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Cuvant inainte

Prima culegere de “Problemes avec et sans
problemes!” a aparut in Maroc in 1983.

Am strans aceste proleme, aparute prin diverse
reviste romanesti sau striine (printre care: "Gazeta

Matematica”, revistd la care m-am format ca problemist,

"American Mathematical Monthly™, "Crux Mathemati-
corum” (Canada), "Elemente der Mathematik™ (Elvetia),
"Gaceta Matematica™ (Spania), "Nieuw voor Archief”
(Olanda), etc.) ori inedite intr-un al doilea voluni.
Create in perioade diferite: cand lucram ca profesor
de matematicd in Roméania (1984-1988), sau profesor
cooperant in Maroc (1982-1984), sau emigrant in SUA
(1990-1997), lé—am lasat in limbile respective (cam o
treime in roméani, o treime in francezd, si o treime in
engleza) pentru a cuprinde si cititori straini.
Multumesc Catedrei de Algebra a Universitatii de

Stat din Moldova pentru publicarea acestei carti.

Autorul



PROBLEME DISTRACTIVE

’

1) Pe un gard sunt 10 ciori. Un vindtor impusca
3. Cite au mai ramas?
(Rdspuns: Nici_una, deoarece cele 3 moarte au

cdazut jos iar celelalte 7 au zburat!)

2) Pe un islaz sunt 10 ciori. Un vinator impusca
3. Cite au mai ramas?
(Raspuns: Trei, cele moarte, deoarece celelalie 7 au

zburat!)

3) Intr-o colivie sunt 10 ciori. Un vindtor impuscé
3. Cite au mai ramas?
(Rdspuns: Zece, atit cele moarte cit si cele vii,

deoarece nu pot iesi din colivie!)

' _ 4) Pe cer zboard 10 ciori. Un vinadtor impusca 3.
Cite au mai ramas?
(Rdspuns: Sapte, in sfirsit(!), cele care zboard

incd, deoarece cele moarte au cdzut jos!)

["Magazin",Bucuresti]



PROBLEME DE AMUZAMENT

Fie ABC un triunghi.

1. Sa se afle aria bisectoarei ungngilui A.

2. 83 se determine lungimea centruluj de intersectie
al bisectoarelor.

Solutii:

1. Aria =0,

2. Lungimea =0.

MATEMATICIENI PE TERENUL
DE FOTBAL

Intr-o grupa de patru echipe de fotbal dupa

terminarea turului, clasamentul arata astfel:

1.Echipa A 3 1 2 0 3-1 4p
2.Echipa B 3 1 0 4-3  4p
3.Echipa C 3 0 3 0 2-2  3p
4.Echipa D 3 0 1 2 0-3 1p

Aflati rezultatele tuturor meciurilor disputate in
aceasta grupa (deducere logica).

Solutie.

Stabilim pronosticurile exacte:
C are numai n;eciuri nule: C-A=X, C-B=X, C-D=X.
Echipa D mai are dous infringeri: A-D=1, B-D=1.



Meéiul ramas A-B=X deoaréce ambele echipe sint
neinvinse.

A are+2 golaveraj, deci A-D=2-0(s1 nu 3-1 gentru
cd D nu a marcat nici un gol). Analog B-D=1-0, de
unde C-D==A-0. Eliminind aceste rezultate putem forma
un clasament ad-hoc

A 2 0 2 0 1-1 2

B 2 0 2 0 3-3 2

C 2 0 2 0 2-2 2

0-0 1-1
Atunci A-B=<sau, rezultéd A-C sau,
1-1 ) <0-0
3-3
rezultd mai departe B-C=< sau respectiv.
2-2

Dar B-C+-3-3 deoarece C a marcat cel mult 2
goluri. Prima variantd cade, mai rdmine doar:
A-B=1-1, A-C=0-0, B-C=2-2 (solutie unica).

["Gazeta Matematica"]



PROBLEMA PROPUSA

Trei echipe A,B,C de volei au participat la un
turneu. Cunoscind clasamentul:

1. A 2 1 1 5 3 3p

2. B 2 1 1 4 ) 3p

3. C 2 1 1 3 4 2p
dupa desfésurarez; tuturor meciurilor, aflati rezultatele
inregistrate.

PROBLEMA DE LOGICA

Patru persoane A,B,C si D sunt chemate in
judecata.
La intrebarea "Cine este vinovat?” fiecare din ei raspunde:

A: Nu sunt eu vinovat.

B: Vinovat este C.

C: Vinovat este D.

D: Nu este adevarat ce spune C.

Stiind ca doar o singura persoand a raspuns
adevarat, cine este vinovatul?

(RaspunsyydhE ESTE GRESEALA?

Persoana X si-a luat concediul de odihna de 20 de
zile lucridtoare incepind cu data de 10 decembrie 1980

inclusiv (miercuri) (zilele nelucratoare fiind duminicele,
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respectiv 1 si 2 ianuarie 1981). Intre timp, prin decret
de stat se declard ziua de 3 ianuarie 1981 zi libera,
lucringu-se pentru ea pe data de 18 ianuarie 1981.
Persoana X vine pe 5 ianuarie la lucru si lucreaza si pe
18 ianuarie (duminica). Cite zile din concediul de odihna
sau recuperare mai are de luat X7?.

Solutie. 26 zile - 6 sarbatori =20 zile lucratoare.
Decoarfce 3 januarie a fost declarata libera, rezulta ca X
a efectuat doar 19 zile lucratoare din concediul de odihna,
deci mai are de luat o zi din concediul de odihna.
Lucrind si duminica, 18 ianuarie, el mai are de luat inca
o zi (de recuperare pentru aceastd duminica). Deci X
mai are 2 zile de luat.

Unde este greseala?

TEST: Ecuatii si sisteme liniare,
clasa a VIl-a
Sa se rezolve urmatoarele ecuatil si sisteme
liniare:
1) 2x - b =2 - bx
2) -6x 4 Ty=38

3) X y 1
5 + ’5"‘ = 4 a) metoda substitutiei
b) metoda reducerii
X y 1 c) metoda grafica
_ 4+ — = —
3 4 b
8



4y, % y
—_—t — =0
2 3
X y
— + — =0
3 4
5) | -156x+25y=35
3x - by==-7
6) ; 2 3
_+ — =4
X y
3 4
— 4+ — =5
X y

7) Cite probleme de matematicd au rezolvat Ionescu
si Popescu, din manualul de algebra de clasa a Vll-a,
stiind ca: daca Ionescu ar mai fi rezolvat inca cinci
probleme l-ar fi ajuns pe Popescu, iar daca Popescu ar
mai fi rezolvat inca cinci l-ar fi depasit _de trei ori pe
Tonescu.
8) mx+y=0, x+my==1. Discutie.

TEST, Geometrie, patrulatere,
cls.VII-a

1) Sa se afle unghurile unui romb stiind ca
latura este de 4 em iar aria 8V 2 cm?.



2) Se da un paralelogram avind laturile de 6 cm si
respectiv 8 cm, iar inaltimea 5 cm. S& se determine
unghurile paralelogramului ca st unglhiul format de inaltime
cu o diagonala, si unghul format de diagonale intre ele.

3) Sa se ardte cid aria unui romb este mai mica
decit aria unui patrat avind aceeasi latura.

4) Cite cercuri de razd 1 cm, cel mult, tangente
intre ele doua cite doud (sau tangente la drepte) pot fi
introduse intr-un patrat cu latura de 10 em? Dar triunglwri
dreptunghice isoscele cu cateta de 1 cm (care sa aiba
cel mult o laturda in comun)?

AN

CLASA A V-A

Orice numar natural mai mare ca 3 se poate scrie
ca o suma .de numere prime.
CLASA A VI-A
a) Orice multime inclusa in N are minim? b) Orice
multime inclusa in Z\N are maxim?Generalizati.c) Gasiti
trei multimi A, B si C astfelca Cc A, C c B si
C < A\B.
CLASA A VII-A
Ce numéar mai mic decit 100, fiind impartit la 4

da restul r =1 si impartit la 13 da restul r,=17?

10



CLASA A VIlI-A
Sa se afle numerele care impartite la 52 dau citul
3 si restul r>1 si impartite la 43 dau tot citul 3 si
restul r,.
Solutii;
CLASA A V-A: Daca numarul n este par, atunci
n=2k, k=2, si el se scrie: n=2+2+... +2. Daca n este

. ~de k7ori
Impar, rezultd n=2k+1, k=2, si se scrie: n=3-+2+42...+2

de k ori

(De ficcare data k=2, deoarcce n-3.)

CLASA_A VI-A: a) Nu orice multime inclusa in
N are minim. De exemplu, multimea vida: @ < N, dar
@ nu are minim (nu are sens a calcula sau a spune ca
multimea vida are minim). De remarcat ca orice multime
M#Y si M c N are minim.

b) Nu orice multime inclusa in Z\N are maxim.
Analog, @ < Z \ N, dar @ nu are maxim (nu are sens
sa spunem ca ¢ are maxim sau nu). Analog, orice
multime M # J si M ¢ Z\N are maxim. Generalizare:
Fie M o multime; nu orice multime M, € M are minim
si nu orice multime M,c M are maxim, oricare ar i M.

c) Daca A 5 Csi B o C atunc A\B>C numai daca

C=U. Deci cele trei multimi sunt: A,B oarecare, C==

"Mugnr Alb", Revista Scolii clasele I-VIII,Nr.19,
Bacau, Anul VI, Nr.3-4-5, 1985.87, h.61
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1.PROBLEMA PROPUSA (clasa a VII-a)

Sd se arate c& ultima cifra a numarului
A=1981"4+1982%+ ... + 1990" este aceeasi cu a numarului
B= 1191" + 1992" + ... +2000".

[ "Gamma”Brasov,Anul8 Nr.2,Februarie 1986 ]

2.PROBLEMA PROPUSA (clasa a VIII-a)

Cite numere intregi de trei cifre impartite simultan
la 20, 50 si 70 dau acelasi rest?

Solulic:

C.m.m.m.c. al numerilor 20,50,70 este 700. Pentru
orice rest r €{0,1,2,..., 19} existd un singur numar de
trei cifre: 700+r, care impartit la cele trei numere sa
dea acelasi rest.

Evident, nu putem avea restul > 20. In total
avem decl 20 de numere care verificd problema noastra:
700,701,702,...,719.

3.PROBLEMA PROPUSA (clasa a VIII-a)

Sa sc arate cd daca p,’-p,-2p,=0, atunci p*"'' +

nti

p,""" sc devide cu p,+p,; p,,p, € N*.
Solutie:
p,**'4p," = p (»,)+p,p,"= p,(p,®)"-P,p,"-p,P,"+P,D," =
=p,[(p,*)"-p,"HDp,"®,+p,)=D,(p *-p)(P,*)" +(p,*) *p,+-..
+p,"p,"+p," 14, (p,+p,)=p, (P, +p, (P, ")+ (P *) "D, +...
+p,%p,"*+p,"  Hp, (0, +p,)
12



Se observa ci se poate da factor eomun p,+p, si
deci problema este rezolvata.

Particularizare

® Sa se demonstreze ca (4)**! 4+ 6"'! se devide
cu 10.

Demonstratic. Notam p,=4, p2=6 sl se observa ca
e verificatd relatia din enunt plz—p[—2p2:=16—4-1220

® Sa se demonstreze ca 2*"'+1 se devide cu 3.

Demonstralic Avem p =2,p,==1 si atunci p,t-p,-
2p,=4-2-2=0

4.PROBLEMA PROPUSA (VIII)

Sa se afle restul impartirii numarului A=:nynL

yyo_+zzz_ prin z, stiind ca x+1=y, y+1l—z.

Solutice:

yyo :z.
XXy +222 =Xy*+xy+x+z-v*+z-v-+z

Deci A=x(y*+y+1)=(z-2)(z*-22-+142z-1+1)==-2(modz).

5.7 ROBLEMA PROPUSA(clasa a VIii-a)
Sd se determine cite numere diferite de zero, cu
un numar impar de cifre, care adunate cu imaginea lor
din oglinda dau un numair ale cirui cifre sunt identice,

sa se arate cd aceste cifre nu pot fi decit 2,4,6,8.

13



‘ Solutie: . Fie:
A‘_:kl10"'14’]‘210"'”---+kn.;10+k.,’ n-impar, k € N
Notam iA imaginea in oglinda a lui A. Atunci
iA=k -10™'+k 10"*+...+k 10+k,
A+iA=(k +k )10"'+(k,+k  )-10"*+...+(k  +k,)-10+(k +k )=
=k-10"'+k-10"2+...+k-10+k, k=0.9

[k, +k =k
k,+k =k
=> (*) ¢
k + k =—k=>k =¥k eN, k=09
(e [FIa r of =] +1

Deci k nu poate fi decit 2,4,6,8 si atunci ke
nu poate fi decit 1,2,3,4.

Din sistemul (*) se observa cad pentru k fixat,

determinarea oricarei cifre dintre k,....,k, . implica si

o

determinarea imaginei ei din oglindd. Odata stabilit

,exista k+1posibilitati d tabili i
][{%]flxls a k+1posibilitati de a stabili pe ]T’—;—]HSL pentru
fiecare k, stabilit existd, k+1 posibilitati de a stabili pe

2

k 1 s.a.m.d.

-

[]

3]

Deci pentru ca numarul astfel obtinut sa ramina

cu un numar impar de cifre, pentru un k fixat

14



n

trebuie sa indepartam din cele (k+1) *> numere, pe cele
n
ce incep ce zero si care vor fi in numar de (k+1) [7]'1
Deci numarul cerut este:
(5] [5]-1 -
cesia, |(BHLY 20 (k+1)b2 , n - impar
Observare. Cu [x] am mnotat partea intreagi a

numarului x.

6. PROBLEME PROPUSE (VIII)
a) Ce numar mai mic decit 100 impartit la 4 da
restul r.=1 si impartit la 13 da restul r,==17
b) Sa se afle numerele care impartite la 52 dau
citul 3 si restul r‘>1 si impartite la 43 dau restul r,.

("Gazeta Matematicd” Anul XCIIINr.5-611988.p.241)

" 7.PROBLEMA ‘PROPUSA (VIIID)
Sa se ardte ca F'=11'4+22%4+33%+44'+55" nu poate
fi patrat perfect.
Solutie:
= 1+4+7+6+5 = 3 (mod10),
adicd ultima sa cifra este 3 iar nici un patrat perfect nu

se termina in aceasta cifra.

15



8.PROBLEMA PROPUSA (VIII)
Ce numar mai mic decit 100 prin impartirea la 4
st la 26 da restul 17.
Solutie:
C.m.m.n.c. al numerelor 4 si 26 este 52. 52+1=53,

.
care este numarul cautat.

9.PROBLEMA PROPUSA (VII])

Un elev a depus la CEC suma de 800 lei. Peste
citi ani el a facut o suma de 926.10 lei, stiind ca
dobinda este 5% 7.

Solutie:

105
In primul an va avea (—‘-“)800 lei,

. ) 105 (105
In anul al doilea 100 (100 800 :(

n

05
In general, dupa n ani, va avea @-66\) - 800 lei

(rezulta prin inductie).

105
Decx(Ig—d) 800 lei = 926.10; de unde cu ajutorul

logaritmului, obtinem n=3(ani).

16



10.PROBLEMA PROPUSA (VIII)

Sa se demonstreze ca daca produsul a n numere
pozitive este egal cu 1, si daca suma acestor numere
este strict mai mare decit suma inverselor lor, atunci
cel putin unul dintre aceste numere este strict mai mare
ca 1 si cel putin unul strict mai mic decit 1.

(O generalizare a problemcei 0:45, GMB 6/1979, 1.253)

11.PROBLEMA PROPUSA (VIII)
Sa se arate ca orice numar natural mai mare ca 1
se poate scrie ca un produs de numere prime.
Solutie:
Desigur, conform descompunerii canonice, orice
numar natural este egal cu un produs de numere prime.
Dacd numarul natural descompus este prim,

produsul are numai un factor.

12.PROBLEMA PROPUSA (VIII)
La o intrecere sportiva de lupte libere orice luptator
concureazd cu toti ceilalti. La sfirsitul intrecerii s-a
constatat ca fiecare a invins trei adversari. Citi participanti

au fost la aceasta intrecere? Generalizare.

17



13.PROBLEMA PROPUSA (VIII)
Pe trei muchii concurente ale unui cub se iau
respectiv punctele M,N,P diferite de virfuri.
a) sa se arate ca triunghul MNP nu poate fi
dreptunghic.
b) in ce caz este isoscel?

c) dar echilateral?

11.PROBLEMA PROPUSA (VIII)

Se dau dreptele paralele (e) si (f), intersectate de
alte drepte (d), i==I,n, in punctele A,, respectiv B.. In
fiecare A, se duc cele doua bisectoare ale unghiurilor
interioare care se intersecteaza respectiv in C,siC,cu
celelalte doua bisectoare al unghiurilor interioare duse
in punctul corespunzator B,. Atunci, toate punctele C“

i C._, i=1,n, sunt coliniare.
i2

15.PROBLEMA PROPUSA (VIII)
Fie b c.m.m.m.c. al numerilor a,a,...a . S& se

arate ca existd numerele intregi Kl,Kz,...,K“ astfel incit

a K +aZK2+. ..+a"K“=b.

18



16.PROBLEMA PROPUSA (IX)
Sa se arate ca o propozitie logicd este echivalenta
cu duala sa daca si numai daca accastd propozitic este

fie tautologie, fie contine operatori logici (cel mult negatia).

17.PROBLEMA PROPUSA (IX)
Fie propozitia logica A(—yA,v,=>, <=2>):
(p=>Q) VR A .... AR <=>1RA ...A R)—=>Q A P
Sa se transforme A intr-o propozitie logic echivalenta

B (vA,Vv).  Sa se studieze A si duala sa I).

18.PROBLEMA PROPUSA
Sa se afle multimile A,B,T care satisfac simultan
relatiile:
C(AUB)={7,8,9}
C,A={4,5,6}
T < {1,2,3,4,5,6,7,8,9)
("Gazeta Matematicd” Anul XCIII.Nr.5-6.1988.)

19.PROBLEMA PROPUSA
Se considera numarul n=xx...X , unde x,m €N
m-ori
si m>1. Sa se demonstreze ca dacad numirul n este

prim, atunci x=1 iar m este deasemenea prim.

19



- Solutie:
Daca x#1, atunci n se devide la x, deci n nu
maij este prim.
Dacd m nu e prim, fie pr-q=m,unde p,q ¢ {1,n}.

Atunci n se divide cu II...I, deci iar nu este prim.

T
pori

20.PROBLEMA PROPUSA
Sa se arate ca daca x*-x-2y=0 atunci x?"'!4y"*

se divide cu x+y, unde x,y € N*.

21.PROBLEMA PROPUSA
Dacé multimea solutiilor unei ecuatii este simetrica
in raport cu doud variabile date, atunci si ecuatia respectiva

este simetrica in raport cu aceste variabile.

22.PROBLEMA PROPUSA

Sa se determine x si y din relatia: 1433“,)4-17‘8)

3xy5”2)=V15F90“m + 2“7)(126D7M)+AM)).
23.PROBLEMA PROPUSA (IX)
Sa se afle multimile A si B stiind ca ele sunt
nevide iar

20



a) A AB=(A\B)u(B\A)={1,2,3)}

b) {1,2} < A

Solutie:

Cum {1,2} ¢ A rezulta {1,2)nB=0

I.LFie 3 ¢ B =>3 ¢ A. Atunci A={1,2)uC si
B—~={3}UC, unde C este o multime cu proprietatea ca
{1,2}n C=0.

II. Fie 3e A =>3 ¢ B. Atunci A={1,2,3}UC si
B=C, unde C este o multime nevida cu proprietatea ca

{1,2,3}nC=.

24.PROBLEMA PROPUSA (IX)
Sa se rezolve inecuatia:
4x* - 12x + 13> 7
x2-3x+4
Solutie.

Notam x2-3x+4=t>0, deoarece A < 0.

Avem 41-3> 7/t sau 4t%-3t-720

V12 74
t, = ——% == < o si cum t>0
rezulta t>7/4, adica 4x%-12x+9>0 ceea ce este evident.

Astfel x € R.

21



25.PROBLEMA PROPUSA (IX)
Sa se determine o conditie necesard si suficienta
ca expresia:
B(x)= iil:fli(x—x)“rb, a,x,b € R,
pentru 1<i<n, si admita extreme (solutie fara deriva-

te).

26.PROBLEMA PROPUSA (IX)
Sa se rezolve in multimea numertlor naturale
ecuatiile:
a) 2x-3y=6

b) Hx+3y+Tz=25

Solutie:
a)J‘x=3t+3
L y==2t, t € N,

s-a obtinut din solutia generald in Z pentru ecuatia
omogena asociata: 2x-3y=>0, la care s-a adaugat cea mai
mica solutie particulara naturala.

b) Rezolvata in Z da solutia generala:

x=k|
Jy=3kl+7k2+6
=—-2k1-3k2+1; k,, k, € Z.

22



Deoarece 0<x<5, kl parcurge multimea

{0,2,3,4,5}, de unde solutiile:
0 1 2 3 )
6 ), 2 ) 5 )’ 1 ), O) in N*,
1 2/’ \p 1 0

27.PROBLEMA PROPUSA
Sa se rezolve sistemul:
yi-x2-2x=1
X4y +2x+2y+2xy+1=64
Solutie:
yi-(x+1)?=0 sau (y-x-1)}(y+x+1)=0
Deci y=+(x+1) il inlocuim in ecuatia a doua notind

g=+1. Efectuind calculele, simplificind, gasim:

y=g(x+1)
(1+e)x*+2(1+e)x+(-31+€)=0.
Dacda e=-1 sistemul este imposibil.

Daca g=-1 rezulta din ecuatia de gradul 2 in x ca

3 4
_ —_— — - M 3
X, </ de unde Vi, <___ , care constituie
.. " .. -4
solutiile sistemului din enunt.

28.PROBLEMA PROPUSA (IX)
Fie b1 si bZ doua baze de numeratie. Sa se deter-

niine toate valorile x pentru care x X

1) b2yt

23



29.PROBLEMA PROPUSA (IX)
Gasiti un algoritm care si determine conversia
directa a unui numar din baza b, in baza b2 (fara a mai

trece prin baza 10).

30.PROBLEMA PROPUSA (IX)
Sa se arate ca un patrulater oarecare poate fi
transformat intr-un patrulater inscriptibil prin schimbarea

cventuala a laturilor intre ele.

31.PROBLEMA PROPUSA
Sa se afle care dintre poligoanele regulate avind

perimetrul p si cercul de lungimea p au aria mai mare?

32.PROBLEMA PROPUSA (IX)
Sa se construiasca numai cu rigla si compasul

numarul Vn, unde n € N.

33.PROBLEMA PROPUSA (IX)
Daca F este intersectia diagonalelor unui patrulater
inscriptibil, ABCD atunci:
1) AF _ BA - AD si BF _ AB-BC

CF BC - CD °~ DF AD-DC

24



A A ~— ;\ —~ —_
2)sin A sin B = sin AZB sin—;—)- + sinﬁg—'sin ~g =

34.PROBLEMA PROPUSA (X)
Sa se rezolve in numere intregi:
24x+13y+7z-6u=14

Seolutie:

24x+13v+7z-24
6

Scoatem pe u, adici u =

4x+2y+z-2+ __ﬁGZ;fZ__ € 7.

Fie Z 3 p== —X%lg— , atunci y=06p-z+2

iar u=4x+13p-z+2, cu p,x,z € Z.

35.PROBLEMA PROPUSA (X)

Ecuatia x"+y"=x+y, n € N, n>»2, nu arc solutii
intregi netriviale (diferite de x,y € {0,1}, sau x==-y si n
impar).

Bezealvare:

Dacd n este par atunci x">x, y">y de unde
x"+y">x+y, avind egalititi doar pentru x,y € {0,1}.

Fie n impar. Excluzind cazurile triviale x=-y € Z
sau x,y € {0,1} avem ca xy<0; fie x>0 si t=-y>0 Deci
x"-x=t"-t, cu x # t; daca x>t+1 evident (t+1)"-(t+1)>

>t"-t si analog cind x<t-1.



36.PROBLEMA PROPUSA (X)

Se da F(x)=3+4/x. Sa se determine intervalele
pentru care F este bijectie. In acest caz sia se determine
F-

Solutie:

Evident 0 ¢ D = domeniul de definitie al lui F.
Fie R> y=3+4/x. Rezultd x==-4/3-y € R, deci y#3.

Astfel F:R* -->R \ (3} este bijectiva:

x #7x,=>F(x,)#F(x,) deoarece 3+ -;41— = 3+ ;{4—2— adica
F este  injectiva; fie y € R\{3}, existd x= é—‘_}? € R*
astfel incit F(x)=y, adica F este surjectiva.

Deci F admite inversa iar F-L:R\{3} -->R*, F!(x)= 31_1){

37.PROBLEMA PROPUSA (X)
Sa se arate ca a si b sunt prime intre ele daca si
numai daca a*"'+b*W= a+b (mod ab), unde ¢ este

indicatorul lui Euler.

38.PROBLEMA PROPUSA (X)
Sa da un tetraedru regulat ABCD de latura
a,sectionat cu un plan o. Sa se afle forma sectiunii si

aria acesteia cind o trece prin:
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a) mijloacele muchiilor BC, BD, AD.

b) mijloacele muchiilor AB, AC, AD.

¢) mijlocul fetei BCD si este paralel cu AD.
d) mijloacele fetelor ABC, BCD, CDA.

39.PROBLEMA PROPUSA (X)

Sa da o piramida patrulatera regulata VABCD de
“latura a si inaltime h, sectionata cu un plan o. Sa se
afle forma sectiunii si aria acestuia cind o trece prin:

a) A, sl mijloacele muchiilor VB si VD.
b) prin mijlocul lui VA si este paralel cu BC.
c) prin milocul lui VA si este perpendicular pe BC.

d) prin A si este perpendicular pe VC.

40.PROBLEMA PROPUSA (X)

S& da o piramida hexagonala regulata de latura a
st inaltime h, sectionatid cu un plan o’. Sa se afle forma
sectuinii sl aria acesteia cind o trece prin:

a) A si mijloacele muchiilor VC si VF.

b) BF si este perpendicular pe VD.

c) BF si este paralel cu VD.

d) punctele M,N,P astfel incit:
VM __ 1 VN _ 2 VP __ 4.

¥ s

MB 2 NC 3 PD

27



41.PROBLEMA PROPUSA (X)

Sa da o prisma triunghiulara regulata de latura a
si inaltimea h, sectionata cu un plan a. Sa se determine
forma si aria sectiunii cind o trece prin:

a) mijloacele muchiilor AA", BC, CC’.

b) mijloacele fetelor ABC, BBC'B’, ACC'A’.

) mijloacele bazei A'B'C’ si laturii AB si este
paralel cu diagonala A’'B.

d) A si este perpendicular pe latura B'C".

e) M, N, P astfel incit:
AM_ _ 1 BN _ 2 CP_ 3
MB T )

"2 ' NC 3’ PC
42 PROBLEMA PROPUSA (X)

Sa da un é\lb ABCDA'B'C'D’ de latura a, sectionat
cu un plan o. Sa se afle forma sectiunii si aria acesteia
cind a trece prin:

a) mijloacele muchiilor AA’, BC, C'D".

b) mijlocul lui AB si este perpendicular pe diagonala
AC'.

c) latura AD si paralel BD'.

d) M, N, P astfel incit:

_AM 2,_@=3,_D_'13=4,

MB NC’ PA’
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43.PROBLEMA PROPUSA (X)
Sa se demonstreze ca punctele de coordonate
(k-n,k,k+n), pentru orice k, iar -k<n<k, apartin aceluiasi

plan care trece prin originea axelor.

44.PROBLEMA PROPUSA (X)

Fie f o functie derivabila pe [-a,a] si cu derivata
ﬁéstrind semn constant pe acest interval, unde a—sup
f(x) cind x € Dr, iar [-a,a] C D, Sa se arate ca sirul
definit prin xmzf(x"), cu X, € D, n € N, este conver-

gent.

45.PROBLEMA PROPUSA (X)

Sa se calculese:
lim lim (8, X ’cg‘(a2 x tg(a, x tg(...(a . x tg_(_zx."g)) ..... )
n->0 x--0 x"

n-lori

stiind ca () n € N* este un sir de numere reale, cu
proprictatea ci de la un anumit rang toti termenii sirului
sunt in intervalul [-1,+1].

(In legaturd cu problema 18038, GM12/1979. pag.480)

46.PROBLEMA PROPUSA
Folosind algoritmul lui Euclid, sa se ecalculeze
c.m.m.d.c. a n numere cu ajutorul unui program in

FORTRAN.
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47.PROBLEMA PROPUSA. (XID)
n
Sa se determine expresia Em)= 2, 6...6% sa fie
3, 5.
divizibila prin 25.
Solutie:
E(M)=36+56+564...+56=56n-20 (mod100),
deoarece 6...6 = (6...600+66)*=66%=56 (mod100),
k cifre k-2
avind k>3.
Deci 561n-20==0 (mod 25), adicad 6n=20 (mod 25),
sau 3n = 10 (mod 25), de unde n=10 - 3' — 10 - 17
=20(mod25).
n € {25k+20, k € Z).

43.PROBLEMA PROPUSA (XI1)

Sa se afle restul impartirii prin 493 a numarului

B=1971171419721972419731973_
Solujie:

Bu=(-1)""40M4.1 =0 (m0d493)

49.PROBLEMA PROPUSA (XII)
Rezolvati: 2x+3y+2zz1 (mod4).
Solutie:
(2,3,2,4)=1i1 =>congruient are solutii si anume:

1 - 4"=16 solutii ditincte.
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Rezolvata in numere intregi ecuatia 2x+3y+2z-1-=4t da:

x=3k|-k2-2k3-1 = 3k,+3k2+2k3+3 (mod4)
y=-2k, = 2k, +1 (mod4)
z=k2 == kZ (mod4)

pentru orice kj € 7, kj - parametri.

. 3k, +3k,+3 3k, +3k,+1
k=0 => | 2k +1] k=1==|2k 41

’ kl k 2

Firesc ca, pentru k =2 si 3 rezulta analog, si
nu se mai calculeaza.

3k2+3 sk #
k,~——0=> 1
k
3k,+2
k]=1=> 3 ‘3
k.

3 2 0
k,=0,1,2, si 3 => 1), ,413),13
0 0 0

e I e
‘\—/ N’ N——

W NWNY oW
N N’ | S——

Wb DN

e’

)

incte ale congruientei.

D A S TN~

j
cf

care reprezinta toate solutiile dis
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50.PROBLEMA PROPUSA (XII)
Fie f:R ->R o functie continua, impara. Atunci
J f(x)dx=0, (¥)p € R.
. (O generalizare a problemei 14847 GMBP/1975,p.97)
Solutie:

Deoarece f este impara avem ca f(x)=-f(-x), (¥)x

€ ['p’p]' ‘

| f(x)dx==F(p)-F(-p),

-y

unde F este o primitiva a lui f pe intervalul [-p,p].

1

[ -1x)dx=] f(-x)d(x) = | f0)du=F(-p)-F(p)

Egalind cele doua integrale obtinem F(p)-F(-p)==0.
Remarca. Pentru f(x) = %)se obtine 14847,
51.PROBLEMA PROPUSA
5S4 se giseascd o conditie necesarad si suficienta
m :

n
pentru ca_Zl a* > 'Elbjx , (¥)x € R.
1::7 1 ]=

(O generalizare a problemei 1, pag.46 G.M.A, 1/1981)
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52.PROBLEME PROPOSE

¥
Soient les polynomes P(x)= 0 T Ay x 2k

S

et Q(x)=k_)_::ma,2kx2", aux coefficients positives nonnuls,
l<m<n. Montrer que l'équation: P(x)+Q(x) admet
exactement deux racines reelles.

Solution. Le polyndme R(x)=Q(x)-P(x) a une seule

variation de signe (definition dans le sens de Descartes,
;:.h.(l. il y a deux termes consecutifs a, et a, du polyndme
tels que ai‘ . niz<:(), chez nous az“’(—azm_l)«'.()).
Done V=1. Soit p le nombre des racines positives du
polyndme R(x). Conformement au theoreme de Descartes
(qui affirme que V-p est un nombre pair nonnégatif) il
resulte p=1.

Soit r le nombre des racines négatives de R(x).
Cela signifie que r reprézente le nombre des racines
positives du polynSme R(-x), qui a une seule variation
de signe, a,(-a,)<0. De meme r=1. Donc I'équation
admet une seule racine positive comme une seule racine
negative. En tout, deux racines réelles.

Bibliographie:

Alian Bouvier, Micher George, Francois Le Lionnais,

"Dictionnaire das Mathematiques™ Presses Universitaires
de France, Paris,1979.
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53.PROBLEME PROPOSE
Soi (12345 . - -
oit © —(4 51 3 2) une permutation circulaire.
Determiner toutes les permutations circulaires X telles

que:
a) oX=0'X
b) cXo=X
c) XoX=X.
Solution:
. (]. 23 45
S()lt X = x] xz xg X4 xn

12345
o= ( 35412 )
a) 6’X=X, mais o'=c-0= (;, g 2 % g)

4 5 1 23 45
}'( ;I(")z (x X, X, X, x.,‘)
X, X

(12345 X
01(32415 (xlxzx:(x4x5

(la permutation identique). Absurd. Donc, cette equa-

X, X, X, X3_ 12345
Z.i4.__e__(12345)

tion n'admet pas de solutions.

. 1 23 45 1 23 45
b) cXo=0 - (Xl‘ )i )I(' )I(g T2)= (x! X, X, X, X,,)
X, X, X, X, X

2 3 b

1
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vV}
UV
ro
'
o~
[l
Y
sl
o
o
» X

il en resulte que( 1 g

1) X4=1=>X,=4,X3=3,/ [

5 -
2) x4=2=>x1=5,x3=5, qui ne convient pas.

2,x =5

4) x,=4= >x,=3,x,=1, <
. x - ’ ==

0) X, ==h== >x,==2,X,==2, qui ne convient pas.

Nous avons, en tout, six solutions.

c) XoX=X
cX=X"'X
OX=¢
X=0gle =0¢~! =( é g 2 111 g), solution unique.



54.PROBLEME PROPOSE
Soient a et m deux entiers, m#0. On construit la
suite: d =(a,m),d , —(d, m/d d,...d)). Montrer que, si s
este le premier indice pour lequel d =1, alore
a™d " ==a(mod m) ot m=m/dd,...d et est I'indicateur
d’ Euler

(Une genéralizatin d'un théoréme d’ Euler).

55.PROBLEME PROPOSE

Soit g:R->R une fonction décraissante. Existe-elle
une fonction f : R -> R, monotone, telle que f o f=g¢g
sur R?

Solution, Non.

a)Montrons qu'il n’existe pas une fonction f croissante.

Soit X, <X,, X, et X, de R. Si f est croissante il en
rdsulte que f(x,)<f(x,), et puis f(f(x,))<f(f(x,)), c'est-a-
dire g(x )<g(x,) d’ou X, >»x,, ce qui contredit I"hypothese
X, <X,

b) Montrons qu’il n'existe pas une fonction f
décroissante.

Soit X, <X,, X, et x, de R. Si f est decroissante il
en resulte que f(x,)21(x,), et puis f(f(x,))<f(f(x,)), c'est-
a-dire g(x, )zg(x,) et, de ménie, il en resulte que X 22X,
ce quil contrevient 1'hypothése X, <x,. La meéme chose

pour les fonctions strictement monotones.
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56.PROBLEME PROPOSE

Soit g:R->R une foﬁction nonbijective Existe -elle
une fonction F:R ->R, bijective, telle que

fof =g surR?

Solution. Non.

a) Si g n'est pas ingective, il en resulte qu’ils
existent X,X, € R tels que X,#X, avec g(x‘)zg(xz).
D'olt £(f(x,))=f(f(x,)).

Notons ylz:f(xl) et yzrf-—f(xz).

Nous avons que, ou bien y,=Yy, et alors { n’'est
pas injective, ou bien ¥, #¥,» mais dans se cas aussi f
n'est pas injective puisque f(y,)=1(y,).

b) Si g n'est pas surjective, il en resulte qu’il
existe y, € R tel gue puelque soit x € R, g(x)#y . On va
trouver que f n'est pas surjective, parce que:

- ou bien f(x)#y”, (¥)x € R;

- ou bien (:q)x, € R:f(x,)=y,; mais dans ce ras-la
il en reésulte que f(x)=*x sur R puisque:

s'il existait un X, € R avec f(x,)=x_nous

avions que g(xl)=f(f(x,))=f(x0)=y cela contrevient a la

0’
supposition faite sur g. Donc, si g n'est pas injective
(surjective) il en reésulte que f aussi n'est pas injective

{surjective).
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57.PROBLEME PROPOSE
Soit P(x)=(1+x+x+...+x"*')". On note CK" le co-
efficient de x" de ce devellopement, que l'on appelle
coeffcient k-nomial. (Une geneéralization des coefficients
binomiaux, trinomiaux et du triangle de Pascal) Montrer
ue

1 il Bl . .

a)CK““=, 0CKH_I, olt par convention on considere,
i==
t

que (,Kr =0 pour r(k-1)<t<0. h(k-1)
b)CK" =CK " ©) 2 CK" =K

) = n

h(k-1)
h h
d) Z (-1)"CK",

T L 0 si k est pair

1 si k est impair

n+m

h ' iy B n(il) N
e)iZ,OCK‘"'CKm =CK f) Z CK" )’=CK,,
58.PROBLEME PROPOSE
Par un point d'intersection des deux cercles se-
cants on trace une droite variable qui coupe pour la
deuxiéme fois les cercles dans les points M ,respectivement
M,. Determiner le lieu geometrique du point M qui
patrage le segment MM, dans le rapport k.
(Une generalisation du Probleme IV, le concours

d’entre dans ' Institut Polytechnique,1987, Roumanie).
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Solution.
Soit O E IMM,
et O,F LM M,
Soit O € 0,0, tel que
0,0=K - 00, et M € MM,
ou M M=K x MM,. Tragons
O0G LM, M,.
Notons M,E=EA=X et AF=FM —y. Alors AG=GM,
parce que AG=EG-EA= —kk—r (x+y)-x= xtky , et

kot

GM=M,M-M,A-AG=-K . (2x+2y)-2x - st
_ Ax+ky
k+1

Donc OM=0A aussi.

Le lieu géométrique esl un cercle de centre O et
rayon OA, sans les points A et B.

Reciproguement. Si M € G(0,0A)\{A.B}), la droite
AM coupe les deux cercle en M,, respectivement M,.
Projetons les points O,,OZ,O sur la droite Mle dans
E,F, respectivement G. Puisque OIO=K-OO,{3 il resulte
que EG=k-GF.Notons M E=EA=x ct AF=FM,=y et on
obtient:M M=M A+AM——M A+2AG~2X+2(EG-EA)=2x+2
[—k—T(x+y) x]— B (2x+2y)= T MM

Pour k=2 on trouve le probleme cite.
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59.PROBLEME PROPOSE

Soient d, et d, les diagonales d'un quatrilatere
inscriptible (iui partent du sommet A, respectivement
B. Montrer que d, sin A d, sin ﬁ

Premiere _solution.

Notons les céte’s AB=a, BC=b, CD=c¢, DA=d du
quadrilatere et, puisque.

SACD_SABD+S

il en resulte que ab sin B+cd sinﬁ=adsin1/§+bcsine

Le quadx ilatere etant inscriptible,on a sin A—sm@

et sin ﬁ ==sin D Donc:

sin A _ ab+cd — d
sin B ad+be d '’

la derniere égalité résulte du deuxiéme theoreme de
Ptolemee, d'ou la conclusion.

D_e_uxiéme_s.olut_imh
Appliquons le théoréme des sinus dans les triangles ABC

et ABD, d'ou @;—:@

Donc:
dA — a et dB J—
sin B sin ACB  sin A sin ADB

d’ou la relation demandée.
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60.PROBLEME PROPOSE
Montrer qu'il existe un triangle ayant les cotés,
les hauteurs, les rayons des cercles inscrit respectivement
circumscrit, comme la surface exprimés en nombres
entiers.
Solutiaon.

Considerons le triangle rectangulaire ABC, de cotés:

a=30n, B
b=40mn, a \
90()
=t * 2
c=50n, n € N¥*, C 5 A
qui sont des nombres pithagoréeuns:
- a%+b2==c?
— ab _ 2
= 600n2.

La hauteur h_du sommet C est égale a 24n, parce
que h -50n/2=600n2.

h,=30n, h,—40n

R = ‘Z%C =25n, or R= %—
= 10n, ou p=demiperimetre de ABC.

r =

oo

61.PROBLEME PROPOSE
Dans le triangle ABC on trace une cévienne AM
qui forme les angles A1 et Az avec les coteés ci-joints AB

respectivement AC. Montrer que:
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BA]  |BM]  [sinA)|
IcA| [CM| sinA |

(Une generalisation du théoreme de la bisectrice)

Solution.

Ecrivons le théoreme des A
sinus dans les traingles 2

1

ABM et ACM: /

lBA| _ IBM| 1) /

sinAMB sinAl /

[ C
M

,_lcal _ fem] |,
° sinAMB sinAz( )

On divise la relation (1) par(2) et on trouve la
conclusion.

Si AM est bisectrice, il en resulte que A1§A2’
en obtenant le théoreme de la bisectrice.

Si ABC cst rectangle en A, alors

[BA] |BM| te A
IcA oM & A

inA
Si AM est mediane, alors }gill = ssll? 1A2

1

62.PROBLEME PROPOSE
Montrer que dans un triangle le carré de la hau-

teur est égal au produit des regments déterminés par
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elle sur le coté opose et les contangentes des angles
formés par la hauteur avec les coles ci-joints.

(Une gencralisation du théoreme de la hauteur)

Solution.
Soit AD 1. BC ‘ A
Notons AD=y, 12

BD=xl et CD=x2.

Il faut montrer que B

A ) D C
y’=xx, - ctgA -ctgh,.

Appliquons le théoreme des sinus dans les triangles

ABD et ADC:

— = (1)
sinAl cosA,
X, y
. = — 2
sinA, cosA, )

Multipliant membre par membre ces deux rela-

tions, nous trouvons:

cosA cosA
2 1 2
V=X X, ———=—x—> q.e.d.

sinA sinA,
Si le traingle ABC est rectangle en A, alors:
ctgA ctgA,—ctgA -ctg(90°-A )=1, c.a.d. le tres connu

théoreme de la hauteur.
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63.PROBLEME PROPOSE

Trouver, en function des cdtes d'un triangle, la
longueur du segment de la mediartice (d"un cdte) compris
entre un coté et le prologement de l'autre.

Solution.
Soit AA’ la hauter du
traingle ABC. Il faut
detérminer [M'M"’|
(voir la Figure).

1) On a A’ entre M et C B

A C
(la meme chose quand A’ M

se trouve entre M et B) |AB}=c, |BC|=a, [CA|=b.
_ as triangles BMM' et BAA' sont semblable, d'ou

m[;[fll _ B |,mals [BA'|= V¢ EA avec |[AA’ l—h
&1 en resukte I&VIMI azh v 12h2

D'une maniere analogue pour les tnangles semiblables
CMM™ et CAA’ on trouve:

M =g
bh,

(2)Donc MM’ = h“ N , avec

2 \ Vrine be- hz V c? _th

h = %Vp(p-a)(p-b)(p-c) selon la formule de Heron et
p=(a+b+c)/2 (démiperimetre).
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On a pris la valeure absolue dans (2) afin de

comprendre les deux cas (voir(1)).

64.PROBLEME PROPOSE
Soit un polygone AA, ... A. Sur une diagonale
A A, de celui-ci on prend un point M par lequel on trace
une droite d, qui coupe les droites AA, AA, A A

dans les points P,P,...P,, et une autre droite d, qui

k-1

kH,....,An_lA",A“Al dans les points
Pk,...,Pn_l,P“. Alors on ali=1] A[Pi/A P=1 ou f est la

iy 1

permutation circulaire (é g. . .g'l i‘ )

coupe les autres AA

(Une ge’nc'ra.lization d'un theoreme de Carnot)

65.PROBLEME PROPOSE
Soient le polygone AA,... A, un point M dans
son plan,et une permutation circulaire f— (12 __n-1 “)

238°°n 1
One note Mh. les intersections de la droite AiM avec les

droitesAmAHM, e Ay DL, (Pour tout doet §, | €
{i+s,...,i+s+t-1}) Si M, #An pour tous les indices respectifs,
7 n,its+t-1

et si 2s+t=n, alors on al i.j=l.i+s| MUA]./MHAH”=(-1)" ou s

et t sont des nombres natural non nuls.

.o, .oa
(Generalisation du theoreme de Ceva).



66.PROBLEME PROPOSE
Soit un polygone AA, ... A_inscrit dans un cercle.
Soient s et t deux nombres naturels non nuls tels que
2s+t=n. Par chaque sommet A, on trace une droite d,

qui coupe les droit ALA A +A dans les points

itstt-1 i+stt

M, s--sM, ., et le cercle dans le point M. Alors on a

1
n itstt-] —
i MA /MA, =

i—~l j=its iy

n —

'r——; —;T‘Km/ MiAi-FsH.'
67.PROBLEME PROPOSK

On considere un polyedre convexe dont les faces
ont toutes la meme surface. Montrer que la somme
desdistances d'un point variable situe a l'intérier aux
fuces de ce polyedre est constant.

Solution.

Notons par V le volume du poliedre et pas S la
surface de chacune des n faces FI,FZ,...,FD du corps.
Partageons ce polyedre en n pyramides de sommet M,
ou M est un point interieur quelconque, et bases F,F,..,
respectivement F . Les hauteurs de un pyramides sont
justement les distances de M aux faces du polyeder.

Alors:
SE)d, 4 SE),

b

or S (d +...+d )=V, donc d,+....+d =3V/S=constant.
3
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68. PROPOSED PROBLEM

Let m be a positive integer.

Prove that any positive integer n, with n-=n, can
be factorized as follows:

n=_C.((L-m+x) - m-+x).) -m-+ X,

where x is either a 0 or a 1, or a 2, ..., or a m-1.

69. PROPOSED PROBLEM

Has the equation x* + y¥ = z? integer solutions?
But the equation x¥ + y* = 1/xy ?
Solution:
I. No.

Of course x, y, z are non-null.

1) If x; y are positive then z is positive too;-we

may suppose 0 < x < y < z, whence
Xy 2y < (yHIY U 2
2) If x, y are odd (even) negative then z is odd

(even) negative too; our equation becomes

1 1 1
+ — = —— , with a, b, ¢ positive;
a® bl! c®
we may suppose ¢ < a < b, whence
1 1 2 1 1
—_ 4 — < < <
a* blv ~ ad (a+1):.4] ~ c”
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-3) If x is odd negative and y even negative we
may suppose z odd negative (because it mul-
. tiplies the equation by -1); changing the
notations, our equation becomes as the 2) case.
4) When one of x and y is positive and the other
negative, it is eésy to handle.
. YES: (-1, -2), (-2, -4), (-2, -1), (-4, -2) only.
Of course x, y are non-null.
Let's IB(x,y)=xy(x'+y").
For x, y positive integers E(x,y)>1.
Let's x, y negative.
1) If x, y are odd then BE(x,y)<0<1

2) If %, y are even we have
a

b
E(a,b) = — +
al,v-l b;l-l

with a = -x; b = -y:

a, b € {2, 4) because for a>6 (or b=6) it is

casly to prove (by recurrence) that

1 1
E(a,b)< — + —
2 2

Thus for a=2 it finds b=4 reciprocal.

Wence (x, y) = (-2, -4), (-4, -2).
3) Let’s x odd and y even. Anallogicaly
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b a

al‘-l b:l-l

For x=-1 (or y=-1) we have integer solutions:

E(a,b) =

(-1, -2), respectively (-2, -1).
From 2) we have a<6, b<6. But for

(a,b) = (3,2), (3,4), (5,2), (5,4) E(a,b)=l.

70. PROPOSED PROBLEM

Prove that the equation

a + ...+ a* = bl" + .0+ b”" "

with all a,, bj > 0, has a finit number of real solu-
tions. Of course, apseeey A, bl,..., b” are different one
from another.

Solution:

’

Let f(x) = a*+ ... +a* -b*- .. - b‘l"

p
f: R—R, a continuous and derivable function.
1) Let max {a,, bj} = a, and min {a, bj} = a .

PR oo o
1.} 1.

a,
If a>1 then L= 1_1_111 f((x) = a’. [1+(;)+...+

) ) B ] =

1 t

Fotim £ = an () 4 ()01 ()

X —=- o a



by 0, if a>1
i 2
- (“‘) } = { +eo, it a <l
1, if a=1.

Hence f can’t have an infinity of zeros.
If a1 it finds n“-til too, hence L=0 and l=+c, the
function can't have an infinity of zeros.

We may eliminate the case a,=1 because
a* = constant.
2-3-4) These cases are analogously studied, namely

when the maximum and the minimum are respec-

tively: (a,, b,l) or (b, a) or (b,, bq).

71. PROPOSED PROBLEM

Solve in integer numbers the equation:
XY -7z + 3w= 8§

Solution:_

XY 4+ Tz + 8 XY+ z + 2
wo=s - = 2z + 2 +
3 3
XY+ oz + 2
But ——— =t e 7.
3
Then z = x¥ + 3t - 2, hence
w o= 2x¥ + 7{ - 2.

The general integer solution is:
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X = u
y=v
z = u" + 3t - 2
w = 2u’ + 7t, t € 7,
with (u, v} € (Z* x NYU({0}xN*)u
U({+1}x7Z).

72. PROPOSED PROBLEM

Solve the equation x® - 4y = 23 in integer numbers.

Solution:

X" - 4y = x" (mod 4) and 23 = 3 (mod 4);

Hence x* = 3 (mod 4), or

x = 4k + 3, k € Z.

(4k + 3)* - 23
y = = 16 k* + 36k® + 27k + 1
4

73. PROPOSED PROBLEM

Prove that the equation x* - 7x, ... x, = 3 hasn’t
integer solutions.
If the equation has solutions then x*-3 is divided by 7.

But, for any x = Tk + r, re{0, 1, 2, ..., G},

keZ, x* s 3 (mod 7).
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74. PROPOSED PROBLEM

Prove that the equation
ax" + by = ¢, were a, b, c € Z, a.b # 0 has integer
solutions if and only if there is re{0, 1, |b] -1} such that

ar" = ¢ (mod b).

Solution:

y M l;—c— € 4. We write x = b-k+r, k € 7,

and r €{0, 1, |b| -1}. Hence:

a(bk+r)" - ¢ ar" - ¢
- == 4+ ———— Z’
b ‘ b €

we have noted by d the integer uetient of the division,
de 7.

Then it must ar" - ¢ be divided by b.

Example. Solve in integers the following equation:

3x" - Ty .= 6.

We find x = Tk + 4
)
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75. PROPOSED PROBLEM

Find the general positive integer solution of the
diophantine equation:
9x* + 6xy - 13y? - 6x - 16y + 20 =—

First solution.

The equation becomes: 2u* - 7Tv? + 45 = 0, ()
where u = 3x + y - 1 and v = 2y + 1. (2)
We solve (1) (see [1]). Thus:
ju = 15u + 28 v
(3) {v =8u + 15 v, neN,
with (u, v) = (3, 3 ¢), ¢ = +1.
Clearly, for all n € N, v, 1is odd, and u as well as v, are
multiple of 3. Hence, there exist X, ¥, in N, with
X, = (2u, - v, + 3)/6
(4)
{y = (v, - 1)/2, n e N,

(from (2)). Now, we find a closed expression for (3):

(:) — A (:) . neN,

n o?

15 28 .
where A = ( 8 15 ) , calculating A" (see [1]).

Second solution.

We transform (2) as: u = 3x + y, - 1 and

v,=2yn+1, n € N.

n
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Using (3) and doing the calculus, we find:

52 11

= 11x +22y + =2

(5) xn -1 Xn 3 yn 3
Vi, = 12x“ + 19y, + 3, neN,

with (x,, y,) == (1, 1) or (2, -2);

(two infinitude of integer solutions).

11 52/3 11/3
LetA:(lZ 19 3 )

0 0 1
X, 1 X, 2
Then (y") = A" (] ), (y“) = A" <-2 ), n € N, (6).
1 1 1 1
From (5) we havey, ,, =y = .. =y, = 1 (mod 3),

hence always x € Z.

Of course (4) are equivalent to (6) (see [1]), and they
constitute the general solutions.

Reference.

{1] F. Smarandache, A Mecthoud to solve the Diophan-

tine Fquation ax® - by* + ¢ == 0.

76. PROPOSED PROBLEM
Let € == 1 or -1 and
ol
[ =]

n
2]
N = 2 P,_ . 3nzk . 93k 4 z n . gwikt 93k
2 2k+

k=0 \ = k=0
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Prove that N is a perfect square if and only if £ == 1
and n = 0 or n = 3.

Solution.  Using the diophantine equation x? = 2y* - 1
(which has the only solutions (1, 1) and (239, 13); sce
(1], [2] or [3]) we note t = y% The general integer
solution for x* - 2t2 + 1 = 0 is: '

= 3x" + 4t“

nil

= 2x" + 3t" ,

n4

for all n e N, with (x,, y,) = (1, €) (see [4]); or

xn j— 3 4 . 1 R f()]' a“ n e N,
v, 2 3 £

where a matrix at the power zero is equal to the unit

matrix.
Hence
1+e V2 l1-e V2
N — (3+2V2)" . - 5 (3232 -
( ) B 2 €N,
| 2r+V2 25—\/2
t, —— B+2V2)y . = (3202
Whence
2e+ \f— 2e V2 ;
t,o T (3+2V2) . __4__(3-2\&)", n eN,

or t = N, n e N. We obtain fore =1 and n = 0 or 3

that N = 1 or 169 respectively. Another values for n
there are not yet, because we have only two solutions

for the equation in integers.
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77. PROPOSED PROBLEM

Prove that the general solution in positive integers for

the Diophantine BEquation 2x? - 3y? = 5 is

4+eV6 4-eV6
X, o e (5+2V6) . ———— (5-2V6)"
1 4
3e+2V6 3e-2V6
. - (5+2V6)" . — 5-2V6)" ,
for all n € N, where ¢ = 1 1.

Solution.

The smallest positive integer solutions are 2,1), (4,3).
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Let X, —ax + by"

Y:HI = cx +dy for all n € N,
and (x,, v,) = (2, F1). Then
2ab = 3ecd (1)
2a* - 3c? = 2 (2)
2b? - 3d? = -3 (3)

c. Because we look

for positive solutions we find a = d, b =- 3 ..

<

Whencea = +d and b = +

R

The smallest positive integer solution (with nonzero
coordinates) for (2) is (5, 4). Hence a=d="5, c==4, b==0.
1t results by mathematical induction that:

oo [ =(12 (3] e
y 45 vy,

n

5 6

LetAz(
4 5

) , A e R, and I the unit matrix.
Det (A - 2:1) == 0 involves A, = 5+2V6 and the
proper vectors v == (\[6, 1 2);

(that is Av, = Av, i=1, 2).

V6 6 A0
We note P = Then P'AP = ' .
2 -2 0 A,
whence
' n ]7 n n Jg "_ n
a_p (M0 = (Tg(“"z’ & )‘2’)
0 )\'2n

‘\/i (}\"n_kzn) J‘d(klnﬁ*‘kzn)
6 2
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Taking (x,, v,) = (2, €) one finds the general integer
solution.

We prove (GS) constitutes the general solution in posi-
tive integers: ‘

a

. . o
solution for our equation. Of course | %1} = A"

by reductio ad absurdum let (o, ) be a positive integer
5 B

1

is other solution with a <o, B,<B, also (O'Z) = Al (U‘)

B, B,

with o, <o, B,< B, ete.

N

Let (o, B.) be the smallest positive solution greater than

or equal to (4,3). ]f'(u.i, B) == (4,3) then (rx.', ﬁi) e (GS);

i

if no calculate (o, 5 B,,,) = A" 3
If (e, B,) = (2, % 1) then it belongs to (GS); if no, it
results 2<a <4, but it is absurd.

- BRemark. This method can be generalized for all Diophan-

tine Equations of Second Degree with two Unknowns.
78. PROPOSED PROBLEM

Find the general solution in integers of the Diophantine

IBquation: 2x* - 3y -5 =0
79. PROPOSED PROBLEM

Let p be an odd number. Prove or disprove that p and

p+r are simultaneously prime numbers if and only if
(p-1)! (i‘*“ —z—) + L4l s integer.
p p+r p ptr
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[ Problem 328, "Colledge Mathematical Journal™, Vol.17,
Ne3, 1986, p.249].

PROPOSED PROBLEM

88.
Let Py s piz, cee p_‘”H be coprime integers two by
two, and let a, , a_ be integers such that a, is
coprime with pjl._], ceee pjm for any j. Consider the
conditions (j) iju’ e p)_j‘l are simultaneously prime if
and only if ¢, = O(mod pjill, ceee l)im) for any j. Prove
that Py s Py oo w by aTe simultancously prime if

and only if

=1

n
Z ac/(p. ., .... , . ) 1is an integer.
i3 lj'l lj”
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81. PROPOSED PROBLEM

Let P be a point on median AA’ of the triangle ABC.
Note B’ and C’ intersections of BP and CP with CA,
respectively AB.
a) Prove that B'C’ is parallel to BC.
b) When AA’ isn't median, let A" be intersection of
B'C’ with BC. Prove that A’ and A" divide BC in an
anharmonicus rapport.
Solution.
a) From Ceva's theorem in ABC we find:
lc'Al 1aB| IB'Cl _ 4
lcBl facl Al

and, because |A'B|

it results: A

IC’A]l  |B'A]
c'Bl [BC]
i.e, B'C’ is parallel to BC.

Y

b) From Menelaus theorem we find:

ic’al [A™Bl  B'C] _ 1,

(2) IcB| JAC] B A

We divide (1) to (2)

and obtain A
a8l laTBl
lacl © jatel
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82. PROPOSED PROBLEM

Let A, B, C, D be collinear points and O a point out-
wardly of their line. Prove that:
(OA* - OCHBD + (OD? - OB)AC =
== 2AB-BC-CD + (AB’ + BC* + CD*AD -
- (AB® + BC?® + CD?).
Solution: . O
.Stewart's theorem is used
four times for points:
(A, B, C), (B, C, D),
(A, C, D) respectively

(A, B, D) and it obtains
the following relations:
0A*BC - OB*CA + OC*AB = AB-BC-CA,
OB*-CD - OC*DB + OD?*BC == BC-CD-DB,
OA*CD - OC"’-DA + OD*AC = AC-CD-DA,
OA%BD - OB2-DA + OD*AB = AB-BD-DA.
Suming member with member, all these relations, it
finds the asked question.
It uses, too, that:
AC = AB + BC,
BD = BC + CD,
AD = AB + BC + CD.
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83. PROPOSED PROBLEM

Let ABCD be a tetrahedron and AI e CD, A, € CB,

C, € AD, C, € AB four coplanar points.

Note E = BC, n DC, and F = BA n DA,. Prove that
the lines AE and CF intersect. ("Crux Mathematicorum”,
Vol.14, Ne7, September, 1988, p.203, problem 1368).
Solution. Note BD n AE = A’ and BD n CF = C’

We shall prove A" and C' are identical.
Firstly, we project A, B, C, D on plane (AIAZCICZ)
in points A, B', C' respectively D’. Because we have
four couples of semblable triangles:
AA’C, with BB'C,, BB'A, with CC'A,, CC'A, with DD'A,
and DD'C,, with AA'C, it involves:

C,A AA" AB BB" AC cC

= , - , — and
C,B BB’ AC cc AD DD’

respectively C,D DD’ o
— — -— . By multiplication of these
CA AA’
four equalitics, member with member, we find

C,A AB AC C,D
i . . =1 (r)
C,B AC AD CA
We apply Ceva's theorem in triangles ABD and BCD:
CA CD A'D . AB AC CB
U , respectively L
C,B CA A'B AC AD Cc'D

We replace these two equalities into (r) and we find:
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2 =C—,B— , hence A = C’,
~ A'B CD
because A'C’ € [BD] .
84. PROPOSED PROBLEM

Let A, A,, ... , A be a pyramid and o a plane which
cuts the sides A, A,

7 PA

i1 PiAm

. in P.. Prove that:

Solution.
We project A, A, ... , A on ain A", A", ... respec-
tively A '. Right triangles P.AA" and

P.A A, are semblable, hence

PiAi —_ AiA i, Our product becomes:
P;Aiu AiHA'iH '
AlA'I . AzA.z . R AI\A'H _

AzA'z AgA'g A]A"

85. PROPOSED PROBLEM

How many non-coplanar points in space can be drawn
at integral distances each from other?

Is it possible to find an infinity of such points?
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86. PROPOSED PROBLEM

Let n points be in the space such that the maxi-
mum distance among two of them is a.

Prove that there exists a sphere of radius
rgmfg//l, which contains in interior or on its surface all

these points.

(A generalization in space of Yung's theorem).
87. PROPOSED PROBLEM

et f: A —> B be a function. Find all functions
h#1lap such that f o h = f.
Solution:
If f is injective let x € A and f(h(x))=f(x), whence
h(x)=x or h=14.
Then f may not be injective (necessary condition). It is
sufficient:
(1) x, #x, such that f(xl)=f(x2).
We construct h:tA — A, h(x)) = x,
and h(x)=x for X #X . Hence h#14.
Let C = {x e A| @y e A, y=x, f(x)———f(y)}.
All functions h from {he problem have the form:
h: A — A, h{x) = x for x € A\C’,
where T @ # C < C, and

if x €C’ then h(x|) = x, for which f(x,)=f(x,)-
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88. PROPOSED PROBLEM

For any k, m, n € N prove that:

() aas o = 30 )ar

=0 j-u J
Solution.
n n n n
LY ] - . m . m-1 mi2 R et
(1+x)"-x (0) X +(1) X +(2)x 4...4(n)x

‘Now, we derive this equality for k times. Because
W K x o * L mk
[(1+x)°]” = AXT+x)"* and (x)* = Al xm
for any k, m, n € N, kgm, and by Leibniz formula in

the left member we find:

(g)A"k(l-Fx)"""x"‘ﬁL(]l( JA Iy A emt g

m

+(kl.{1)A,f(1+X)”"'Al,,"“x""‘“‘ +(]1:) (1+x)"A Fxmk —

11 k

R ) PR J FRy

m n m+n

We replace x=1 and obtain:

(}(; )A"kzn-k+( ]1( )A"k-lzn-k+l. Amlxm-! +( kl_(].)A"lz"’!'Amk""F

+ (]]:)2"Amk — (3) Am*+(’1l JAR 4+ (:)A:M

a .
When a<b we have ( )= AP =0



Reference:
C. Nastasescu, M.Brandiburu, C.Nita, D.Joita,
"Exercitii si probleme de algebra”™, EDP, Bucuresti,1981.

89. PROPOSED PROBLEM

Let f and g be two functions, g has an inverse, and
a, b are real numbers. Prove that if the equation:

f(x) (x)
[ ax ]: gbX

admits solutions,, where [x] is the greatest integer smaller

or equal to x, then there exists an integer z such that
0 < (/(g'(bz)) - az)/a < 1

Solution.

Let x, be a solution of the equation. We take

g(x,)

z = € Z, it involves x, = g'(bz).

Hence
[f(g" (bz)
———— | == g
a
and in accordance with [x]< x < [x]+ 1 we find

B [f(g" (bz)

s <

]<‘.z+1

a

whence it involves our double inequality.
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90. PROPGSED PROBLEM

Prove that if A and B are two convex sets, then
AxB is a convex set too.
Solution.

AxB={(a,b)|acAandbeB |.

Let x, = (a,, b)) and x, == (a,, b)) € AxB.

We should prove that ax, -+ (1-0)x, € AxB,

for o0, 1].

ox, + (1-a)x, = (oa, + (1-a)a,, ab, + (1-m)b, € AxB

because oa, + (1-(1);12 € A and abl -+ (l-nv,)b2 € B.
91. PROPOSED PROBLEM

Let a, a, ..., a be a system of integers with the
property that (v)a, (3) a, such that:

(C) a, = -a (mod m),
where m is not null integer, and
Card {i/(c)} = Card {i/(0)} .

One makes up the sum S = ) a .. a,
where summation is done after all sequences
T W i, such that 1 g 1 < L, € .. < 1<t
Prove that: if t is even number and k odd number, then
S, is multiple of m. (Two partial generalizations of the

Problem E3128, 1/1986, American Math. Monthly).
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The pro-of is simple. If t=2r, r € N* in the development
of the congruence: '

(1) (x-a }(x-a,) ... (x-a) = 0 (mod m)
the sums S, represent the coefficients of x'*,
k e {1, 3, 5, ... '11-11 , that is all the odd powers (values)
of x.

But (1) becames through a rearrangement, accord-
ing to the hypothesis:

(2) (X"";,)(X‘“;z) (x-air)(x+air) (x+ai2)(x+ai') =
{(mod m), or:

(xz-afl)(x“-afz) (x"-ai) = 0 (mod m).
In the ‘left part of (2) we have a polynomial which,
.developed, contains no odd power of x, which means
that in (1) all the coefficients of the odd powers of x
are multiplies of m. _

Here are the applications that-we obtain:

Corrolary 1. We find a nice result when A, 8, ...,

a, costitute a reduced system of rests C, Cpy oeny C#m)
modulo m # + 1, + 2. Then t=¢(m) is an even number,
being the function of Euler, and k is takeh as an odd
number. S, will be a multiple of m.

This corollary is a partial generalization of the men-

tioned problem.
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Corrolary 2. Analogously, if we take a, a, ..., a

as being a complete system of remainders (for example
1, 2, ..., [m|-1) modulo m where m and k are odd

numbers, S, will be multiple of m. There appears

another partial generalization of the mentioned problem.

92. A generalization of the problem E3037
"American Mathematical Montly™,
2/1984, p.140

Let m be an integer. Find all positive integers n
such that m¢(n) divides n.

Solution.

n=:0 verifies; the case n=1 is trivial.
Let n = p .. %, where all p, are distinct primes

and all o, € N*, which verifies our assumption. Then

1
B T L L
me@(n) p,-1 p,-1 m

Clearly 2[n because all p,-1 are multiple of 2 (without
the case when a P,=2). Hence, from (1) it results
1 < s < 2, because (p,-1)...(p-1) is a multiple of 2*'.

a) If s=1 we have

n 2

me(n) m

For m a divisor of 2 there exists n=2", o e N*.
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b.) If s=2 we have

n p, 1
m - p,-1 " m
and we may take p,=3 only. Hence, if m divides 3
there exists n = 2” . 3", with a, pe N*.
Remarks.

1). This division is possible if and only if
mef{t1, +2, +3]

2). For m==1 we find the problem E3037, AMM
2/84, p.140.

93. PROPOSED PROBLEM

How many solutions has the inequality Ax) < a?

Find their general form.

(This inequality remembers the Carmichaél’'s equation

HAx) == a).

We can consider a € N because ¢(x) € N.

The cases a=0, a=1 and a=2 are trivial.

Let a be positive integer > 3. Let pP,<p,< ... <p_ < a

be prime numbers less or equal to a. If x verifies our

inequality then x = plu'... p:S , with ¢ € N for all i,

because from "p, divides x and p,~a and p, is prime
. o . . .

number” we find @x) > #p,) = p,' = a”, which is

absurd.
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Hence
-1 {1 _1 fe
Ax) = x(p' ) (ps ) < a,
pl ps
0, if o = 0; A
where £ = { 1 % for all 1,
! 1, if o, # 0;

or (x) < (-I-)g_‘?)r’

P . 'S. a. It results that the
p.-1

number of solutions of our inequality is finite.
With the previous notations we obtain the genevral form
of the solutions:

S = O {XIX = P,nl--- P:g, a € N for all i,
g,+.+e =0

F f

1 &
(x) < ( Py ) ( P ) . a, €7=0 when
p,-1 .

b1
@ =0 and € = 1 when a # 0 for all i }u {o}.
The number of the solutions is equal to:

card S = card B, where

£l

(s

O R T

0 <g+ ... +e < s, all @ € N, &=0 when

a = 0 and g =1 when a# 0 for all i 1
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Rémark. From this proposal we find that the equation

Ax) = a admits a finite number of solutions, because
the inequality ¢(x) < a-1 has a finite number of solu-
tions (on the Carmichaél’'s conjecture).

Example. Ax) < 10 has in all 19 solutions:

general form
2030503704 2™ 3™ 5% 7%[ 2™i3% 2%1:5%

solutions 0112 4,8,16] 3,9 5|7 |6, 12, 18, 24,10, 20

3&2,704

nl 704 n? cald
2m 35 or 5™M.7™

2!1!.3!12.5&3

14 15 - 30

94. PROPOSED PROBLEM

Let f be a function, f : Z — Z.

a) On what terms is there a function g : R —> Z such
that gof = 1f, but fog # 1y where 1 is the identical
function (1g:E — E by 1p(x)=x, (V)x € E)?

b) In this case find g.

Solution.

a) f isn't an injective function <=> (3J) X,, X, € Z with
X, # x, and f(x|) = f(x,) <=> (gof)(x,) = g(f(x))) =
— g(f(x,) = (gof)(x,) <=> gof # 1 .

Hence f must be an ingective function.
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b) g={"([x]), where f': f(Z) —> Z. Then

(gof)(x) = ([f(0)]) = 1'({(x)) = x, (V)x € Z,

f
Z->Z—g>Z;

and (fog)(x) = f(f'([x])) = [x] # X because x € R,
f

R-E> 7L 7

95. PROPOSED PROBLEM

Let a and b be two elements from a group, the order of
a is m and
a"bP = ba"

If p divides r, calculate the order of b.
("College Mathematical Journal”, USA, 1990)
Solution. Let's r=kp, k e N*, and the smallest com-
mon multiple [m,n] = M, i=M/n.
We denote the reverse of a with a’. One obfains:

b'=@)" b"a" (1)
We replace this relation into itself k times.

b’=a’)" b’ ... b’ a"= (a")" (2')"b"a" (a')"b"'a"
[ — ]

k times 1 2
(H )bkp n r_n — ( )Zn.l k2 p 2n - (2)
k

(remplacing (1) in (2) it results:)

3n kap 3n in kn m

= (@)'b a =..= ()"
a" = e — (a')M).

i
b*" (because
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kip

P k'p-p
Hence b = b " or b = e, whence

ord(b) = p(r/p)""V"-1).

RBemark. ]

For m=5H, n=p==1, r=2 i{ obtains the Problema Ne7,
concurs-oposicion a plazas de prof. agregados de
Bachillerato 1984, Matematicas, Tribunal Nel, Turno:
Libre, i{.L.l, R.L.2, Valladolid, Spanish, by Francisuo
Bellot.

96. PROPOSED PROBLEM

Let a, b be real numbers, 0<a # 1; prove that there is
a continuous, strictly decreasing function g(x) of the
real line R into R such that g(g(x)) = ax + b.

"~ (A partial generalization for the problem E3113, Amer.
Math. Monthly, 9/1985). '

Solution.

'We construct a fuction g: R — R,

g(x)=~‘/;-x+ -»11‘)\[';

Thus g(g(x)) = ax + b, g js continuous and vstrictly

decreasing.
Remark. For a=b=2 we obtain a question of the

above- mentioned problem.
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97. PROPOSED PROBLEM

Let p be a prime number. Prove that a square matrix of
integers, having on each line and column an unique
element nondivizible by p, is nonsingular.

Solution.

In accordance with the development of the matrix there
exists an unique permutation, i.e. an unicque term
(= product) having as factors all these nondivizible
elements by p.

This term isn’t divizible by p, but all another ones are
divided by p. Hence, sum (=value of the determinant)

isn't divided by p, whence the determinant can't be

null.
98. PROPOSED PROBLEM
Let f(x) = ax’tbx+c be a function of second degree,

f: R —> R, such that there are d, e € R for which
f(d) == e. Prove that b?+ 4ae = 4ac.
Solution.
Because f : R —= R, it involves that:

f(0) = ¢ € R,

f(1) = a+b+c € R and f(-1) = a-b+c € R or

atb € R and a-b € R, whence a € R and b ¢ R.
The second degree equation ax?+bx+c-¢ = 0 has at least
a real solution x,==d, and because all coefficients are
real, we find x, € R.

Hence A > 0, or b%-4ac+4ae > 0.
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99. PROPOSED PROBLEM

Find two sequences

{a, },{b } m=1,2 ...)
o0 o0
such that } a , X b, both diverge

t 1

o0
while ) min |{ a, b } converges.
1

(On the problem E3125, AMM 1/1986)
:g_olution.
1) For example: a =0, 1, 0, 1, ... and
b" =1, 0, 1, O, ... hence
min { a, b } = 0, for all n > 1.
2) More generally:
[ee)
Let { c, } be a sequence such that Y ¢, converges
1
and all ¢ < 1 (for example { 1/n° } n > 1 with s>1),

o0
and { d, } another sequence such that ) d_diverges
1

and all d” z 1.

We construct a , b as bellow:

a =d LA dml’ leﬂ’ Tt cll)l-k1’ dml+kll~[’ *

ml’ m]*l’ e ml-v‘kl’ cml+kl-‘l’ Tt
cnlﬁ»k]*kz’ ot
o0 o0
Of course }, a and ), b, diverge because:
1 n 1 n
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o0 00
d and 2, b >} d , and

1 1

-8
:CO
\/ '
~tM3

o0 o0
Y, min { a,b } =2 c, converges.
1 1

100. PROPOSED PROBLEM

Let d, = p,,, -p, >, =1, 2, .., where p_is the

n

1}-’Lh prime number.
Does the series § J-—converg_z,e?
n -1
Solution. The series is divergent.
From Tchebishev's theorem, it involves

Py =P, <D,
(contrary to this it would involve that p, and p  are
not consecutive).

Hence -(-11—:> %"_ and Z%")Zr‘:%: =

n n
[Published in "The Fibonacci Quarterly”, Vol.30, Nov.1992,
Ned4, pp.368-9, proposed problem B-726].

101. PROPOSED PROBLEM

Let f be a continuous and positive function on [a, b].
b

Y
Calculate lim (J (f(x))" dx)™, a < b.
no0 G

7



Soluti_o‘n.

By mean theorem we find
b

j (f(x))' dx = (b-a)f(c)" , ¢ € [a, b]
a 1 1
Then L :nlim f(c)i—- (b—a)—r?- = 1

Remark:
If f is positive on [a, b] it is well known that
b 1
(J f(x)" (lx)n ——> f(t) , t € [a, b], whence

a

L. is equal to 1, too.

102. PROPOSED PROBLEM

Let (S) be a solution in integers for a linear equation

with non-null integer coefficients

h
) x = Z‘u”kj -+ v, le= {1, e nr} ;
-
xa + ... +ax = b , where all u,, v, are constant in

Z,\ and all k]. are integer parameters. The author have
proved (in [1] and [2]) that if (S) is a general solution
then:

I) h = n-1;

2) (u, -, u) =1, forallje {1, ..., n-1};

3) (u“, e ui'"_l) = (al, ... , &

ie={1, ..., n}

a , a ), for all

[ I T
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But these three conditions are not sufficient.

QUESTIONS. A) Find other condition (s) still, so

that (S) together with all these to be a general solution;

(reciprocally).

B) A similar question in order that
an integer solution of a linear system to be a general
solution.

BIBLIOGRAPHY. [1] - Florentin Smarandache,

Rezolvarea in numere intregi a ecualiilor si sistemelor

de ecuatii liniare. Luicrare de licentda, Univ. of Craiova,
1979.

[2] - Idem. Whole Number Algo-
rithms to solve Linear EBquations and Systems. Hd.
Scientifiques, Casablanca, 1984. see Zentrallblatt fur
Mathematik (Berlin).

103. PROPOSED PROBLEM

Prove that from a non-constant arithmetical progression
of ((2m-3)-3" + 1)/2 terms one can extract (m-1)-2"
distinct terms such that any m of them do not consti-
tute an arithmetical progression. ("Nieuw Archief voor
Wiskunde™), 1988, Ne2, problem Ne809, p.171, and "The
Mathematical Intelligencer”™, Vol. 11, Ne1, 1989).

* Find the greatest extraction with this property.
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Solution. It's sufficient to make as non-constant arith-
metical progression N* (see {1], p. 69).

One constructs the sets sequence:

A =1{1,2, ..., ml};

A=A U(A + 2 -1), fornz>1,

net Z
where a: = max {ala €A } and A+x = {atxa € A}.
Of course a = m-1, a, = 3a_ -1, for n > 1, whence
a, ==1/2 [(2m-3)3"+1]. Also, Card A  —(m - 1)-2".
Bach A has the property of the problem, because:

for A it is abvious;
if it is true for Au, then:

- b)/(m-1) < b,.-a,

for m > 4 we have (a,,,

where b, = min {aja €A} ; for m=3, if x, € A and
X, € A \A_ then X, = _%_(xl+x2) € A
for m=2 we prove there are not (x, y) # (z, t)

from Azm such that |x-y] = [z-t|, that is

137-3"] = [3"-3", or we can suppose 3"+3" = 3"+3";
let’'s a = min {a, b, ¢, d} ; then d = max {a, b, ¢, d};
then 143" = 3""43™" or 1 = 0 (mod 3) impossible.
*The author isn't able to answer to this question.

Remearks. This problem is valid for a non-constant geo-

metrical progression too (see [1], p.69).
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It is a generalization of the Problem 5, Mathematics
International Olympiad, Paris, 1983;
(When m=3, (m-1)2" > 1983 and 1/2[2m-3)3"+1]<10")
References:
[1]. F. Smarandache "Problemes avec et sans ...
problemes!”, Somipress, I'es, Morocco, 1983!

[2]. T. Andreescu & Co., "Probleme date la concursurile

si examenele din 1983", Timisoara.
104. PROPOSED PROBLEM

Let n be odd and m be even numbers. Consider a
number of points inside a convex n-gon. Is it possible to
connect these points (as well as the vertices of the n-
gon) by segments that do not cross one another, until
the interior is subdivided into smaller disjoint regions
that are all m-gons and each given point is always a
vertex of any m-gon containing it?
Answer: No.
Solution (after a Honsberger and Klamkin's idea):
against all reason let p be the number of smaller
m-gons, and i the number of interior points.
The sum of the angles of the p smaller m-gons is
T(m-2)p; also, the sum of the angles of the n vertices
of the convex n-gon is M(n-2). Thus

T™(m-2)p = 27 + M(n-2) or p(m-2) = 2i + n - 2,

but the right part is even while the left part is odd!
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Remark: It's a generalization of [1], and of a problem
of [2].
References:

[1] Problem 4, solution by M.S.Klamkin, 1979 Michi-
gan Mathematics Prize Competition, Crux mathema-
maticorum, Vol.11, Nel, january, 1985, p.7, Canada.

[2] Ross Honsberger, Mathematical Gems, Mathemati-
cal Associations of America, 1973, pp.106, 164.

[3] R.N. Gaskell, M.S. Klamkin, and P. Watson, Triangu-
lations and Pick’s theorem, Math. Magazine, 49(1976),
pp.39-37.

105. PROPOSED PROBLEM

Prove there exist infinity of primes containing the dig-
its a,a,..,a onpositions i, 1, ..., respectively im,
with i, > i, > ... > i > 0. (Of course, if i =0 then
a_ must be odd). ("Mathematics Magazine”, April 1990)
Solution.
a) Let i > 0. We construct the number

N = a0 .. O/ \azO 0/ \asO . 0 a0 ... 01/

/N

such that each a, is on positions ij, another positions
being equal to zero, without the last one equale to 1.
We construct an arithmetical progression

x, =N+ k10", k =1, 2, 3, ...
From Dirichlet’s theorem we find our result.
b) i = 0. Same proof, but on last position of N we
take a .
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106.PROPOSED PROBLEM

Let n be a positive integer of two or more digits,
not all egual.

Ranging its digits by decreasing, respectively in
creasing order, and moking treir difference, one finds
another positive number n,. One follows this way, ob-
taining a series: n,n,n,...,. (For example, if n=>56,
then n,=65-56=—09 n,=90-09-=81, etc).

Prove that this series is periodical (i.e., of the
form: a.1-~-3,,b,»---,b,,’b.s---b,,r---)-

[On the Kaprekar's algoritm.]

Solution,

Let m be the number of digits of n,m>2 of
course, for all i € N. '

n € {1,2,...,10™-1}.

In that situation, taking 10™ numbres of m digits
each one (that means 10™ numres of the series), it finds
at least two equal numbers (from the Dirichlet prin-
ciple). Let they be n, and n, in tne series. Since n_=n,
and the way to obtain n_, by means of n is same with

the way to obtain n by means of n, it involves

tet

n_ =n hence n

ol e 1, etc.

s42

Example. Let n=90000. Then:
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/

n, =90000-00009-=89991

n, =$9981-18999—80982
n_=98820-02889—95931

n, =99531-13599-=85932

n, =98532-23589—{14943 | <
[ n, —97443-31479=62964 | <
n, =96642-24669=71973

n, =97731-13779=83952

n, =98532-23589~{14943 | «—
n, ==07443-34479=62964 | « |

Remarks.

For 3 and 4 digits Kaprekar showed that the
period length is just one, i.e. the series is stationary
always equal‘; to 495, respectively 6174.

Look:

528, 594, 495, 495, 495, ....

respectively:

8031, 8172, 7443, 3996, 6264, 4176, 6174, 6174,..

Reference:

Pierre Berloquin, "Le jardin du Sphnx”, Bordas,
Paris,1981; probleme 37 (L'Algorithme de Kaprekar),
pp-61,146.
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107. PROPOSED PROBLEM

Assume the second degree equation Ax:+ Bx + C = 0

has the real solution x, and x, and , a<b-<c<d are real

numbers. On what terms must the real coefficients A,B,C

be such that:

a) x €(a, c) and x,&(b, d);

b) x,€(b, c) and x,€(a, d).

Solution. Let’s note f(x)=Ax?+ Bx + C, A = b? -4AC

and S = X tx, = -B/A

a) - o0 a b c d +oo
[ J ”

X

We can have the follwing cases:

I. x ¢€(a, b), x,€(b, d)

a b .
boox, X, ' '
Whence it involves the conditions (C1):
A > 0, Af(a)>0, Af(b)=0, Af(d)>0;
or II. x,€(b, c), x,€(b, c)
b , . e N
' X, X ' B

1 2
Whence it involves the conditions (C2):

A > 0, Af(b)=0, Af(c)=0, 2b<S<2c;



or- I11. xle(b, c), x,€&(c, d)
b c d

; ;I t }%{2 t >

Whence it involves the conditions (C3):

A > 0, Af(b)>0, Af(c)<0, Af(d)>0;

Hence A, B, C must accomplish the conditions:
(C1) U (C2) U (C3).

b) -0 a b c d 4 oo

We can have the follwing cases:

I. xle(b, c), xze(a, b)

Whence it involves the conditions (K1):
A > 0, Af(a)>0, Af(b)<0, Af(c)>0;
or II. x &(b, c), x,€(b, c) »
b c

: = >

Whence it involves the conditions (K2):
A = 0, Af(b)>0, Af(c)>0, 2b<S<2c;
or III. x €(b, c), x,&(c, d)
b c d

1 ) ]
i 1 i X
xl 2

v
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Whence it involves the conditions (K3):
A > 0, Af(b)>0, Af(c)<0, Af(d)>0.
Hence A, B, C must accomplish the conditions:

(K1) v (K2) U (K3).
108. PROPOSED PROBLEM

Let n, m €N and let S be a set of nm+1 points in space
such that any subset of S consisting of m+1 points
contains two points with distance less than d (a given
positive number).

Prove that there exists a sphere of radius d con-
taining at least n+1 points of S in its interior.

("Nieuw Archief voor Wiskunde”, Vierde Serie deel 5,
Ne3,November 1987, proposed problem Ne797, pp.375-6.

Particular case (d==1) in "Crux Mathematicorum”,
Vol.14, Ne5, May 1988, problem 1344, p-140).
Solution.

Let A be a point in space. We choose an A, for
which ]A‘Azli;d. (If it there isn't, our problem is solved.)
Afterwards we choose an A, with the same property
(IA.IAJ.].)d, 1#j), etec. The method ends when we can't add
another point with this property. A

Clearly, we have at most m points A, A, ..., Ap,
where 1<p<m, with this property. Distributing the nm+1
points in p classes corresponding to AL A, ., AD there
exists a sphere of radius d and center Ai which contains

at least n-+1 points in interior (Dirichlet principle).
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Remark: This is a generalization of a problem proposed

by prof. Mircea Lascu.
109. PROPOSED PROBLEM

How many digits on base b does the n-th prime contain?
But n! 7 But n" ?
("PI MU Epsilon Journal”, USA, 1992).
Solution by Paul T.Bateman, University of Illinois at
Urbana-Champaigh, USA.
The number of digits of the number N to the base b is
the integral part of 1+log N / log b. Thus the number
of digits of n" is | 1+n-log n / log b J.
The known formula

n-log n < p < nlog n (1+ 3 (n))
and

n" e” V27ln < n! < n" e" Y27n (1+ & (n),
where & (n) and € (n) are positive quantities which
approach zero when n is large, make it possible to
approximate the number of digits in p, or n! within one
unit for large n.
Reference: Paul T.Bateman, Letter to the Author, Feb-
ruary 8, 1988.
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110. PROPOSED PROBLEM

Let m € N, m>1. Is there a positive integer n having
the propérty: anyhow one chooses n integers their sum
is divided by m?
Solution: No.

If, against all reason, there would be such n, then
" taking the sets A and B of integers:

A = {al, a, ..., a} with § = 8,
1

B == {al+],, a, ..., a} with 8 = 8+1 ,

it would result that S-S == 1 is divided by m.
111. PROPOSED PROBLEM

Prove that anyhow an infinite arithmetical progression
is divided into n sets, at least one of the sets contains
m arithmetical progressions triplets.

Is this result still true when n (or m) —> « ?
("Nieuw Archief voor Wiskunde”, Vierde Seric Deel 12,
Nel-2, Maart/Juli 1994, p.93)

Solution. It's sufficient to take as arithmetical progres-
sion N* (see [1], p.69). One decomposes N* in n-m
arithmetical under-progressions:

a, = i+(n'm)h, h=0, 1, 2, 3, ...

forallie {1, 2, 3, ... , n'm}.
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The arbitrary division of N¥* is equivalent to the arbi-
trary division of these under-progressions.
From Van der Waerden's theorem, if each under-pro-
gression afu” is divided in two sets M:i’ and MS), at least
one contains an arithmetical progression triplet. In all
there 'are n-m sets which contain each one an arithmeti-
cal progression triplet, in the end, these from behind
are distributived in n classes (the box principle).
* The author is not able to answer this question.
Remark. This problem is valid for the geometrical progres-
sions, too (see [1], p.69).

Reference:
[1] F.Smarandache "Problemes avec et sans ... problemes!”,

Sonipress, Fes, Morocco, 1983.
112. PROPOSED PROBLEM

Prove that if n>3 then between n and n! there are at

n . .
least 3 [5] - 2 prime numbers.

Solution.
a) Let n=2k+1, with k=1.
n! = 2%k!-3-5- ... -(2k-1)n>23%2.kl.n >2% 2.5y,

and by Bertrand-Chebishev’'s theorem, applied of
Al o ti _n
3k-2 times, k [2

b) The same proof when n=2k, with k>2.

] , we find our result.
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113. PROPOSED PROBLEM

Prove that there exists at least five primes of s digits,
sz2.
Solution. .
Because for n=4 we have that:
between n and —;-n there exists at least a prime

(see [1]), one obtains that:

3

2 . -
between 7n and .%n there exists at least a prime;

.............................................................................

35

4 .
between %7' n and 5 n there exists at leasl a
1]

prinie.

b . -
Hence, between n and _g,_ n there exists at least five

prime numbers (the approximation is very gross).

=-1

Taking n=10"" we have that between 10~ and —%—10

we have at least five primes, but

310" < 10" .
25

Reference.
[1] I. Cucuruzeanu, "Probleme de aritmetica si tcoria

numerelor”, ed. Tehnica, Bucuresti, 1976, pp.108
(problema 111.48%) si 137-140.

114. PROPOSED PROBLEM

Find the n-th term of the following sequence:
1,3,56,7,6,4,2,8,10,12,14,13,11,9,15,17,19 ...

Generalization.
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Solution.

Let ¢ be the following permutation:
1 2 3 4 5 6 7
¢ = ( 1 35 76 4 2 )
then a, == Tk + ¢(1), where 0<r<6, k>0.
Generalization:
For any permutation ¢ of m elements:
1 2 3 .. m )

ﬂ‘ ﬂz &3 ves am

o= |

we have a .. = mk +@(r), where 0<r<m-1, k>0.

kor

115. PROPOSED PROBLEM

Find the general term formula for the following
sequence: :
1,2,2,3,3,3,4,4,4,4,5,5,5,5,5,6,6,6,6,6,6,7,7,7,7,7,7,7,8,8,
8,8,8,8,8,8, ...

(the natural sequence where each number n is repeated
n times).
Solution.
For r>1, we have
aL(L”_k = 1, where O<kgr-1.
2

116. PROPOSED PROBLEM
Find a partition on N* into an infinite number of

distinct classes (not all of them finite) such that no

classes contain an arithmetic progression of three terms.
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Solution:
Let M be the set of all positive integers which are not
perfect power:
M = {2,8,5,6,7,10,11,12,13,14,15,17,18,19,
20,21,22, ... }
For any m € M we define
C_ = {m" k=1, 2, 3, ... }.
_Then:

N+ = {1} u JcC.

meM
There are an infinite number of classes C , because M is
m?

infinite and no classes C  contain an arithmetical pro-
gression of three terms (or more) - because all C are

non-constant geometric progressiouns.

117. PROPOSED PROBLEM

Let a,, a,, ..., a_ be digits.
Are there primes, on a base b, which contain the group
of digits a,"a, .. a_ into its writing?
(For example, if a, =0 and a,=9, b=:10, there are primes
as 109, 409, 709, 809, ... )

*The same questions replacing "primes” by numbers
of the form n! or n",
Solution.

Let N= a a, .. aml,V and the following arithmetical
progression:
x, = N+k-b™', k=1, 2, 3, ... .

X
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.

Using Dirichlet’s theorem on primes in arithmetical pro-
gression, we find that there exist an infinity of primes
with the required property. .
*The author is not able to answer this last question.
He conjectures that generally speaking the answer

is no.
118. PROPOSED PROBLEM

Find a natural number N such that, if:

1) a qlth part of it and a more are taken away;

2) a qzth part of the remainder and a, more are
taken away; A

3) a q3th part of the second remainder and a, more
are taken away; ‘

s) a qsth part of the s-1th remainder and a_ more
are taken away;

the last remainder is r.
Soluﬁ'on:

One uses a backwards arithmetic way.

Consider the problem for the particular case s=3

(only three steps). a
1

I - — ; ] (a,+r, ) —= =N
——— . — e —— ql'l
1 qlth a, r,
q
II) — { } ] (az+r2 )._2 — rl
———— q,-1
1 qzth a, r, (by notation)
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q,

III) — 1 { (33+r3 )- ﬁ: rz
3

1q3th % T (by notation)
1 of q3th s
q, q
Therefore: N = — L
- (12-1 q,-1

One can generalize and prove by induction that:

q, q,

") g1

= (314(32 +ot(a,, Hatr, ) )“

119. UNSOLVED PROBLEMS

[International Congress of Mathematicians, Berkeley, CA,
USA, 1986, Section 3, Number Theory]

SMARANDACHE, FLORENTIN GH., University of
Craiova, Romania. An infinity of unsolved problems con-
cerning a function in number theory.

We have constructed a function N which associates
to each non-null integer m the smallest positive n such
that n! is a multiple of m. Let n"’ note N°N°...1n of i
times.

Some Unsolved Problems concerning 1.
1) For each integer m>1 find the smallest k and the

constant ¢ for which n®(m) = c.

2) Is there a closed expression for n™?
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3) For a fixed non-null integer m, does ™ divide n-m?
4) Is n an algebraic function?

5) Is 0.0234537465114 ..., where the sequence of digits
is 1™, n>1, an irrational number?

6) For a fixed integer m, how many primes have the

form nWne+D [ plime

Solve the diophantine equations and inequations:

7)) M= xn® | for x and y not primes.

8) n®-y= x/M% , for x and y not primes.

9) Is O<{x/M®}<{n®/x} infinitely often? ,
where {a} is the fractional part of a.

10) Find the number of partitions of n as sum of ne,
with 2<m<n.

By means of 11* we construct recursively an infinite of

arithmetic functions and unsolved problems.

*This function has been called THE SMARANDACHE
FUNCTION (see "Personal Computer World”, "Math-
ematics Reviews”, "Fibonacci Quarterly”, "Octogon”,
"Mathematical Spectrum”, "Elemente de Mathematik ™,
"Bulletin of Pure and Applied Science” etc.) [Editor's
note].
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