 197, 203

n-ring ideal, 159

n-stable range, 179

Nilpotent element, 25, 37, 49, 50, 71-72, 76-
78, 136, 160, 196

Noetherian, 35-36, 67-68

Non-friendly magnifying element, 134

Non-friendly shrinking element, 134

Normal
ring, 141-142, 165, 192-193
semigroup, 141-142, 205
subgroup, 9-10, 19-20

0

Obedient ideal, 100, 186, 209
Ordered set
chain order, 15
partial ordered set (poset), 14
lattice ordered, 15
totally ordered, 15

P
PapitiA Raut, 19, 37-38, 63, 204

Pentagon lattice, see Lattice
Permutation group, see Group



Polynomial ring, 30-31, 33, 38-40, 58, 61-
62, 64-68, 78, 117, 121, 210

Power joined ring, 129-130

Pre J-ring, 84, 204

Pre-Boolean ring, see Boolean ring

Pre-p-ring, 98

Prime field, 44-45, 54, 61, 73, 86, 89-90, 97-
99, 101, 109, 124-125, 130, 149, 155,
161, 186, 188, 193, 196-197

Prime ideal, see Ideal

Prime skew field, 112

Principal ideal, see Ideal

P-ring, 82-83, 206

Product quasi ordering, see Quasi ordering

Pseudo commutative pair, 37, 71, 73

Pseudo ZI-ring, 154, 166, 196

Q

Q-ring, 104, 187-188
Quasi commutative, 75-76
Quasi distributive lattice, see Lattice
Quasi nilpotent, 159, 166
Quasi ordering
product, 139
sum, 139
Quasi semi center, 133
Quasi semi commutator, 133
Quasi semi commutative ring, 133-134
Quaternion, 32, 39, 112, 210
Quotient ring, 21, 28-29, 34, 62-63, 104,
121, 212

R

R-module homomorphism, see
Homomorphism
Radical ideal, 159-160, 166, 198
Radix, 149-150, 165, 195
Reduced ring, 78, 113
Regular element, 24-25, 85, 179
Relation

anti-symmetric, 14

reflexive, 14

symmetric, 14

transitive, 14
Right related, 159
Right super ore condition, 102
Ring

v,-1ing, see y -ring

Artinian, see Artinian ring

associative, see Associative ring
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chain, see Chain ring

Chinese, see Chinese ring

closed net, see Closed net

CN-ring, see CN-ring

co-ring, see Co-ring

demi module, see Demi module

demi subring, see Demi subring

direct product of, see Direct product

dispotent, see Dispotent ring

e-primitive, see e-primitive ring

E-ring, see E-ring

filial, see Filial ring

finite, see Finite ring

f-ring, see f-ring

F-ring, see F-ring

FZ-ring, see FZ-ring

G-ring, see G-ring

Gaussian, see Gaussian integers

I*- ring, see I"-ring

ideally obedient, see Ideally obedient
ring

infinite, see Infinite ring

iso-ring, see Iso-ring

J-ring, see J-ring

local, see Local ring

locally semi unitary, see Locally semi
unitary

locally unitary, see Locally unitary

multiplication ideal, see Multiplication
ideal ring

n-c-s-ring, 144, 193

n-ideal ring, see n-ideal ring

Noetherian, see Noetherian ring

polynomial, see Polynomial ring

pre p-ring, see Pre p-ring

p-ring, see p-ring

Q-ring, see Q-ring

quasi reflexive, see Quasi reflexive

quotient ring, see Quotient ring

ring homomorphism, see
Homomorphism

ring of quaternions, 39

ring with A.C.C, see Chain condition

ring with D.C.C, see Chain condition

semi prime, 85, 89

semigroup ring, definition of, 33

simple, 27, 37

so-ring, 158

SS-ring, 105, 210

strictly right chain, 99, 186

strong right D-ring (domain), 91-93

strong right s-ring, 91-92, 208



strong tight, 110, 111

strongly regular, 74-75

strongly s-decomposable, 90, 113
strongly sub commutative, 89, 113
subring, definition of, 26

super ore condition, 102, 187, 209
s-weakly regular, 89

Tl-ring, 128-129, 138

tight, 110-111, 114, 189-190, 211
T-ring, 111

trisimple, 126-127, 138

trivial subring, 106

weak co-ring, 145-146, 165

weak iso ring, 146-147

weak ZI-ring, 154

weakly Boolean ring, see Boolean ring
weakly CN-ring, see CN-ring
weakly G-ring, 142, 165

weakly periodic, 178, 180, 211
weakly Q-ring, 104

weakly regular, 97

weakly SG-ring, 153, 166, 195
weakly subring link related, 162

S

s-decomposable, 90-91, 113
Semi bisimple, see Bisimple
Semi-connected, 170-171, 179, 199, 203
Semi ideal, 88
Semi nilpotent, 76-77, 139-141, 164, 188,
191, 210
Semi regular, 140, 164
Semigroup
commutative, 11, 13, 19-20, 82
finite, 11
ideal, 12
idempotent, 12
infinite, 11-12
invertible element, 12
left ideal, 12
multiplicative (semigroup under
multiplication), 81, 92-93, 140, 150,
152-154, 181
non-commutative, 13
right ideal, 12
with identity, see Monoid
smallest element,
subsemigroup, 11-14, 81, 154, 169-170,
179, 201
symmetric, 13, 19-20, 66, 70
zero divisor, 12, 14
Semigroup ring, 7, 11, 19, 33-34, 40, 45, 50,
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56, 66-75, 80-84, 90-94, 113-114, 138,
141-147, 151, 153, 164-170, 179, 181-
200

Semiorder, 157

Semiring, 157-158

Semisimple, 177-178

Semiunit, 136, 139, 181

SG-ring, see Ring

Shrinking element, 134-135

SI-ring, see Ring

Square ring ideal, 158

Stabilized subring, 163

Stable pair, 163-164

Stable ring, 164, 167, 178, 199

Strictly right chain ring, see Ring

Strong ideal property, 94-95

Strong ideal ring, see Ring

Strong right D-domain, 91, 113

Strong right s-ring, see Ring

Strong subring ideal property, 94-95

Strong subring property, 94-95

Strong tight ring, see Ring

Strongly left commutative, 132-133

Strongly prime, 156

Strongly regular ring, see Ring

Strongly right commutative, 132-133

Strongly semi left commutative, 131-132

Strongly semi right commutative, 131-132

Strongly sub commutative, see Ring

Sub semi ideal, 141

Sub semi ideal ring, 141, 164-165

Subfield, 56-57, 64-66, 70, 96, 106, 117

Subideal, 160, 178

Sublattice, see Lattice

Subring left link relation, 161

Subring link relation, 161-162, 198

Subring right link relation, 161

Subsemiring, 157

Sum quasi ordering, see Quasi ordering

Super idempotent, 122-123, 137, 192

Supermodular identity, 91-92

Supermodular lattice, see Lattice

Superrelated, 123-125, 138

SV-group, see Group

S-weakly regular ring, see Ring

System of local units, 167, 177, 180

SMARANDACHE STRUCTURES

S-(m, n) power joined, 130, 138
S-y,-ring, 106
S-y-semigroup, 151



S-8-semigroup, 153

S-A.C.C, see Chain Condition

S-bisimple, see Bisimple

S-chain ring, 99-100

S-characteristic, see Characteristic

S-Chinese ring, see Chinese ring

S-clean element, see Clean

S-clean ring, see Clean

S-closed net, 109-110

S-CN-ring, 110, 114

S-co idempotent, 51, 53-54, 182

S-co-ring, 147, 165, 194

S-commutative ring, 41, 77, 79

S-commutative ring I1, 39, 119-120

S-commutative semigroup, 19

S-conditionally commutative, 131, 138

S-cyclic pseudo ideal, 61

S-D.C.C, see Chain Condition

S-demi module, 107-108

S-demi subring, 107-108, 114, 190

S-dispotent, 137, 139

S-division ring, 50, 182

S-e-primitive, 148,165, 194

S-E-ring, 83-84, 113

S-essential ring, 163, 167

S-essential subring, 163, 167

S-F ring, 188

S-filial ring, 87, 113

S-fixed support subring, 170, 179, 199

S-riendly magnifying element, 135

S-friendly shrinking element, 135

S-f-ring, 99, 105, 188

S-generalized left semi-ideal, 88

S-generalized right semi-ideal, 88

S-generalized semi-ideal, 88

S-G-ring, 143, 165

S-group ring, 70-71, 181, 190

S-Hamiltonian ring I1, 169

S-Hamiltonian ring, 169

S-Homomorphism II, see Homomorphism

S-hyperring, 168, 179

S-1"-ring, 114

S-ideal, see Ideal

S-ideal I, 62-63, 65-66, 72, 85, 115, 118,
169, 172

S-ideally obedient ring, 100, 186

S-idempotent, 51-56, 106, 108, 118, 123,
137, 148, 171, 176, 182-183

S-inner zero square, 80-81, 113

S-insulator, 156, 166

S-integral domain, 50, 182

S-integrally closed ring, 176, 180
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S-integrally closed semigroup, 176, 180

S-iso-ring, 147, 165, 194

SJ,-ring, 171, 199

S-J-ring, 94, 113, 184

S-left Artinian, 67

S-left module, 64-66

S-left module II, 64

S-left Noetherian, 67

S-left radix, 150

S-left related, 161

S-left shrinking element, 135

S-left-module, 64, 66

S-Lin ring, 101-102, 114, 186-187

S-locally semi unitary ring, 108

S-locally unitary, 108, 114, 189

S-lower radical, 160

S-magnifying element, 135

S-Marot ring, 85, 113

S-maximal ideal II, see Ideal

S-maximal ideal, see Ideal

S-maximal pseudo ideal, 61

S-minimal ideal I, see Ideal

S-minimal ideal, see Ideal

S-minimal pseudo ideal, 61

S-mixed direct product of n-rings, 116

S-mixed direct product, 116, 119, 172, 175,
180, 200

S-multiplication ideal, 98

S-n-capacitor, 157, 166, 196

S-n-closed additive subgroup ring, 145

S-n-closed subgroup ring, 165

S-n-ideal, 87-88, 166, 197

S-nilpotent element, 71

S-nilpotent, 71-72, 77-78, 113, 178

S-n-like ring, 128

S-non-commutative ring I1, 39

S-non-friendly magnifying element, 135

S-non-friendly shrinking element, 136

S-normal ring, 142, 168, 192-193

S-normal semigroup, 141

S-normal subgroup, 19-20

S-n-ring, 159

S-null ring, 82, 113

S-null semigroup, 81-82, 113

S-obedient ideal, 100, 114, 186

S-one way weakly subring link, 226

S-power joined ring, 130, 138

S-pre Boolean ring, see Boolean ring

S-pre J-ring, 84-85, 113

S-pre p-ring, 114

S-prime pseudo ideal, 61

S-prime pseudo left ideal, 61

S-prime pseudo right ideal, 61



S-principal ideal 1, 120

S-p-ring, 83, 113

S-product quasi ordering, 139-140, 164

S-pseudo commutative pair, 73-74

S-pseudo commutative ring, 73-74, 77

S-pseudo left ideal, 57-58, 60

S-pseudo left module, 65

S-pseudo ideal, see Ideal

S-pseudo module, 65-66, 184

S-pseudo prime ideal, 61

S-pseudo right ideal, 57-58, 60

S-pseudo right module, 65

S-pseudo simple ring, 62-63, 183

S-pseudo ZI-ring, 154-155, 166

S-Q-ring, 104

S-quasi commutative, 37, 76-77, 138

S-quasi commutative ring, 76-77

S-quasi nilpotent, 159, 166, 198

S-quasi ordering, 140, 164

S-quasi semi commutative, 134

S-quotient ring, 63, 104

S-quotient ring II, 63, 121

S-R-left module, 63

S-R-right module, 63

S-radical ideal, 160, 166, 198

S-radix, 150, 165, 195

S-reduced ring, 78, 113

S-related pair, 161, 198

S-right module IT, 64, 66

S-right module, 64, 66

S-right radix, 150

S-right related, 161

S-right shrinking, 135

S-ring homomorphism, 120

S-ring IT, 39-41, 62-66, 116-119, 121, 183

S-ring isomorphism II, 120

S-ring, definition of, 38

S-R-module, 63

S-r-tight rings, 111

S-s-decomposable, 90, 91

S-semi bisimple, 126

S-semi commutative triple, 138

S-semi commutator, 134

S-semi connected, 171

S-semi idempotent IT, 72

S-semi idempotent, 72-73, 77, 108, 159

S-semi nilpotent, 77, 140, 164, 191

S-semi order, 158, 166

S-semi prime ring, 85, 113

S-semi regular, 141, 164

S-semigroup ring, 69-71, 143, 181, 190-191

S-semigroup, 19-20, 68-70, 107, 109, 141,
143, 145, 149-161, 176, 181, 190, 194
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S-semiunit, 137, 139

$-8G-ring, 153154, 195

S-shrinking element, 135-136, 138

S-SI ring, 143-144, 193

S-simple ring I1, 62, 183

S-simple ring, 62-63, 183

S-square ring ideal, 159

S-square set, 155-156, 166

SSS-element, 105, 114

88S-ring, 105

S-stability S-subring, 164

S-stabilized pair, 164, 198

S-stabilizer, 164

S-stable range I, 179

S-stable ring, 164, 167, 199

S-strong D-domain, 92-93

S-strong dispotent element, 137

S-strong ideal ring, 95-96, 113

S-strong null semigroup, 81

S-strong right D-domain, 92

S-strong right s-ring, 92, 184

S-strong subring ideal ring, 95-96, 185

S-strong subring ring, 95-96, 113

S-strong tight ring, 111

S-strongly clean element, see Clean, S-s-clean
element

S-strongly commutative ring I, 119, 120

S-strongly commutative, 119, 120

S-strongly normal ring, 142

S-strongly normal, 142

S-strongly prime, 156

S-strongly regular ring, 75-77

S-strongly s-decomposable, 91, 113

S-strongly semi left commutative, 132

S-strongly semi left commutative, 132

S-strongly semi right commutative, 132

S-strongly semi right commutative, 132

S-strongly sub commutative, 89, 113

S-subdemi module, 108

S-subideal, 178

S-subring left link relation, 162

S-subring link relation, 162

S-subring right link relation, 162

S-subring, 37, 56-57, 63-64, 70, 74-76, 79-
84, 90, 94-106, 116-118, 124-137, 142-
143, 147, 162-189, 198

S-subring II, 62-64, 116-117, 119-121

S-subsemi ideal ring, 86, 113, 192

S-subsemi ideal, 86, 141, 192

S-sum quasi ordering, 139-140, 164

S-super idempotent, 123, 137, 192

S-super ore condition, 102, 114, 187

S-super related, 125, 138



S-s-weakly regular, 89, 113
S-system of local units, 177

S-tight ring, 111, 114, 189-190
S-tight set, 111, 114

$-Tl-ring, 129, 198

S-trisimple, 126-127, 138, 196
S-trivial subring, 106

S-T-ring, 111

S-uniformly power joined ring, 130
S-unit domain, 45

S-unit free domain, 45

S-unit free ring, 45

S-unit, 41-46, 118, 137, 176, 179, 181-182
S-upper radical, 160, 198

S-weak co-ring, 147, 194

S-weak ideal ring, 96

S-weak inner zero square ring, 81, 113
S-weak iso-ring, 147, 165, 194
S-weak subring ideal ring, 96
S-weak subring link, 162

S-weak subring ring, 96, 97
S-weakly bisimple, see Bisimple
S-weakly chain ring, 100

S-weakly CN-ring, 110, 114
S-weakly e-primitive, 148, 194
S-weakly G-ring, 143, 165

S-weakly I*-ring, 103

S-weakly periodic, 178

S-weakly regular, 97-98

S-weakly s-decomposable, 91
S-weakly SG-ring, 153, 195
S-weakly superrelated, 124, 138
S-weakly SV group, 149

S-weakly ZI-ring, 154

S-zero divisor, 46-51, 118, 149, 182
S-zero square ring, 79-80, 82, 113
S-ZI-ring, 154

T

Tight ring, see Ring
Tight subset, 110
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T-ring, see Ring
Torsion free abelian group, see Group
Torsion free non-abeian group, see Group
Trisimple ring, see Ring
semi, see Ring
S-trisimple, see S-trisimple ring
S-semi, see S-semitrisimple ring
Trivial subring, see Ring

U

Uniformly power joined ring, 130
Upper radical, 160, 198

\

Weak co-ring, see Ring

Weak iso-ring, see Ring

Weak ZI ring, see Ring

Weakly bisimple, see Bisimple
Weakly Boolean ring, see Boolean
Weakly e-primitive, 148, 165, 194
Weakly G-ring, 142, 165

Weakly periodic ring, see Ring
Weakly Q-ring, see Ring

Weakly regular ring, see Ring
Weakly SG-ring, see Ring

Weakly subring link related, see Ring
Weakly superrelated, 123-124
Weakly SV-group, see Group

Z

Zero divisor, 12, 14, 21, 22, 24-25, 30-37,
41,46, 50-55, 87, 101, 112, 122-123,
131, 136, 141, 148-149, 158, 160, 162-
163, 181-182, 206, 208, 211

Zero matrix, 41, 70

Zero square ring, 78-79, 205-206

ZI-ring, 154
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Definition:

Generally, in any human field, a Smarandache Structure on a set A means a weak
structure W on A such that there exists a proper subset B which is embedded
with a stronger structure S.

By proper subset one understands a set included in A, different from the empty
set, from the unit element if any, and from A.

These types of structures occur in our every day’s life, that’s why we study them
in this book.

Thus, as two particular cases:

A Smarandache ring of level I (S-ring 1) is a ring R that contains a proper subset
that is a field with respect to the operations induced.

A Smarandache ring of level Il (S-ring II) is a ring R that contains a proper
subset A that verifies:

e A s an additive abelian group;

e A s a semigroup under multiplication;

e Fora,be Ajasbh=0ifand onlyifa=0o0rb=0.
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